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Abstract

The DLR TAU-Code is a development of the DLR-Institute of Aerodynamic and Flow Technol-
ogy at Göttingen and Braunschweig. This document gives an overview about technical aspects.
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kP(i) Local position of pointP(i) in the actual volume element
l Level of recursive ordering, left state
lmax Highest level of recursive ordering
lvec Computer vector length



~n Outer normal vector
nx,y,z Normalized components of the normal vector
nF

c (i) Number of secondary grid faces of colorc
nP

na(i) Number of not agglomerated neighbors ofP(i)
nPlanes Number of planes for boundary points
nF

P(i) Number of secondary grid facesP(i) is related to
nP

P(i) Number of neighboring points (= nP
P(i))

nVP

P (i) Number of prismatic volume elementsP(i) is related to

nVT

P (i) Number of tetrahedral volume elementsP(i) is related to

nVH

P (i) Number of hexahedral volume elementsP(i) is related to

nSQ

P (i) Number of surface quadrilateralsP(i) is related to

nST

P (i) Number of surface trianglesP(i) is related to
p Pressure
pstart

c (c) Address pointer to the first face of colorc
pstop

c (c) Address pointer to the last face of colorc
~q1...4 Contributions to normal vector of a surface quadrilateral to the four

corner points
r Limiter coefficient, right state
t Time
t Triangle
~t Normal vector of trianglet
∆t Time step size
∇u Gradient vector of the variableu
∇2~W Laplacian of conservative variables
∇2p Laplacian of pressure
~v Velocity vector
vn Normal velocity
u,v,w Velocities in the coordinate direction

Greek symbols

Θ Limiting factor
Θc Limiting factor for the corrections
φ arbitrary function, e.g.ρ, u, v, w, p
Φ AUSM-coefficient
α Incidence
α1,2 Angle between boundary face normal vector and vector between

boundary point and field point
α1,2 Stretching coefficients
γ Ratio of specific heats
εFan Area relationA∞/AFan

εk(2,4) Coefficients to control the amount of 2nd and 4th order dissipation
θc Face value of limiting factor
ν Pressure switch controlling the second order dissipation
ρ Density
ρt Local residual
ϕ Angle between point stretching vector and face normal vector



ψ Limiter for the gradients - upwind scheme

Subscripts

Ex Exhaust plane
F Face
Fan Fan inflow
g grid level (Pre-subscript)
L,R Left and right hand side (of the actual face)
app, lve Approaching/leaving (the boundary face)
b Boundary
bnd Boundary value
corr,est Correct and estimated (Area ratios)
corr,g Corrected and given (velocities)
lim Limited
na not agglomerated
old old, before adding of contributions
x,y,z Derived in coordinate direction
∞ Free stream value
0 Total values

Superscripts

c Convective
m mirrored
n normalized
u Related to the variableu
x,y,z Related to coordinate direction
Σ Sum
(0),(a),(b) Status at the begin of the time step, after the time step and after the

correction
∗ Critical values
′ Derivative



1 Preprocessing

1.1 Introduction

Important grid dependent information required by the solver is obtained using the preprocessing
code module. Preprocessing is completed before the solver is started, since the preprocessing
routines are too expensive to compute during the iterative calculation of the flow field1. The
primary grid data (which must be generated through a third-party package) is used by the pre-
processor to generate all other grid data necessary for the flow solver, for example information
about the control volumes and their connectivity. In this report the algorithms used in the pre-
processing module are grouped according to the type of function they provide:

• generation of derived primary grid data for use in other preprocessing functions,

• generation of secondary grid data

• generation of multilevel grids for the multigrid algorithm 2,

• assortment (coloring) of data for efficient vectorized computation,

• domain decompositioning for parallel computation3.

1.2 The Primary Grid

The initial grid consists of polyhedral elements with triangular and quadrilateral surfaces. The
quadrilateral surfaces are not always planar, however the hexahedral, prismatic and pyramidal
elements will be called hexahedra, prisms and pyramids instead of more formal mathematical
definitions. A fourth element type, tetrahedra, is allowed in the initial grid. The philosophy be-
hind this choice of fundamental control volume elements canbe summarized by the following:

• Tetrahedra enable local adaptation and are useful in regions where the flow field should
be isotropically resolved.

• Prisms are useful in regions where two directions should beresolved isotropically, but the
third direction should be resolved in a different length scale.

• Hexahedra are useful in regions where all three space directions should be resolved ac-
cording to different length scales.

1Some grid dependent quantities, for example the norm of an area vector, are not calculated during preprocess-
ing as the resulting memory overhead is sufficiently large tojustify the addition of a small amount of extra work
into the solver.

2see Part 2.5.7
3see Part 6

1
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• Pyramids are useful to bridge between the different elements listed above.

An essential feature of the primary grid is regularity, where a nonempty intersection of two ele-
ments can be characterized as only one of the following cases, with no other type of intersection
being allowed:

• Two elements may share one common corner point.

• Two elements may share a common edge, or

• two elements may share a common face.

Primary grid control volume elements are described by theircorner points given in a fixed
order as seen in the figures below. The orientation of points on a basic surface is initially
chosen so that a curve joining the points is positive in the sense of the right-hand rule. As will
be seen later, the point order is not fixed but may be changed tosatisfy other criterion. The
choice of the basic surface is a triangle for a tetrahedral volume element. For prism volume
elements quadrilateral surfaces are chosen. Each surface of an element located inside the

P1

P4

P3

P2

Figure 1.1: Tetrahedroni = {P1,P2,P3,P4}

P4

P1

P2

P3

P6

P5

Figure 1.2: Prismi = {P1,P2,P3,P4,P5,P6}

computational domain belongs to exactly two different elements, while a surface which is part
of the computational domain boundary belongs to one elementonly. To identify these boundary
surfaces, and connect them to different boundary markers, the primary grid provides triangular
and quadrilateral surface elements. These elements are described by the surface corner points
and a marker for the kind of boundary. Boundary markers are discussed in Part 1.3.3.

The information provided by the primary grid is summarized as follows:

• the total numbers of points and of each volume and surface element type,

• the coordinates of each point,

• the number of points belonging to each element,

• for each surface element a boundary marker to show the flow solver which boundary
condition should be satisfied on this surface.
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P5

P3

P2

1P

P4

Figure 1.3: Pyramidi = {P1,P2,P3,P4,P5}

P5

P1

P7

P3
P2

P6

P4

P8

Figure 1.4: Hexahedroni =
{P1,P2,P3,P4,P5,P6,P7,P8}

P1

2P

P3

Figure 1.5: Surface trianglei = {P1,P2,P3}

P1

2P

P

P3

4

Figure 1.6: Surface quadrilaterali =
{P1,P2,P3,P4}

Each pointPi of the grid is identified by a number, which is used as a point index. The con-
nectivity between elements is provided by their common points. The physical coordinates of a
point~X(Pi) are defined by the set~X(Pi) = (x(Pi),y(Pi),z(Pi))

T .

1.2.1 Check of the Volume Element Orientations

As the correct orientation of the volume elements cannot be guaranteed the orientation is
checked and corrected if necessary. This check is done element by element. For the tetrahedroni =
{P1,P2,P3,P4}, presented Figure 1.1, the normal vector~nof the triangle{P1,P2,P3} is computed
by taking the following cross product:

~n =
1
2

(

~X(P2)−~X(P1)
)

×
(

~X(P3)−~X(P1)
)

.
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If the point P4 is not located on the side of the plane of the triangle to whichthe computed

normal vector~n is pointing and the condition~n·
(

~X(P4)−~X(P1)
)

< 0 is true, the orientation of

the tetrahedron is reversed by changing the sequence of the corner points; for example the order
of points for the tetrahedron becomes{P2,P1,P3,P4}.

A comparable correction is not possible for the other volumeelements. The only further check
implemented is a test for the orientation of the basic triangle of each
prismi = {P1,P2,P3,P4,P5,P6} (see Figure 1.2). The normal vector~n of the basic triangle is
calculated as above and compared with the mean value of the vectors pointing from a point of
the basic triangle to the related point of the other surface triangle. If the condition

~n ·
(

~X(P4)−~X(P1)+~X(P5)−~X(P2)+~X(P6)−~X(P3)
)

< 0.

is true, the order of the points defining the prism is changed to {P2,P1,P3,P5,P4,P6}.

1.2.2 Check of the Surface Element Orientations

The orientation of a surface element{P1,P2,P3, ...} is determined by the definition that the
normal vector

~n =
1
2

(

~X(P2)−~X(P1)
)

×
(

~X(P3)−~X(P1)
)

should pointoutsidethe computational domain. The orientation of the surface element is
checked by examining the attached volume element. The volume element can be detected em-
ploying the point to volume element connectivity describedin Part 1.3.1. If the normal vector
points towards the interior the volume element, the first andthird points forming the corners of
the surface element are reversed:{P1,P2,P3, ...}→ {P3,P2,P1, ...}.

1.3 Primary Grid Data structures

The data structure of the primary grid offers the opportunity to easily loop over all volume
elements. For efficient calculations structures which enable access to all points, and hence
access to the volume elements or to the edges sharing the current point, are used.

1.3.1 The Point to Element Connectivity

The point to volume element connectivity is stored in two vectors. The first vector contains an
index (for each point) which gives the starting location of the point element list in the second
vector. The element list of a point ends at the starting entryfor the list of the next point. Each
different volume element gets a unique number by adding the total number of tetrahedra to each
number of a prism, the sum of the total numbers of tetrahedra and prisms to each number of
a hexahedra, and by an analog incrementing of the number of each pyramid. The structures may

be written as:

index[ ] = {index[P1], index[P2], ..., index[PNo.o f points],Nmax
pelem}

pelem[ ] = {1st elem.(P1), ..., last elem.(P1),1st elem.(P2), ..., last elem.(PNo.o f points)}.
? ? ?

The total number of point to element relations can be expressed by the total numbers of the
volume elements as:

Nmax
pelem = 4∗No.o f tetrahedra+6∗No.o f prisms

+ 8∗No.o f hexahedra+5∗No.o f pyramids.
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1.3.2 The Point to Face Connectivity

The data structure of the point to face connectivity is similar to the data structure of the point to
volume element connectivity described in Part 1.3.1. It consists of two vectors:

index[ ] = {index[P1], index[P2], ..., index[PNo.o f points],Nmax
p f ace}

p f ace[ ] = {1st f ace(P1), ..., last f ace(P1),1st f ace(P2), ..., last f ace(PNo.o f points)}
? ? ?

The total number of point to face relationsNmax
p f ace is equal to twice the total number of faces.

1.3.3 Mapping of the Boundary Marker

The flow solver handles differentboundary types; for examplesymmetry plane, farfield bound-
ary, or Euler wall boundary types may be implemented in the solver. Since different computa-
tional simulations may require different boundary conditions (on the same grid), a mapping is
used between the boundary markers of the primary grid and theboundary types. A boundary
marker is a number that defines all surface elements lying in arespective region of the grid.
Consider the example depicted in Figure 1.7, depicting possible boundary marker types for a
generic aircraft grid. Let surface elements on the body havethe boundary markerf1, elements

f2

f1 f4

f2

f3

f5

Figure 1.7: Boundary markers for a grid around an aircraft

on the symmetry plane the boundary markerf2, elements on the wing the markerf3, elements
on the nacelle surface the markerf4, and the elements on the nacelle inflow plane the markerf5.
The information relating boundary markers to boundary types is provided to the preprocessor
by a user defined mapping file. This information is passed, together with the boundary informa-
tion stored in the primary grid data, into the preprocessingalgorithm. For example, all control
volume faces on the symmetry plane are given a boundary marker f2. This marker is an integer,
of value 3 for example. This information is found in the primary grid data. The user must then
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code a mapping file in order to associate the markerf2 with the related boundary condition. The
format and the usage of the mapping file is described in more detail in the User Guide.

Note that surface elements with different boundary markerscan be of the same boundary type,
e.g. if different markers are defined on a wing surface. In such a case, different markers can
be assigned to a single family ’wing’ which forms aboundary part. The boundary faces of
the secondary grid (which are computed in the preprocessingstep) are stored boundary part by
boundary part.

1.3.4 The Edge/Face to Point Connectivity

All volume elements sharing a pointPi can be identified employing the point to element connec-
tivity. For each element the local position ofPi can be determined and the neighboring points
and edges belonging to the element are then known. To avoid double counting of edges an edge
is only considered ifPj is a point with a higher index number thanPi (recall the orientation
of points noted in Part 1.2), so thatPj > Pi . As a consequence the first point in the edge, or
respectively the face, data structure is always represented by a lower point index than that for
the second point.

In general each edge of the primary grid is shared by several primary grid volume elements,
so that each edge{Pi ,Pj} is found more than once employing this algorithm. Hence a list L is
used, initialized for all points with the integer value−1. If, during a search, a neighboring point
Pj has not yet been found forPi thenL(Pj) 6= Pi . When a new face is stored, the list is updated
so thatL(Pj) = Pi .

1.3.5 The Boundary Face to Point Connectivity

For each boundary part one boundary face is generated aroundeach point belonging to this
boundary part. The data structure used to describe this information consists, for each boundary
part, of the total number of boundary faces belonging to thispart and a list of the attached
boundary points. Calculating this data employing the surface element to point connectivity
requires a marker to prohibit multiple counting of points.

1.4 The Secondary Grid

The secondary grid contains all grid data necessary for the flow solver. It is constructed from
the primary grid data. Depending on the choice of grid metricthe secondary grid differ in
arrangement of control volumes and update points for the flowvariables. A Cell Vertex and a
Cell Centered grid metric are realized.

Note that the primary grid is required during adaptive grid generation processes and for the
visualization of the data.

Cell Vertex Grid Metric

The Cell Vertex grid metric associates the flow variables with the vertices of elements of the
primary mesh. Thus the primary and the secondary grid share the same points in physical
space, however the secondary grid consists of control volumes surrounding each grid point. As
noted in Part 1.2, the primary grid points define vertices of the primary grid control volumes.
The surfaces of the primary grid control volumes are composed of the secondary gridfaces



Preprocessing 7

which are attached to each edge of the primary grid. On the boundary of the computational
domain the control volumes are closed with respect to the boundary surfaces of the primary
grid. The following data, which may be determined from the primary grid, is used to construct
the secondary grid.

• the total number of points,

• the locations of the points in physical space,

• the sizes of the control volumes attached to each point,

• the total number of inner faces,

• the edge or face connectivity, i.e. the two points belonging to each edge,

• the size and the normal direction of the face attached to each edge,

• total numbers of boundary parts and of faces belonging to each part,

• the boundary face to point connectivity,

• the sizes and normal directions of the boundary faces.

Cell Centered Grid Metric

The Cell Centered grid metric associates the flow variables with cell centers of the control
volumes of the secondary grid. The control volumes are defined by the elements of the primary
grid. The cell centers are the barycenters of the control volumes. Thus the primary and the
secondary grid share the same volumes in physical space.

1.4.1 Definition of the Secondary Grid Control Volumes

Cell Vertex The elements which determine the secondary grid control volume structure are
described below.

• Grid Points
Each grid pointPi is attached to one control volume. Hence the control volumes, and all
data attached to them, may be uniquely referred to byPi.

• Edges
For each edge{P1,P2} the separation pointSe between the two control volumes is given
by bisection;

~XSe =
1
2
·
(

~X(P1)+~X(P2)
)

.

• Triangles
For each triangle{P1,P2,P3} the definition of the pointSt inside the triangle is sufficient
to separate the control volumes by the lines{St,Se

1},{St,Se
2} and{St ,Se

3}. DefiningSt as
the barycenter of the triangle guarantees thatSt is located inside the triangle.

~XSt =
1
3
·
(

~X(P1)+~X(P2)+~X(P3)
)
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As seen in Figure 1.8, this configuration may result in poor quality control volumes for
stretched triangles: The normal vector of the control volume boundary part{St ,Se

2} be-
comes more normal to the edge direction{P2,P3}. As the control volume quality deteri-
orates an accompanying loss of numerical precision can be expected. Different methods
of defining the secondary control volumes may be of advantagein such situations.

P1

1
eS

P2

S2
e

St

3
eS P3

3P

P2

1P

S1
e

S2
e

S3
e

Figure 1.8: Control volume borders on a triangle

• Quadrilaterals
A typical quadrilateral{P1,P2,P3,P4} is shown in Figure 1.9. A pointSq is defined by the
barycenter of the quadrilateral, given by

~XSq =
1
4
·
(

~X(P1)+~X(P2)+~X(P3)+~X(P4)
)

.

Even if the quadrilateral does not lie in a plane, the barycenter is the cross point of the
side bisection lines. The same problem, as noted for the caseof a highly anisotropic
triangle, will occur when the angles between connected edges have significant departure
from orthogonality.

• Tetrahedra
For each tetrahedron{P1,P2,P3,P4}, for example that shown in Figure 1.10, the point
Stetra inside the tetrahedron is used to subdivide the control volumes. In this example the
control volumes aroundP1 andP2 have the triangles{Stetra,St

2,S
e
1} and{Stetra,Se

1,S
t
1} in

common. DefiningStetra as the barycenter of the tetrahedron gives

~XStetra =

(

~X(P1)+~X(P2)+~X(P3)+~X(P4)
)

4
,

and guarantees thatStetra is located inside the tetrahedron and that the triangles located at
one edge are coplanar. Similar problems, as in the case of a stretched triangle, will occur
for an anisotropic tetrahedron.
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S1
e

1P
S4

e

S
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P2

q

Figure 1.9: Control volume borders on a
quadrilateral

P1

P4
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4

Se
4Se

6

P2

S
e

tS3

Se
5

S

P3
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S1
t

e
2S1

St
2

Figure 1.10: Control volume borders in a
tetrahedron

• Prisms
For each prism{P1,P2,P3,P4,P5,P6} the definition of one pointSprism inside the prism is
enough to separate the control volumes. The choice of the barycenter of the prism to be
Sprism results in the following formula

~XSprism =

(

~X(P1)+~X(P2)+~X(P3)+~X(P4)+~X(P5)+~X(P6)
)

6
.

If the prism is convex the barycenter lies inside the volume.

P4

P1

P2

P3

P6

prismS

5P

Figure 1.11: Control volume borders in a prism
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• Pyramids
For each pyramid{P1,P2,P3,P4,P5} the definition of one pointSpyra inside the pyramid
is enough to separate the control volumes. The choice of the barycenter of the pyramid to
beSpyra provides the formula

~XSpyra =

(

~X(P1)+~X(P2)+~X(P3)+~X(P4)+~X(P5)
)

5
.

If the pyramid is convex, the barycenter lies inside the volume.

P5

P3

P2

1P

pyraS

Figure 1.12: Control volume borders in a pyramid

• Hexahedra
For each hexahedron{P1,P2,P3,P4,P5} the definition of one pointShexa inside the hex-
ahedron is enough to separate the control volumes. The choice of the barycenter of the
hexahedron to beShexagives the following formula

~XShexa =

(

~X(P1)+~X(P2)+~X(P3)+~X(P4)+~X(P5)+~X(P6)+~X(P7)+~X(P8)
)

8
.

If the hexahedron is convex, the barycenter lies inside the volume.

From these definitions all areas on a surface element attached to a control volume, as well as
all attached surfaces inside a volume element, consist of triangular elements. Consequently
the control volume consists of tetrahedra created by these elements connected with the point
attached to the control volume.

Cell Centered The components which determine the secondary grid volume structure are the
primary elements and their cell centers. Each elementi of the primary grid defines a control
volumeVi of the secondary grid. A cell center is attached to each control volumeVi . The cell
center is defined as barycenter of the primary element determined byN primary grid pointsPj

~Xi =
1
N

N

∑
j=1

~Pj .
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P5

P1

P7

P3
P2

P8

P6

Shexa

Figure 1.13: Control volume borders in a
hexahedron

2P

P1

Figure 1.14: A face of the secondary grid

A cell center is called a point of the secondary grid. Thus thecontrol volumes of the secondary
grid, and all data attached to them, are uniquely referred toby the secondary grid pointsPi .

1.4.2 Inner Faces

Cell Vertex Each edge of the primary grid connects two pointsP1 and P2. The attached
control volumes share some triangles on their common surface according to the definitions of
the secondary grid, as depicted in Figure 1.14. All these areas are summed for the faceF
attached to the edge{P1,P2} by adding the area vectors with respect to the orientation ofthe
edge fromP1 to P2.

Cell Centered An inner face of the primary grid connects two elementsi and j. The sec-
ondary grid pointsPi and Pj of these elements define the corresponding face{Pi ,Pj} of the
secondary grid. Thus an inner faces{Pi ,Pj} of the secondary grid is equal to the common inner
face of the primary grid elementsi and j.

1.4.3 Boundary Faces

Cell Vertex All parts of surface elements belonging to one boundary typeare collected to-
gether for each control volume as one boundary face. For example, Figure 1.15 shows the
control volume around a pointPi which is located on the boundary of the grid. Two different
boundary types come together in pointPi , represented by the light and the dark gray shading.
Hence, two different boundary faces each with one normal vector are required to properly de-
scribe the control volume surroundingPi .

Cell Centered The boundary faces of the secondary grid are equal to the boundary elements
of the primary mesh. Thus the boundary types of the primary grid boundary elements are
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Pi

Figure 1.15: Contributions of boundary elements to the boundary faces of point Pi

assigned to the corresponding boundary faces of the secondary grid.

1.4.4 Computation of Face Normals and Control Volumes

Cell Vertex As noted above each control volume consists of some tetrahedra with triangular
surface elements. The corner points of these tetrahedra andtriangles are given by the secondary
grid data. The area vector~n1 of a given trianglet1 = {~X1,~X2,~X3} can be written as4:

~n1 =
1
2

(

~X2−~X1

)

×
(

~X3−~X1

)

.

Normally each trianglet1 occurs together with a second trianglet2 = {~X3,~X2,~X4}. The vectorial
sum of the area vectors for both triangles is given by:

~n1 +~n2 =
1
2

(

~X4−~X1

)

×
(

~X3−~X2

)

.

The volumeV1 of a tetrahedron{~X1,~X2,~X3,~X4} is given by:

V1 =
1
6

(

~X4−~X1

)

·
(

~X2−~X1

)

×
(

~X3−~X1

)

.

The number of operations required to calculate the total volume can be reduced if the neighbored
tetrahedron{~X1,~X3,~X5,~X4} is taken into account:

V1+V2 =
1
6

(

~X4−~X1

)

·
(

~X2−~X5

)

×
(

~X3−~X1

)

.

The sign of the calculated volume should be positive, if

• the orientations of the tetrahedra are correct in the senseof Part 1.2.1 and

• the involved elements of the primary grid are convex enough, so the definitions of the
control volumes provide points located inside the respective element.

4The sign can be chosen according to the defined direction of the face
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Cell Centered The computation of face normals and of volumes of control volumes follows
the same principles as the Cell Vertex Computation.

1.5 Minor Additional information

1.5.1 Determination of the Neighboring Point

For some boundary types it is essential to involve information coming from the flow field.
Therefore it is necessary to determine, for each boundary point, one point that is located normal
to the boundary. The alignment of a boundary face related to apoint Pi is described by its
normal vector~nf . Employing the point to face connectivity it is possible to identify all facesPi

is related to and by that all neighboring points. For each neighboring pointPj the cosine of the
angleαn between the face normal and edge{Pi,Pj} is given by:

cosαn =

(

~X(Pj)−~X(Pi)
)

·~nf
∣
∣
∣X(Pj)−~X(Pi)

∣
∣
∣ ·
∣
∣~nf
∣
∣
.

The point that is located most normal to the boundary can be identified by the smallest value
of cosα. In Figure 1.16 the determination of the reference point fora boundary pointPi is

nf

iP

P1

P3

P2

Figure 1.16: Neighboring points of a boundary point Pi

illustrated. The pointP1 is the point that is located most normal to the boundary.

1.5.2 Computation of the Fan Area

In order to compute the flow through a nacelle correctly, the area of the fan inflow face and the
direction of the nacelle axis are required. The nacelle axisis assumed to be normal to the fan
inflow face. The vectorial sum of all area vectors of the boundary faces belonging to boundary
part nacelle inflowprovides the area of the fan inflow face. Note that if the configuration has
more than one nacelle the axes are assumed to be parallel and the area relations are assumed to
be identical.
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1.6 Vectorization Concerns

The scheme described here is based on the faces of the secondary grid. Therefore, a major
part of the calculations in the flow solver is performed by considering the grid faces one by
one, while the computed values (e.g. fluxes over the face) areadjoined to the respective points
on both sides of the face. The architecture of modern vector computers is designed such that
lvec operations can be done at the same time, withlvec being thevector lengthof the respective
computer. So the fluxes overlvec faces can be computed and adjoined to the related points at
the same time. If one grid point is related to more than one of the lvec faces, the association of
the computed values cannot be done correctly. Hence, coloring of the inner faces is necessary
to exploit the capabilities of modern vector computers by avoiding such conditions. Only faces
of identical color are allowed to be considered at the same time.

1.6.1 Coloring of the Inner Faces

The coloring is performed by considering all faces{Fstart, . . .FNo.o f f aces} of the grid that have
not been colored yet. The variableFstart is pointing to the first face that is not colored. Before
the coloring,Fstart is pointing to the first grid face. Whenever a new face is colored, Fstart is
incremented . The coloring process is finished whenFstart equals the total number of faces.
When no face is found that can be colored with the current color c, but not all faces are colored,
the colorc is incremented and the remaining faces are again examined.

{pstart
c (m) |m= 1, . . .Nc}

and
{pstop

c (m) |m= 1, . . .Nc}
are generated withNc being the total number of colors.pstart

c (c) is pointing to the first face of
the colorc. Wheneverc has to be incremented, the current value ofFstart is assigned topstart

c (c).
When all faces are examined and the color is to be incrementedagain, the current value ofFstart

is assigned topstop
c (c). Hence,pstop

c (c) is pointingbehind the last face of the colorc.

As the purpose of the coloring is to avoid equal colors on faces the same point is related to,
for each new faceFi = {P1,P2} the end points of the face are examined to see if one of them is
related to a face of the current colorc. This is checked by employing a helping list{Lc

P(m) |m=
1, . . .No.o f points}. This list is initialized with−1 for each element. IfLc

P(Pj) = c then a face
point Pj is colored withc. Hence, ifLc

P(P1) = c or Lc
P(P2) = c, the current faceFi is not suited

to be colored withc and the next faceFi+1 is examined. If for faceFi it is found that none of
the related points is related to another face of the colorc, Fi is colored withc. In this case,
c is assigned toLc

P(P1) andLc
P(P2). If one of these points is examined again, the entry inLc

P
indicates that the respective face is not suited to be colored with c. Then the number of the face
Fi and all data related toFi is exchanged with the first face in the list of faces that has currently
not been reordered. The index of this face is currently stored in Fstart. After the data exchange,
Fstart is incremented and the search continues.

When the examination is finished for the colorc, the number of facesnF
c (c) of the colorc can

be computed as:
nF

c (c) = pstop
c (c)− pstart

c (c).

For performance reasons the number of faces should be divisible by the vector length of the
computerlvec, andnF

c (c) is chosen to be the next smaller multiple oflvec (whennF
c (c) > lvec)

andpstop
c (c) andFstart are changed respectively.
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After the coloring has been performed, the faces of each color c are ordered employing a re-
cursive ordering algorithm. Ordering criterium is the index of the first pointP1 of each face
{P1,P2} (note thatP1 < P2, see Part 1.3.2). The sorting gives an improved memory distribution.
The recursive sorting is described in the next Part 1.6.2.

1.6.2 Recursive Ordering

A recursive ordering is required at several times in the scheme. The employed algorithm is
described in this section.

A vector {A(m) |m = ao, . . .bo} is to be ordered based on a certain criterium{B(m) |m =
ao, . . .bo} such that

B(i −1) ≤ B(i) ≤ B(i +1) for i = ao+1, . . .bo−1.

The vectorA has to be considered as aparent partof the levell = 1. Firstly, the entire vector
A is split into twochild partsof the level l = 2 with desirably the same size:{A1(m) |m =
an1, . . .bn1} and{A2(m), | i = an2, . . .bn2} with

an1 = ao and bn1 = int(0.5 ·bo)

and
an2 = bn1 +1 and bn2 = bo.

Two child parts with the same parent are calledsister parts. These child parts are ordered
separately employing the algorithm described here (recursive approach), which means that the
splitting continues with increasing levels until less thanthree elements ofA are to be considered
in all child parts of the levell = lmax.

bn1−an1 < 2 and bn2−an2 < 2.

These elements are now ordered in the vectorsA andB based on the entries inB, such that:

B(an1) ≤ B(bn1) and B(an2) ≤ B(bn2).

After both sister parts are ordered, they are merged together (consideringB). The parent part
{A(m) |m= ao, . . .bo} of the next lower levell = lmax−1 is obtained in the right order. The
obtained parent part is now to be considered as a child part and is merged together with its (also
ordered) sister part to obtain the parent part of the next lower levell = lmax−2. When the level
l = 1 is reached again, the vectorA is ordered as desired.

Note that in order to sort a vector withN elements,int(log(N)/ log(2)) levels will be created.
The number of children parts increases by a factor of 2 with each level.

Care has to be taken if any data is adjoined to the elements ofA. As the indices of the elements
may change, the adjoined data has to be changed as well.

1.7 Multigrid Concerns

The multigrid algorithm used in the code is based on an upwardcycle, hence control volumes are
fused together to form a coarser grid. The secondary grid , described in the Part 1.4, forms the
fine grid from which the agglomeration procedure is commenced. The coarser grid contains all
information for the flow solver in a data structure similar tothe data structure of the secondary
grid. In addition the connectivity between the control volumes respectively the points of both
grids is provided by the following structures:
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• For each control volume of the fine grid the control volume ofthe coarse grid to which
the fine grid cell is fused (the coarse grid control volume is referred to as theparent) is
stored in a vector.

• For each control volume of the coarse grid the subset of fine grid control volumes, called
children, of which the coarse grid cell consists, are stored in two vectors. One vector
contains all children of the coarse grid, the other vector provides the starting address of
the child subset belonging to each parent.

The coarse grid may be coarsened again, using the same methods described above. The agglom-
eration of the control volumes is performed until the desired coarsening level is achieved. To
avoid poor multigrid performance the fusing procedure mustpreserve some topological aspects
of the finest grid:

• Depending on the implementations in the flow solver different boundary conditions must
not occur for the same control volume.

• The use of prisms and hexahedra in a primary grid normally introduces directions with
different spatial resolutions. The desired decoupling of these flow directions present in
the finest grid should not be disturbed on the coarser level.

• When the flow field around a body is computed, the farfield discretization can be quite
coarse on the initial grid. Nevertheless the flow of information from farfield cells should
be controlled so that the information between upstream and downstream control volumes
is still passed in a physically consistent manner during theupward part of the multigrid
cycle.

The multigrid procedure can be regarded to be composed of twoparts. In the upward cycle,
or topological fusing part, the parent of each fine grid control volume is determined. Inthe
downward cycle the children of each parent are determined. In the physical fusing partall
the secondary grid information, like location, size and surfaces of the control volumes, are
calculated by using the fine grid information and the information known about the children.
The coarse grids have to be checked as to whether the total size and the integrals of the surfaces
of each control volume are correct. The sum of all control volume sizes has to remain constant.
This check is done by adding up all control volume sizes. Furthermore, the boundaries of the
control volumes have to be closed. In a loop over all faces of the current secondary grid the
components of the normal vector related to the current face are added to the surface integrals
of the two respective endpoints. This is also done for the boundary faces. Then the maximal
integral of the surface boundary is determined and printed out for the inner points and the
boundary points.

1.7.1 Topological Fusing Part

The topological fusing is performed using an advancing front method. It consists of a queuing
system to find the next fine grid control volume, called seed volume, on the front and some
routines to determine the subset of neighbored control volumes which will be fused with the
seed volume. Each fused coarse grid control volume is attached to the total number of all
coarse grid control volumes previously fused.

In order to topologically characterize the different secondary grid parts arising from tetrahedral,
prismatic or hexahedral parts of the primary grid the following definitions are useful:
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• Two control volumes sharing a common face are calleddirect neighborsof each other.

• A control volumeP1 is called anindirect neighborof a control volumeP2 if they are not
direct neighbors but have a direct neighbor in common.

• All control volumes sharing at least one point with a control volume P1 are called the
neighborhoodof P1.

• A single connected neighboris a direct neighbor of a control volumeP1, which does not
share any direct neighbors withP1.

Based on these definitions the parts of the secondary grid canbe described with:

• Tetrahedral connectivity:
The connectivity of a control volume is called tetrahedral connectivity if no indirect
neighbor is part of the neighborhood. In this case the numberof single connected neigh-
bors equals zero.

• Prismatic connectivity:
A neighborhood of a control volume with a prismatic connectivity consists only of some
direct and some indirect neighbors. Away from the boundaries there are exactly two sin-
gle connected neighbors in this case. If the prisms of the primary grid include boundary
surface triangles the number of single connected neighborsreduces to one. In the nor-
mally avoided case of prisms with boundary surface quadrilaterals the number of single
connected neighbors can increase at configurations like a sharp trailing edge of a wing.

• Hexahedral connectivity:
A control volume with a hexahedral connectivity possesses aneighborhood containing
direct neighbors, indirect neighbors and indirect neighbors of direct neighbors. Being
connected via hexahedra in all directions a control volume has exactly six direct neigh-
bors all single connected. The number of single connected neighbors varies in cases of
boundary contacts from at least three to more than six. If thecontrol volume is located
on the border between a hexahedral and for example a tetrahedral part of the grid (with
some pyramids in between) the number of single connected points can decrease to zero.

During the topological fusing the connectivity of each control volume is described by the num-
ber of single connected neighbors. Ignoring some special cases a tetrahedral connectivity is
assumed if the number is zero and a prismatic connectivity isassumed if the number is one or
two. A higher number is assumed to indicate a hexahedral connectivity.

The Queuing System

The advancing front should start on special boundary parts,for example on fixed walls but not
on the farfield. Within the set of volumes with the same boundary part priority, the volumes
should be preferred which are located on an edge or in a cornerof the computational domain.
The determination of these priorities is described in Part 1.7.1.

The selection of the next seed volume within each priority set is controlled by subsets, called
queues, in which they are grouped according to criterion described in Part 1.7.1 and Part 1.7.1.
The search for the next seed volume starts in the queue with the lowest queue number. Within
each queue the volume, which has been touched by the front first, is elected to be the next seed
volume.
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Volume Priorities All volumes connected to walls of a body, to inlet or outlet planes of an
engine or to a symmetry axis are given a boundary part priority (bpp= 1). All other boundary
volumes as well as all inner volumes have no special boundarypart priority (bpp= 0).5

In a second step some geometric aspects separate between thevolumes of the same bound-
ary part priority (bpp> 0). Those volumes belonging to different planes like edge orcorner
volumes get a higher priority. To determine the number of planesnplanes(Vi) a volumeVi is con-
nected to, knowledge of the primary grid is needed, because all information about the surfaces
belonging to the same boundary part are summarized in a single normal vector of the secondary
grid. Therefore the volume priorities can only be calculated on the mesh of the finest multigrid
level and are handed on from children to parents during the determination of the coarser, sec-
ondary grids of the higher multigrid levels. Two surface elements of a volume are thought to
represent different planes if the angle between their normal vectors is greater than 45◦.

The volume priorityPr(Vi) is defined as:

Pr(Vi) = nmax
planes∗ (bpp(Vi)−1)+nplanes(Vi)−1 bpp(Vi) > 0

Pr(Vi) = 0 bpp(Vi) = 0

with the maximal occurring number of planesnmax
planesattached to one volume.

Initialization of the Queues Initially the volumes of each priority are sorted into different
queues according to their connectivity to agglomerate hexahedral parts of the mesh previous
to prismatic parts and at last the tetrahedral parts. The higher the number of single connected
neighbors of a given volume is, the lower is the number of the queue the volume is attached to.
The current implementation uses eight queues from which thelowest four can only be reached
by volumes lying at the advancing front, see Part 1.7.1. In addition the queue, to which a volume
belongs, is stored for every volume because a rearrangementof the queues during the update
procedure is computationally too expensive.

Update of the Queues After each agglomeration step all agglomerated volumes areremoved
from the queues by setting the queue number of the volume to beout of the range of allowed
queue numbers. The first time a volume is hit by the fusing front the number of the coarse
grid volume is stored. Each time a volumeVi is touched by the front via a new coarse volume
agglomerating a direct neighbor ofi, the queue number ofi is decremented by one till zero
andVi is added to the queue respectively. Therefore the volumeVi gets closer to become the
next seed volume. Between several volumes neighbored to thesame coarse grid volume the
neighbors of the seed volume will be queued previous to the neighbors of the direct neighbors
of the seed volume and at last the neighbors of indirect neighbors of the seed volume.

As an example the queue numbers of some hexahedra in front of the agglomeration front are
depicted in Figure 1.17. The queue number of a hexahedronqnhaway from the front is provided
by the initialization, Part 1.7.1. As a result of the queuingthe advancing front tries to grow in
closed layers from the initially touched boundary at least in hybrid grids.

Maximal Set of Fusible Volumes

In principal a seed volume is allowed to be agglomerated withits whole neighborhood. That
means, for a seed volume in a tetrahedral part of the grid, that every direct neighbor - given
by the point to face connectivity - is a candidate for the maximal set of fusible volumes. In

5To date no advantage in this approach has been observed.
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Figure 1.17: Queuing of hexahedra near the agglomeration front.

a prismatic part indirect neighbors, who have only an edge incommon with the seed volume,
have to be added, see Figure 1.18. They can be described as direct neighbors of the single
connected neighbors which have another direct neighbor other than the seed volume or the
single connected neighbor in common with the seed volume.

Figure 1.18: Prismatic neighborhood: seed volume and direct neighbors (left), direct and
indirect neighbors (right)

In a hexahedral part additional neighbors, who only share one point with the seed volume, have
to be found. They are direct neighbors of more than one indirect neighbor, who have a common
edge with the seed volume. The hexahedral situation is depicted in Figure 1.19.

Figure 1.19: Hexahedral neighborhood: direct neighbors sharing faces (left), indirect
neighbors sharing edges (middle) and neighbors sharing points (right) with the seed vol-
ume
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Restrictions to the Fusible Set of Volumes

A typical coarsening rate in a structured multigrid code is 1:8 for three dimensional applications.
The maximal set of volumes for this case shown in Figure 1.19 offers a coarsening rate of 1:27.
Therefore it is sufficient to use only a subset of the maximal set during the agglomeration to
provide good coarser grids. The most obvious restriction tothe fusible set is that volumes can
not be agglomerated to more than one seed volume. While the agglomeration front advances,
the next seed volume is found in the neighborhood of an already fused volume.

Consider a simple structured grid over a flat plate. The algorithm starts in every corner of the
plate and finds 7 neighbors for every seed point. Running along the edges of the plate the situa-
tion for the seed volume will always be the same, because the boundaries of the computational
domain create again, together with the already fused volumes, a corner situation. If the number
of volumes along the edges of the plate is a multiplier of 2, the complete boundary of the plate
is coarsed with a 1:8 rate. Being touched by two fused neighbors the next seed volumes on
the plate will be fused in the same way. After fusing all volumes on the flat plate the agglom-
eration front will start the next layer again in the corners,because the underlying coarse grid
volumes have the lowest numbers. As long as the grid is coarsened in this structured manner,
this algorithm will provide an equivalent grid.

Incompatible Boundaries Depending on the treatment of a boundary it can be important that
two different boundary types do not occur at the same volume.To preserve this kind of topo-
logical information during the agglomeration procedure, the boundary types of the initial grid
are investigated. Only if a volume exists in the initial mesh, which is attached to two bound-
ary types, is the agglomeration procedure is allowed to fusevolumes of these boundary types
together. Therefore, during picking up the neighbors of theseed volume to get the maximal
fusible set, the compatibility of the boundary types between the already found neighborhood
(including the seed volume) and the next neighbor is checked.

Cutting the Structure of an Underlying Layer In a prismatic or hexahedral region of the
grid the algorithm tries to grow layer by layer over the boundary surface. A new coarse grid
volume is only allowed to be on top of more than one coarse gridvolume of the underlying
layer if this underlying or old volume is covered completelyby the new volume.

Figure 1.20: Allowed fusing: new volume covers old volumes completely (left), new vol-
ume covers exactly one old volume (middle) and new volume lies inside the cover of one
old volume

The allowed fusing, simplified in two dimensions, are depicted in Figure 1.20 and a typical cut
situation in Figure 1.21.
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Figure 1.21: The parts of the new volume divided by the broken line are not allowed to
be fused together due to the structure of the underlying layer

Fusing to Coarse Grid Volume In addition to the cutting described above, and to prohibit
hardly fused volumes, an agglomeration with an already fused neighbor is allowed in special
situations.6 One situation occurs when different parts of the agglomeration front reach each
other and some seed volumes are left without or with only one fusible neighbor. The other case,
shown in Figure 1.22, is a result of a cutting to preserve the structure of an underlying layer.

Figure 1.22: After cutting the new fusible set, some volumes are agglomerated to a pre-
viously fused cell.

Semi Coarsening In highly stretched parts of a hybrid grid it is possible to achieve smaller
aspect ratios for the coarser volumes than on the initial grid. This is done be selecting only
those volumes, which are connected to the seed volume via faces larger than a given fraction of
the largest surface area of the seed volume, for fusing. The disadvantages of semi coarsening
in this way are the small coarsening ratio (more volumes to calculate) and the corruption of the
initial grid structure. Whether convergence is improved iscurrently not clear.

Unstructured Grid Improvement In a tetrahedral part of a grid a subset of fusible volumes
can be chosen to minimize the ratio of the surface to the volume of a coarse grid cell. To become

6This fusing can be the origin of coarse grid cells consistingof more volumes than the complete neighborhood
of any attached volume.
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Figure 1.23: Semi coarsening with a fraction factor of 0.5

independent from the scaling units the minimizing functionf is given by:

f =
surface1.5

volume
.

Starting from the seed volume the algorithm searches for thenext volume which provides the
smallest value off when being fused to the already determined subset. This loopterminates
with a subsetSn having an optimal valuefn for each possible numbern of neighbors out of the
neighborhood of the seed volume. The choice of which subset will be fused is influenced by a
parameter called the point fusing rewardp f r ∈ [1.0,∞] according to the expression:

min
n

(
fn

p f rn

)

.

The sense of thep f r parameter is to decrease the influence off and allow more volumes to
be fused. In practice values ofp f r between 1.0 and 1.2 result in semi-coarsening behavior,
while values above 1.6 result in minimal changes compared with an agglomeration for which
no selection according to a penalty function has been performed.

Limiting the coarse grid volume size To avoid grids which are too coarse to get any multi-
grid improvements, the maximal size of a fusible volume is restricted to a fraction of the size of

the complete computational domain. This fraction is chosenas
1

256
, which stops the agglomer-

ation on the coarsest level for typical three dimensional cases with about five volumes in every
direction.

1.7.2 Fusing Part

The fusing part includes:

• determination of the physical coordinates of the coarse grid control volumes and their
sizes,
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• determination of the relationship between the volumes of the coarse grid and the fine grid,

• calculation the inner faces,

• computation of the boundary faces.

Physical Coordinates and Control Volume Sizes

From the topological fusing part the parent volume in the coarse grid are known for each fine
grid volume. Hence, within a loop over all fine grid volumes the sizes of the volumes with
the same parent can be added up. The result yields the sizes ofthe control volumes of the
coarse grid. The physical coordinates of the points attached to the coarse grid volumes can
be determined in two different ways, which are shown in Figure 1.24. In the first case, the
coordinates of a coarse grid volume is set equal to the coordinates of the seed volume in the
fine grid. In the second case, the volume weighted average of all children volumes is used.
The second approach can provide some advantage for the interpolation of the corrections, but
only in the first case will the coordinates belong always to a point inside the control volume.
Nevertheless the influence of the choice is small due to first order approximations made on the
coarser multigrid levels.

P = P2P1 P3

P5P4

P1 P3

P5P4

P2

P

Figure 1.24: Coarse grid coordinates remaining in seed volume position and shifted to
averaged position
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Relationship between Coarse Grid and Fine Grid Volumes

The information about the parent of every fine grid volume is stored in a vector. The opposite
information about the children belonging to each coarse grid volume needs a data structure
similar to the structure described in Part 1.3.1.

index[ ] = {index[V1], index[V2], ..., index[VNo.o f coarsegrid vol.],No.o f f inegrid vol.}

child[ ] = {1st child(V1), ..., last child(V1),1st child(V2), ..., last child(VNo.o f coarsegrid vol.)}.
? ? ?

Computation of the Faces

If a child of volumeVi has a face to a child of volumeVj , thenVi andVj have a common face. If
two volumes are connected by more than one face between theirchildren, the normal vectors of
the fine grid are added up with respect to the orientation of the face on the coarse grid. A typical
situation is depicted in Figure 1.25. The fine grid boundary faces belonging to the children of

iP

Pj

P1 P2

P4P3

Figure 1.25: Determination of coarse grid face vectors

one coarse grid volume are also agglomerated separately foreach boundary part. Identically to
the interior faces, the normal vector of a coarse boundary face can be calculated by adding the
normal vectors of the respective fine grid faces. The orientation of the normal vectors does not
have to be considered, since these vectors always point outside the domain.

1.8 Chimera method

1.8.1 Introduction

The overset grids method is originally introduced to deal with a complicated configuration with
structured meshes. The method subdivides the computational domain into simpler subdomains
which admit a more easily constructed mesh. The technique donot require common boundaries
between subdomains, but rather, a common or overlap region is required to provide the means
of matching the solutions across boundary interfaces. The usual procedure uses interpolation
of embedded boundaries to provide the necessary communication among the computational
meshes and hole-cutting of the mesh becomes out of the computational region. Steger et al.
[68], Benek et al. [7] developed overset grids method in two and three dimensions for Euler
Equations. Dougherty [18] and Dougherty et al. [19] extended this technique to allow move-
ment of embedded meshes. This method is quite powerful for dealing with the moving bodies
because remeshing is not required. However, this method also has several shortcoming; such
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as a loss of conservation, extra cost due to interpolation and locally reduced accuracy due to
mismatched cell sizes between the computational meshes.

To apply this method to the unstructured mesh, three major steps are needed:

1. The creation of the overlapping region, this step is part of the grid generator, the user
should specify the analytic shapes, such as cubes,spheres,cones, etc. as hole cutting geome-
tries.Automatic approach for unstructured grid was introduced by Nakahashi [55].

2. The cell surrounding each interpolation point is searched from the other grids, using Alter-
nating Digital Tree ADT [8].

3. The conservative variables are transferred by linear or trilinear interpolation [42].

Unsteady prediction of viscous flows with relative movementbetween component parts remains
an extremely challenging problem facing CFD. There are a number of difficult problems for
which dynamic overset grid schemes have been exclusively applied, including space shuttle
booster separation [49], helicopter with moving rotor blades [50], and manoeuvring aircraft by
CFD aerodynamic and flight mechanic coupling [42]. Navier-Stokes calculations with these
methods require high computational resources. Parallel computing offers a very effective way
to improve the productivity in doing CFD. Therefore the purpose of this study is to develop
an efficient parallel computation algorithm for analyzing the flowfield of complex geometries
using overset unstructured grids technique [43, 44].

1.8.2 Stencil search

To exchange the information between the grids, an efficient and reliable search algorithm must
be developed. Alternating Digital Tree is efficiently utilized in the present method. The steps
involved in generating an ADT and searching are outlined as follows:

1ststep: Determine the bounding boxes({xmin,ymin,zmin},{xmax,ymax,zmax}) (Figure 1.26) of
all the elements in each grid of the overset mesh system. 2ndstep: Build the ADT for each grid,
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Figure 1.26: Cartesian bounding boxes of tetrahedra and pyramid

the dataset used for building the tree comprises the bounding box coordinates of the grid cells.

3rdstep: Search in the tree for a given target point. The algorithm searches the ADT of the
given grid and creates a list of cells whose bounding boxes overlap for a given target pointIB
see Figure 1.27. To identify the cell that contains the target point, the following criterion

min(Ni,1−Ni) ≥ 0, ∀i (1.1)

must be satisfied.Ni are the shape functions well known from finite element methods [3]. They
are computed using the formulaNi(Pj) = δi j , whereδi j is the Kronecker’s symbol. Other types
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of elements are split into tetrahedrons and the shape functions are computed for each of the
subelements. Once a donor cell is identified, linearly interpolate the solution at the nodes of the
donor celleA to the target pointIB see figure 1.27 as follows :

fIB = ∑
iA

fiA · [NiA]IB with ∑
iA

NiA = 1 (1.2)

where fiA represents the solution at the corner nodes of the elementeA and[NiA]IB represents the
shape function of the elementeA evaluated at the target pointIB.
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Figure 1.27: Overlapping bounding boxes

1.8.3 Calculations of shape functions.

Linear case :

The interpolation is based on linear shape functions well known from finite element meth-
ods. For tetrahedral cells, the linear shape functions are given by the following formulas;
N1 = 1− ξ − η − ζ, N2 = ξ , N3 = η and N4 = ζ, where (ξ,η,ζ) represent the coordinates
in the parametric space see figure 1.28. For other types of elements, hexahedron, prism and
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Figure 1.28: Parametric space

pyramid , the interpolation is also based on linear shape functions by splitting those elements
into tetrahedrons (see Figures 1.29, 1.30 and 1.31) . Table 1.1 gives all possible subdivisions of
the hexahedronp1 to p8 into five or six tetrahedra as a function of the numbern of diagonals
through the vertexp7.
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Figure 1.29: The six ways to split the quadrilateral faces of the prism such that it can be
subdivided into three tetrahedra

n △1 △2 △3 △4 △5 △6

0 1,2,3,6 1,3,8,6 1,3,4,8 1,6,8,5 3,8,6,7 Nil

1 1,6,8,5 1,2,8,6 2,7,8,6 1,8,3,4 1,8,2,3 2,8,7,3

1,6,8,5 1,2,7,6 1,7,8,6 1,8,3,4 1,8,7,3 2,1,7,3

2 1,5,6,7 1,4,8,7 1,8,5,7 1,2,3,6 1,4,7,3 1,7,6,3

1,3,4,7 1,5,7,8 1,7,4,8 1,2,3,6 1,7,5,6 1,3,7,6

3 1,3,4,7 1,4,8,7 1,8,5,7 1,6,7,5 2,6,7,1 2,7,3,1

1,2,7,6 1,7,8,5 1,6,7,5 1,7,2,3 1,8,7,4 1,7,3,4

1,2,7,6 1,2,3,7 1,3,4,7 1,6,7,5 1,7,4,8 1,7,8,5

Table 1.1: All possible subdivision of the hexahedrons into six tetrahedrons.

Nonlinear case :

This subsection describes a method developed for function interpolation within different ele-
ment types, which is based on the finite element interpolation theory [3].



Preprocessing 28

.

.

.

. .

.
.

.

p p
2

p
3

p
7

p
6

p
5

p
4

p
8

1

(a)

.

.

.

. .

.
.

.

p
1 p

2

p
3

p
7

p
6

p
5

p
4

p
8(b)

.

.

.

. .

.
.

.

p
1 p

2

p
3

p
7

p
6

p
5

p
4

p
8(c)

.

.

.

. .

.
.

.

p
1 p

2

p
3

p
7

p
6

p
5

p
4

p
8(d)

Figure 1.30: First configuration with no diagonal that goes through vertex p7 (a), second
configuration with one diagonal that goes through vertex p7 (b), third configuration with
two diagonals that go through vertex p7 (c) and fourth configuration with three diagonals
that go through vertex p7 (d)
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Figure 1.31: The two ways to split the quadrilateral face of the pyramid and to subdivide
the pyramid into two tetrahedra

Following this theory, a functionF is approximated as :

F(ξ,η,ζ) = ∑
i

Ni(ξ,η,ζ)Fi

where (ξ,η,ζ) represent the coordinates in the parametric space,Ni the shape functions associ-
ated to the nodei of the element andFi the value of the function at this node.

Let denoteH = (P1,P2,P3,P4,P5,P6,P7,P8) denote a hexahedron, andM a point, we obtain
F(M) by the following formula:

F(M) =
8

∑
i

Ni(ξM,ηM,ζM)Fi (1.3)

where
N1 = 0.125(1−ξ)(1−η)(1−ζ), N2 = 0.125(1+ξ)(1−η)(1−ζ)

N3 = 0.125(1+ξ)(1+η)(1−ζ), N4 = 0.125(1−ξ)(1+η)(1−ζ)
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N5 = 0.125(1−ξ)(1−η)(1+ζ), N6 = 0.125(1+ξ)(1−η)(1+ζ)

N7 = 0.125(1+ξ)(1+η)(1+ζ), N8 = 0.125(1−ξ)(1+η)(1+ζ)

To determine the coefficients(ξM,ηM,ζM), we setF(M) =
−−→
P1M to (1.3), and we obtain:

−−→
P1M = N2

−−→
P1P2+N3

−−→
P1P3+N4

−−→
P1P4 +N5

−−→
P1P5+

N6
−−→
P1P6+N7

−−→
P1P7+N8

−−→
P1P8 (1.4)

Using (1.4), the following function can be built:

G(ξM,ηM,ζM) = N2
−−→
P1P2 +N3

−−→
P1P3+N4

−−→
P1P4+

N5
−−→
P1P5 +N6

−−→
P1P6+N7

−−→
P1P7+

N8
−−→
P1P8−

−−→
P1M (1.5)

The coefficients(ξM,ηM,ζM) are solution ofG(ξM,ηM,ζM) =
−→
0 , which is solved using New-

ton method, i.e. −−→
ξn+1

M =
−→
ξn

M −G−1
ξ G (1.6)

whereGξ is the Jacobian matrix of the functionG. Then, the interpolation weights are computed

asNi(
−→
ξM).

A similar procedure is applied to prisms and pyramids, with the corresponding shape functions

N1 = 0.5(1−ζ)(1−ξ−η), N2 = 0.5(1−ζ)ξ, N3 = 0.5(1−ζ)η

N4 = 0.5(1+ζ)(1−ξ−η), N5 = 0.5(1+ζ)ξ, N6 = 0.5(1+ζ)η

for prisms and

N1 = 0.25[(1−ξ)(1−η)−ζ], N2 = 0.25[(1+ξ)(1−η)−ζ]

N3 = 0.25[(1+ξ)(1+η)−ζ], N4 = 0.25[(1−ξ)(1+η)−ζ], N5 = ζ

for pyramids.

1.8.4 Parallel implementation of overset unstructured grids method

For the parallel implementation of chimera method, a domaindecomposion is adopted. At
the beginning we have several grid blocks where each grid block is a physical grid with own
volume triangulation and boundary description. These gridblocks are not connected in any
way. The only communication between these blocks is done by achimera interpolation. The
grid blocks are written into one data structure and afterwards these data structure is partitioned
see Figure 1.32. Each partition may have a different number of blocks. There exists a local
numbering of the grid blocks within one partition and a mapping from the local block number
to the global block number of the non partitioned grid. One ofthe best domain decomposition
for overset grid selected from several cases of division is illustrated in Figure 1.34. The parallel
algorithm is explained for a rotating profile is embedded in abackground mesh which is shown
in Figure 1.34. The grid consists of two blocks and four partitions. The algorithm is explained
being on partition 0. This partition is denotiated as own partition. Each partition contains a
list of chimera boundaries. Each chimera boundary has a search partition list and a search
block list. The lists are shown in Figure 1.33. If no knowledge and no further algorithm is
provided the list of search partitions contains all partitions and the list of search blocks contains



Preprocessing 30

all blocks excluding the block of the chimera boundary. To reduce the search effort a global
alternating digital tree of the grid partitions can be introduced. With this tree intersections can
be detected between a bounding box of a chimera boundary and the bounding boxes of the grid
partitions see Figure 1.35. The list of search block should be specified by user input. It has to be
determined only once at the beginning whereas the list of search partitiones should be updated
each physical time step.For the explanation of the algorithm and the implementation of parallel
chimera that has been developed for the DLR TAU-Code see [43,44].

BLOCK0

BLOCK BLOCK1
BLOCK1

BLOCK0

local0 / global1

BLOCK0

BLOCK1

Figure 1.32: Partitioned overset unstructured grids

0 1 32

1

boundary 0

search_partitions

boundary 1

0 1 32

0 search_blocks

Figure 1.33: Input lists for Chimera search

DOMAIN0

DOMAIN1

DOMAIN2

DOMAIN3

Boundary 1

Boundary 0

Figure 1.34: Overset grid system and parti-
tioned grid

Boundary 1

DOMAIN1

DOMAIN2

DOMAIN3

DOMAIN0

Figure 1.35: A global ADT



2 Flow Solver

2.1 Introduction

The flow solver is a three-dimensional, parallel, hybrid, multigrid code. It implemented a finite
volume scheme for solving the Reynolds-averaged Navier-Stokes (RANS) equations. The flow
variables are stored on the vertices of the initial grid. This type of spatial discretization is called
cell vertex with a dual metric which is computed during the preprocessing step. The code uses
explicit time stepping, the multistep Runge-Kutta scheme and optionally implicit time stepping
with a LU-time scheme. For accelerating the convergence to steady state a local time-stepping
concept, different residual smoothing algorithm and a geometrical multigrid method is imple-
mented.

The computation of the fluxes can be performed with either an upwind or a central scheme. The
flux discretization in an upwind scheme can be chosen from several different functions:

• Van Leer,

• AUSMDV,

• AUSMP,

• Roe,

• AUSM Van Leer,

• EFM,

• MAPS+,

The central method is available with two different dissipation models:

• scalar dissipation,

• matrix dissipation,

The viscous fluxes for the one equation turbulence models with central schemes are discretized
using central differences. For two equation models the central scheme uses an upwind type
discretization for their viscous fluxes.

The coarse dual grids provided by the preprocessor have the same properties as the fine dual
grid. Hence the governing equations can be discretized on the coarse grids employing the iden-
tical algorithms as on the fine grid. The only difference is that the discretization is switched
to first order on the coarse grids when employing an upwind scheme. Furthermore the source

31
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terms of the turbulence model are only calculated on the fine grid and injected onto the coarse
grids.

The turbulence model implemented in the solver is the one-equation transport model according
to Spalart and Allmaras (SA). The model uses only local quantities for calculating turbulent
transport which makes it suitable for unstructured methods.

In order to provide control over laminar regions a modification of the source terms is employed,
which ensures thatνt = 0 (νt is the eddy viscosity) is a stable solution. For transition to turbu-
lent flow the modification of the source-term is switched off on points near no-slip walls where
turbulent flow is prescribed, whereas it is switched on for points near ”laminar walls”.

The data structure provided by the preprocessor allows to running the solver in several sub-
domains in parallel. The only work to be performed in multiprocessor mode additional is the
communication required to update the point-data for the ‘additional points’. This communica-
tion between the different concurrent processes is done using the communication tables and the
MPI-library. Since this library supports non-blocking sends and receives, all data to be send is
copied into send buffers and all receive/sends are started together. The communication is hidden
by an interface routine, such that inside the solver only calls of this interface appear.

For time-accurate solutions a global as well as a dual time-stepping scheme are implemented.
The dual time stepping scheme follows the approach of Jameson [32], where the Runge-Kutta
scheme is slightly changed in order to avoid instabilities while dealing with small physical time-
steps. The time using dual-time discretization can be chosen to be first, second or third order
(where a higher order implies increased overhead).

2.2 Governing Equations

The Navier-Stokes equations for the three dimensional casecan be written in conservative form
as

∂
∂t

Z Z

V

Z

~WdV= −
Z Z

∂V

¯̄F ·~ndS (2.1)

where

~W =









ρ
ρu
ρv
ρw
ρE









is the vector of the conserved quantities.V denotes an arbitrary control volume with the bound-
ary ∂V and the outer normal~n. The flux density tensor̄̄F is composed of the flux vectors in the
three coordinate directions:

¯̄F = (~Fc
i +~Fc

v ) ·~ex +(~Gc
i + ~Gc

v) ·~ey+(~Hc
i + ~Hc

v) ·~ez (2.2)

with ex, ey andez being unit vectors in the coordinate directions. The indices i andv denote
the inviscid and the viscous contributions, respectively.The viscous contributions are neglected
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when considering the Euler equations. The viscous and the inviscid fluxes are

~Fc
i =









ρu
ρu2+ p
ρuv
ρuw
ρHu









, ~Fc
v = −









0
τxx

τxy

τxz

uτxx+vτxy+wτxz+κl
∂T
∂x









, (2.3)

~Gc
i =









ρv
ρuv
ρv2+ p
ρvw
ρHv









, ~Gc
v = −









0
τxy

τyy

τyz

uτxy+vτyy+wτyz+κl
∂T
∂y









, (2.4)

~Hc
i =









ρw
ρuw
ρvw
ρw2 + p
ρHw









, ~Hc
v = −









0
τxz

τyz

τxx

uτxz+vτyz+wτzz+κl
∂T
∂z









. (2.5)

The pressure is calculated by the equation of state

p = (γ−1)ρ(E− u2+v2 +w2

2
). (2.6)

From equation 2.1 the temporal change of the conservative variables~W can be derived as:

∂
∂t

~W = −

RR

∂V

¯̄F ·~ndS

RR

V

R

dV
. (2.7)

The change of the flow conditions in a control volumeV is given by the flux over the control
volume boundary∂V related to the size ofV. For a control volume fixed in time and space,
equation 2.7 can be written as:

d
dt

~W = − 1
V
· ~QF (2.8)

with ~QF representing the fluxes over the boundaries of the control volume. If the boundary is
divided inton faces,~QF is given by:

~QF =
n

∑
i=1

~QF
i =

n

∑
i=1

(~QF,c
i −~Di)

where~QF,c
i denote the inviscid fluxes over the respective face. Hence, in order to determine

the temporal change of the flow quantities in a control volume, the convective fluxes over the
control volume boundaries have to be determined. For upwindschemes the dissipative terms
~D j are zero, but for central schemes additional dissipative terms have to be computed.
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2.3 Upwind Schemes - Spatial Discretization

The approximation of the governing equations can be done with finite-difference quotients. The
partial differential equations involves a number of different partial derivative terms which can
be replaced by finite differences. The resulting formula is called a difference equation. This
difference equation is an algebraic representation of the partial differential equation. To explain
this in more detail we consider the continuity equation:

∂ρ
∂t

+
∂(ρu)

∂x
= 0.

If we apply the velocityu as constant, equation 2.3 takes the typical form of a linear convection
equation:

∂ρ
∂t

+u
∂ρ
∂x

= 0 or the shorthand ρt +uρx = 0,

describing the transport of massρ by a flow of velocityu.
We study the flux balance for the dual cell around pointi. Let a superscriptn denote the time
step. Applying a forward difference scheme in time, the corresponding finite volume scheme
reads

ρn+1
i −ρn

i

∆t
= − u

∆x

(

ρn
i+ 1

2
−ρn

i− 1
2

)

(2.9)

As u > 0 and constant we may use a simple upwind scheme, i.e. the flux at i + 1
2 and i − 1

2 is
approximated byρi andρi−1 resp. The discrete formulation then reads:

ρn+1
i −ρn

i

∆t
= − u

∆x
( ρn

i
︸︷︷︸

ρn
i+ 1

2

−ρn
i−1
︸︷︷︸

ρn
i− 1

2

) (2.10)

This is afirst-order upwindscheme.
Now we show that this simple upwind scheme can be written in artificial viscosity form, i.e., as
a central scheme with artificial dissipation. If the use a central scheme for the flux ati + 1

2 and
i − 1

2, then (2.9) becomes

ρn+1
i −ρn

i

∆t
= − u

∆x
[
1
2
(ρn

i +ρn
i+1)

︸ ︷︷ ︸

ρn
i+ 1

2

− 1
2
(ρn

i−1+ρn
i )

︸ ︷︷ ︸

ρn
i− 1

2

] (2.11)

which is of second order accuracy. Subtracting the upwind scheme (2.10) from the central
scheme (2.11), we obtain

(ρn
i −ρn

i−1)−
[

1
2

(
ρn

i +ρn
i+1

)
− 1

2

(
ρn

i−1+ρn
i

)
]

= −1
2
(ρn

i+1−ρn
i )+

1
2
(ρn

i −ρn
i−1)

Thus the upwind scheme can be written as

ρn+1
i −ρn

i

∆t
= − u

∆x

[
1
2

(
ρn

i +ρn
i+1

)
− 1

2

(
ρn

i−1+ρn
i

)
− 1

2
(ρn

i+1−ρn
i )+

1
2
(ρn

i −ρn
i−1)

]

.
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Hence the upwind scheme can be written inartificial viscosity formas

ρn+1
i −ρn

i

∆t
= − u

∆x
[{1

2

(
ρn

i +ρn
i+1

)
− 1

2
(ρn

i+1−ρn
i )}

︸ ︷︷ ︸

ρn
i+ 1

2

−{1
2

(
ρn

i−1+ρn
i

)
− 1

2
(ρn

i −ρn
i−1)}

︸ ︷︷ ︸

ρn
i− 1

2

]

In order to calculate the inviscid fluxes over a control volume face, the Riemann problem has
to be solved for the face. In this section the determination of the convective terms employing
different types of Riemann solvers is described. The flux computed over a face (Figure 2.1) can
be expressed as:

1/2 (l  
− l  )

r

1/2 (l  
− l  )

r

l

P

l

l,rn

edge

Cg

l

r

P

face

Figure 2.1: Face for an upwind flux computation

~F f ace =
1
2

(

~Fl +~Fr

)

− 1
2
| ¯̄A
(
~wl ,~wr ,~nl ,r

)
| (~wr −~wl ) , (2.12)

with ~Fl = ~Fl ·nx + ~Gl ·ny+ ~Hl ·nz,

and ~Fr = ~Fr ·nx + ~Gr ·ny+ ~Hr ·nz,

The vector~F f ace represents the flux density vector normal to the cell interface (face in Fig-
ure 2.1), ¯̄A is the corresponding flux Jacobian. The lower indicesl , r denote variables to the
right and left of the cell face.

For the first order upwind scheme in 2.10 and 2.13 the solutionis constant over the control
volume. To achieve second order accuracy. the solution is assumed to be piecewise linear over
the control volume. Therefor we use a higher order reconstruction for the primitive variables
ρ,u,v,w, p. The extrapolation to all faces of the control volume is written as a Taylor expansion
(explanatory forρ):

ρ f ace,r = ρnode,r +
1
2

ψ~∇ρr

(

~l l −~lr
)

, and

ρ f ace,l = ρnode,l +
1
2

ψ~∇ρl

(

~lr −~l l
)

, (2.13)
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~l is the location vector of the corresponding points,ρnode is the value one time step ago and the
limiter φ (see also Part 2.3.5, as proposed by Venkatakrishnan [72], reduces the scheme to first
order at discontinuities to avoid oscillations of the gradient. The only unknowns in formula 2.13
are the gradients~∇ρ. The computation of the gradients is explained in Part 2.3.3.

2.3.1 AUSM-Scheme

The advection upstream splitting method AUSM was devised by[41]. The DLR TAU-Code
implements a modified AUSM scheme proposed by [36]. The aim of[36] is to construct a
hybrid scheme which has the robustness of the van Leer schemein the vicinity of shocks and
the low diffusive properties in smooth regions of the AUSM scheme [41].

Let the pointsP( j1) andP( j2) be separated by the faceF(i): P( j1) = CP
F(i,1) andP( j2) =

CP
F(i,2). The convective fluxes have to be considered as fluxes betweenthe control volumes

surrounding the pointsP( j1) andP( j2). The size and orientation of the face is described by
the face normal vector~F(i), see Figure 2.10. The normalized components of the face vector are
derived by:

~Fn(i) =





nx(i)
ny(i)
nz(i)



=
1

|~F(i)|
·~F(i).

For first order accurate calculations the flow conditions on the left ~WL and the right~WR hand
side of faceF(i) can be taken directly from the respective points, since the flow conditions in
this case are assumed to be constant over the control volume:

~WL = ~W( j1),

and
~WR = ~W( j2).

For a second order accurate calculation the flow conditions have to be extrapolated to the face
employing the gradients of the flow variables and the vector pointing from the points to the face.
As the face crosses the edge between the two pointsP( j1) andP( j2) halfway, the vector

~d = 0.5 · (~P( j2)−~P( j1))

is pointing fromP( j1) to the faceF(i) and the vector(−~d) from P( j2) to the face.

The gradients

∇~u( j1) =





ux( j1)
uy( j1)
uz( j1)





with {∇~u(m) |m = 1, . . .NP} of a flow variableu for P( j1) have to be scaled by a limiting
factor Θu( j1) with {Θu(m) |m = 1, . . .NP} in order to enforce a monotone behavior of the
reconstructed values. The evaluation of this factor is described in Part 2.3.5.

A variableu can now be reconstructed on the left hand side of faceF(i) as

uL = u( j1)+ ~d ·∇~u(i) ·Θu( j1). (2.14)

The extrapolation results in two vectors of primitive variables

~UL =









ρ
u
v
w
p









L

and ~UR =









ρ
u
v
w
p









R

,
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for the left and for the right hand side of the face. From the variable vectors additional values
are computed for the left and the right side. The contravariant Mach number for the left hand
side can be computed as:

ML =
vnL

aL
, (2.15)

with

vnL =





u
v
w





L

·





nx(i)
ny(i)
nz(i)



 and aL =

√
γ · pL

ρL
.

The enthalpyHL can be determined as:

HL =
pL · γ

ρL · (γ−1)
+

u2
L +v2

L +w2
L

2
(2.16)

The respective values for the right hand side are computed accordingly.

From the contravariant Mach numbersML andMR on both sides of the face the advection Mach
numberMF at the cell face is calculated as:

MF = Mp
L +Mm

R (2.17)

where the split Mach numbersMp/m are defined as

Mp =







M if M ≥ 1
1
4(M +1)2 if |M| < 1
0 if M ≤ −1

,

Mm =







0 if M ≥ 1
−1

4(M−1)2 if |M| < 1
M if M ≤ −1

.

HereinM denotes the Mach number of the flow normal to the cell face (ML or MR).

The pressurepF at the cell face is calculated in a similar way as

pF = pp
L + pm

R (2.18)

wherepp/m denote the split pressure

pp =







p
1
4 · p · (M +1)2 · (2−M)
0

if M ≥ 1
if |M| < 1
if M ≤ −1

,

pm =







0
1
4 · p · (M−1)2 · (2+M)
p

if M ≥ 1
if |M| < 1
if M ≤ −1

.

The dissipation of the scheme is controlled by the coefficient ΦF . In the original scheme of
Liou, ΦF is set to

ΦF = |MF | .

The aim of [36] was to combine the van Leer scheme and the AUSM scheme of Liou and Steffen
using the hybrid form

ΦF = (1−ω)ΦVL
F +ωΦmodAUSM

F .
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with

ΦVL
F =







|MF |
|MF |+ 1

2(MR−1)2

|MF |+ 1
2(ML +1)2

if |MF | ≥ 1
if 0 ≤ MF < 1
if −1 < MF ≤ 0

,

ΦmodAUSM
F =

{

|MF |
|MF |2+d2

cut
2dcut

if |MF | > dcut

if |MF | ≤ dcut
.

wheredcut is a small parameter 0≤ dcut ≤ 0.5, which is introduced to ensure a non-vanishing
artificial dissipation ifMF becomes small. In order to switch between the robust van Leer
scheme in the vicinity of shocks and the AUSM scheme with its low diffusive properties in
smooth regions, the following shock-switchω is used

ω = min(νL,νR)

The shock-switchω is based on the second difference of the pressure by

νL = max

(

1−α
|pLL−2pL + pR|
|pLL +2pL + pR|

, 0

)

νR = max

(

1−α
|pL−2pR+ pRR|
|pL +2pR+ pRR|

, 0

)

.

The value ofω is one in smooth regions and switches to zero in the vicinity of shocks.

From the obtained information, the inviscid flux~QF,c
F over FaceF(i) can now be calculated as:

~QF,c
F =

1
2
· |~F(i)| ·









MF ·

















ρa
ρa ·u
ρa ·v
ρa ·w
ρaH









L

+









ρa
ρa ·u
ρa ·v
ρa ·w
ρaH









R









−

ΦF ·

















ρa
ρa ·u
ρa ·v
ρa ·w
ρaH









L

−









ρa
ρa ·u
ρa ·v
ρa ·w
ρaH









R

















+









0
Fx(i) · pF

Fy(i) · pF

Fz(i) · pF

0









(2.19)

After having determined the fluxes between the control volumes surroundingP( j1) andP( j2)

they are added to the fluxes~QF,c
old( j1) and~QF,c

old( j2) of the two points that have been computed
before. As depicted in Figure 2.2 the normal vector~F(i) is pointing from the face to the direction
of pointP( j2). Therefore, the calculated fluxes have to be reversed beforethey can be added to
the already obtained fluxes for pointP( j2):

~QF,c( j1) = ~QF,c
old( j1)+ ~QF,c

F ,

and
~QF,c( j2) = ~QF,c

old( j2)− ~QF,c
F .

2.3.2 AUSMDV-Scheme

The AUSMDV scheme devised by Wada and Liou in [75] provides approximate solutions to the
Riemann problem, in the form of a numerical flux. As input, theAUSMDV requires two states
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~F( j)P(i1) P(i2)F( j)
Figure 2.2: Control volumes around neighboring points P( j1) and P( j2)

(left and right), the area of the face separating these states, and the unit normal vector~n of this
face pointing from the left state to the right state.

The basic concept is to determine an accurate mass fluxρu through the face, and to convect
the properties of state~Ψ = (1,vxt ,vyt ,vzt ,H)T from the left or right state, according to the sign
of ρu. Here,ρ is the density,u =~v~n the normal component of the velocityv, ~vt =~v−u~n the
tangential components of the velocity, andH the total enthalpy.

The flux can be written as:

~Q = area×
{

(~p1
2
+(ρu) 1

2

~Ψl ) ; (ρu) 1
2
≥ 0

(~p1
2
+(ρu) 1

2

~Ψr) ; (ρu) 1
2
< 0

with ~p1
2
= (0,((ρu2) 1

2
+ p1

2
)nx,((ρu2) 1

2
+ p1

2
)ny,((ρu2) 1

2
+ p1

2
)nz,0)T

In this flux formula, we have to specifyp1
2
, (ρu) 1

2
, and(ρu2) 1

2
where subscript12 denotes an

intermediate value at the face. In a manner similar to the vanLeer splitting, they are given by:

(ρu) 1
2
= u+

l ρl +u−r ρr and p1
2
= p+

l + p−r .

The pressure splittingp+
l , p−r and velocity splittingu+

l ,u−r are defined with a common speed of
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soundcl ,r = max(cl , cr):

p+
l =







pl ; cl ,r ≤ ul

pl

4

(
ul

cl ,r
+1

)2

(2− ul

cl ,r
) ; −cl ,r ≤ ul ≤ cl ,r

0 ; ul ≤ −cl ,r

,

p−r =







0 ; cl ,r ≤ ur

pr

4

(
ur

cl ,r
−1

)2

(2+
ur

cl ,r
) ; −cl ,r ≤ ur ≤ cl ,r

pr ; ur ≤ −cl ,r

,

u+
l =







ul ; cl ,r ≤ ul

αl

[
(ul +cl ,r)

2

4cl ,r
−ul

]

+ul ; 0 ≤ ul ≤ cl ,r

αl
(ul +cl ,r)

2

4cl ,r
; −cl ,r ≤ ul ≤ 0

0 ; ul ≤ −cl ,r

,

u−r =







0 ; cl ,r ≤ ur

−αr
(ur −cl ,r)

2

4cl ,r
; 0 ≤ ur ≤ cl ,r

−αr

[
(ur −cl ,r)

2

4cl ,r
+ur

]

+ur ; −cl ,r ≤ ur ≤ 0

ur ; ur ≤ −cl ,r

,

with

αl =

2

(
p
ρ

)

l(
p
ρ

)

l
+

(
p
ρ

)

r

and αr =

2

(
p
ρ

)

r(
p
ρ

)

l
+

(
p
ρ

)

r

.

The AUSMD and AUSMV variants differ in the handling of the normal momentum convection
(ρu2) 1

2
. Explicitly:

(ρu2)AUSMV
1
2

= u+
l (ρu)l +u−r (ρu)r

is used for AUSMV, and for AUSMD:

(ρu2)AUSMD
1
2

= (ρu) 1
2

{

ul ; (ρu) 1
2
≥ 0

ur ; (ρu) 1
2
≤ 0

.

The AUSMDV uses a combination of both variants:

(ρu2)AUSMDV
1
2

=

(
1
2

+s

)

(ρu2)AUSMV
1
2

+

(
1
2
−s

)

(ρu2)AUSMD
1
2

where

s=
1
2

min

(

1,10
|pr − pl |

min(pl , pr)

)

.

In addition, the AUSMDV includes two treatments for specialsituations:
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• An entropy fix is introduced to prevent a glitch in the solution at sonic points inside simple
expansion fans. Therefore, if(u−c)l < 0 and(u−c)r > 0 or(u+c)l < 0 and(u+c)r > 0
the flux is corrected with:

~Qefix = ~Q− area
8

∆λ(ρr~Ψr −ρl~Ψl )

where∆λ = (u−c)r − (u−c)l or ∆λ = (u+c)r − (u+c)l respectively.

• Like many other Riemann solvers the AUSMDV suffers slightly from the carbuncle phe-
nomenon. To prevent this the location of shocks in the computational domain are detected
by converging characteristics, and a more stable Riemann solver is used there. A more
diffusive solver, the van Leer splitting modified accordingto Hänel and Schwane (cf.
[37]), is used:

~QHänel= ρl u
+
l
~Ψl +ρr u−r ~Ψr +~p1

2
,

where

u± =







± 1
4c

(u±c)2 ; |u| ≤ c

u±|u|
2

; else

p± =







p
4

(u
c
±1
)2

(2∓ u
c
) ; |u| ≤ c

p
u±|u|

2u
; else

.

2.3.3 Higher Order Reconstruction

For second order accurate upwind calculations the gradients of the flow variables have to be
determined. The determination results in an array{∇~u( j) | j = m, . . .NP} for each flow quantity
u with

∇~u( j) =





ux( j)
uy( j)
uz( j)



 .

There are numerous algorithms to compute the gradients. In the following section three gradient
calculations are explained which can be chosen through the parameter file.

1. Green-Gauss divergence theorem: GreenGauss
For a scalar fieldu the Gauss theorem for the dual cellB( j1) around pointP( j1) states
that

Z

B( j1)

∂u
∂xk

dx=
Z

∂B( j1)
u~ek ·~ndσ (2.20)

whereek denotes the unit vector in thexk-coordinate direction. In vector notation this
reads

Z

B( j1)

~∇udx=
Z

∂B( j1)
u~ndσ (2.21)

Since~∇u is assumed to be constant on each dual grid cell, we obtain

~∇u =
1

V( j1)

Z

B( j1)

~∇udx=
1

V( j1)

Z

∂B( j1)
u~ndσ (2.22)
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whereV( j1) = Vol(B( j1)) is the volume of the dual cell aroundP( j1).
Then, numerically, the gradient vector∇~u( j1) of u in pointP( j1) with n−1 neighboring
pointsP( j2. . . jn) is obtained by employing the following discrete Green-Gauss formula:

∇~u( j1) =
1

V( j1)
·

n

∑
k=2

1
2
· (u( j1)+u( jk)) ·~F(i), (2.23)

whereV( j1) is the volume of the dual cell aroundP( j1) and~F(i) is the normal vector of
the dual mesh faceF(i) dividing the control volumes aroundP( j1) andP( jk) as shown
in figure 2.3.

The evaluation of gradients can be expressed as a summation of contributions from the

P( jn): : : : : : ~F(i)P( j1)V( j1)
P( j2)P( j3)P( j4)

Figure 2.3: Control volume of point P( j1) with neighboring points

grid faces to the related grid points. Consider a faceF(i) with the two pointsCP
F(i,1) =

P( j1) andCP
F(i,1) = P( j2). The contributions of faceF(i) to the gradient vectors of both

points can be calculated as the product of the average value of u with the normal vector:

∆F (∇~u( j1) ·V( j1)) = ∆F (∇~u( j2) ·V( j2)) = ~F(i) · u( j1)+u( j2)

2
. (2.24)

The resulting vector is added to the actual gradient vectorsof the variableu for the points
P( j1) andP( j2). As the normal vector is pointing from the face in the direction ofP( j2),
the contribution for pointP( j2) has to be multiplied with -1:

∇~u( j1) ·V( j1) = (∇~u( j1) ·V( j1))old +∆F(∇~u( j1) ·V( j1))

∇~u( j2) ·V( j2) = (∇~u( j1) ·V( j2))old−∆F(∇~u( j2) ·V( j2))

Additional contributions are to be calculated for points located on the boundaries of the
domain. As the value ofu is assumed to be constant over the entire boundary face, the
contributions for the boundary faceFb(i) of the boundary partb in the three coordinate
directions are determined by multiplying the value of the variableu( j1), whereCP

Fb
(b, i)=

P( j1) with the normal vector~Fb(i):

∆Fb(∇~u( j1) ·V( j1)) = ~Fb(i) ·u(i). (2.25)
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The resulting contributions∇~u( j1) for the pointP( j1) are added to the actual gradient
vector∇~u( j1). As the normal vector for boundary faces is always pointing to the outside
of the domain, the sign of the resulting vector does not have to be changed:

∇~u( j1) ·V( j1) = (∇~u( j1) ·V( j1))old +∆Fb(∇~u( j1) ·V( j1))

After the gradients are determined in that way the obtained vectors are divided by the size
V( j1) of the control volume surrounding the pointP( j1):

∇~u( j1) =
∇~u( j1) ·V( j1)

V( j1)
. (2.26)

This approach is only accurate for reconstructing linear functions at triangular meshes
(2D) or tetrahedron meshes (3D). Any mixed grid produces considerable errors at inter-
faces from differing element types.

2. Least Square with QR decomposition and Gram-Schmidt orthog onalization:
Leastsquare
It was first described by Anderson, Bonhaus [2] and Haselbacher, Blazek [31]. This algo-
rithm uses Taylor expansion from a local point to each surrounding point instead of metric
terms as face normals or volumes of a local control volume as it is used for Green-Gauss.
A function φ expressed by a Taylor expansion for a local point including its neighboring
point is:

φi = φ0+
∂φ0

∂x
∆x+

∂φ0

∂y
∆y+

∂φ0

∂z
∆z+O(∆x2) · · · φ . . .arbitrary function (2.27)

The system of linear equations derived from all neighboringpoints Figure 2.4 can be

P0

P1

P6

P5

P4

P3

P2
Figure 2.4: Surrounding points used for the least square algorithm
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expressed as follows:







w1∆x01 w1∆y01 w1∆z01

w2∆x02 w2∆y02 w2∆z02
...

...
...

wN∆x0N wN∆y0N wN∆z0N








︸ ︷︷ ︸

WA






∂φ
∂x
∂φ
∂y
∂φ
∂z






︸ ︷︷ ︸

x

=








w1(φ1−φ0)
w2(φ2−φ0)

...
wN (φN −φ0)








︸ ︷︷ ︸

Wb

, (2.28)

bzw.

W
[

~a1~a2~a3
]

∇φ = W b with W =








w1 0 . . . 0
0 w2 . . . 0
...

...
...

...
0 0 . . . wN








. (2.29)

The introduction of a weighting factor which is related to the geometry allows the com-
putation at very high cell aspect ratios. The weighting factor is defined as

wi =
1

√

∆x2
i +∆y2

i +∆z2
i

i = 0, . . . ,N (2.30)

The solution of matrixA involves aQR decomposition with a Gram-Schmidt orthogo-
nalization. Q is an orthogonal matrixQ ∈ Rn×m and R is an upper triangular matrix
R∈ Rm×m. This may be written as

Ax = b with A → A = QR

QRx = b multiplied by the transposedQT

QT QRx = QT b with QT Q = I , I ∈ Rm×m

x = R−1QT b

and the matrix entities are defined as:

A = [~a1~a2~a3] , Q = [~q1~q2~q3] , R=





r11 r12 r13

0 r22 r23

0 0 r33





The entries of the matrixR can now be computed:

r11 =

√
N

∑
i
(∆x0i)2, r12 =

1
r11

N

∑
i
(∆x∆y)

r13 =
1

r11

N

∑
i
(∆x∆z), r22 =

√
N

∑
i
(∆y)2− r2

12

r23 =
1

r22

N

∑
i
(∆y∆z)− r12

r11r22

N

∑
i
(∆x∆z)

r33 =

√
N

∑
i
(∆z)2− (r2

23+ r2
13) (2.31)

The computation of gradients with the least-square approach has shown much more ac-
curate gradients as in comparison to the Green-Gauss theorem. Using the achieved better
robustness and more accurate solutions as the Green-Gauss approach. This viable algo-
rithm reconstructs linear functions exactly on any type of mixed grids.



2. Flow Solver 45

3. Line reconstruction for structured parts: Use line reconstruction (0/1)
Per default (value 1) the left and right states of the Riemannproblem between faces of
high aspect ratio cells are reconstructed along lines whichwill be extracted from the
grid. For testing purposes this can be switched off to use thecomputation of gradients
uniformly, based on Green-Gauss or Least Square method. Thegradients are stored at the
grid points. But this parameterUse line reconstruction (0/1)is not available in a release
version of TAU.

line2side: Whenever at a local face a neighboring face on each side can be found it is called
line2side, Figure 2.5. This allows a second order reconstruction of the gradients.

prr

hr

pll

hl h

face

prpl

Figure 2.5: Face with neighboring faces on each side

Applying a Taylor expansion for pointpr towards each direction, two expansions
are derived which can be written as:

φl = φr −
∂φ
∂x

∣
∣
∣
∣
r
h+

1
2

∂2φ
∂x2

∣
∣
∣
∣
r
h2+H.O.T.

φrr = φr +
∂φ
∂x

∣
∣
∣
∣
r
hr +

1
2

∂2φ
∂x2

∣
∣
∣
∣
r
hr

2 +H.O.T..

The resulting formula for the gradient at pointpr becomes:

∂φ
∂x

∣
∣
∣
∣
pr

=
(φrr −φr)h2+(φr −φl )h2

r

hhr (h+hr)
(2.32)

Applying a Taylor expansion for pointpl in the same manner as before again two
formulas are derived as:

φr = φl +
∂φ
∂x

∣
∣
∣
∣
l
h+

1
2

∂2φ
∂x2

∣
∣
∣
∣
l
h2+H.O.T.

φll = φl −
∂φ
∂x

∣
∣
∣
∣
l
hl +

1
2

∂2φ
∂x2

∣
∣
∣
∣
l
hl

2+H.O.T..

The resulting formula for the gradient at pointpl becomes:

∂φ
∂x

∣
∣
∣
∣
pl

=
(φl −φll )h2+(φr −φl)h2

l

hhl (h+hl)
(2.33)

line1side: At boundaries the search criterion fails and noline2sidefaces can be found. For
example no face can be found left of pointpl . This face is calledline1side. To have
still second order reconstruction the next neighboring point next topr - point prr
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can be used for a Taylor expansion Figure 2.6. The second order reconstruction can
now be derived as:

φr = φl +
∂φ
∂x

h+
1
2

∂2φ
∂x2 h2+H.O.T.

φrr = φl +
∂φ
∂x

(h+hr)+
1
2

∂2φ
∂x2 (h+hr)

2+H.O.T..

The resulting formula for the gradient becomes:

∂φ
∂x

∣
∣
∣
∣
pl

=
(φl −φrr )h2+(φr −φl )(h+hr)

2

h(h+hr)hr
. (2.34)

prr

hrh
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prpl
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Figure 2.6: Face with one neighboring face on the right side

line0side: On the other hand, there are boundaries where no points exists at the right side of a
local face, see Figure 2.7. The second order computation canagain be derived from
a Taylor expansion using the next neighboring point ofpl - point pll . The second
order reconstruction can now be arrived including the abbreviation−h= xl −xr and
−hl = xll −xl :

φl = φr −
∂φ
∂x

h+
1
2

∂2φ
∂x2 h2+H.O.T.

φll = φr −
∂φ
∂x

(h+hl )+
1
2

∂2φ
∂x2 (h+hl )

2+H.O.T..

The resulting formula for the gradient becomes:

∂φ
∂x

∣
∣
∣
∣
pr

=
(φll −φr)h2+(φr −φl )(h+hl)

2

h(h+hl)hl
(2.35)

2.3.4 Correction of Gradients

The viscous flux of quantityφ under the effect of viscosityν across faceSi j associated with the
edge joining pointPi and pointP j is given by

Z

Si j

ν~∇φ ·~ndS



2. Flow Solver 47

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

pll

hl h

face

pl pr

Figure 2.7: Face with one neighboring face on the left side

where~n is the surface normal vector of unit length of faceSi j .
The simple uncorrected version for computation of the viscous fluxes is not used in TAU. The
uncorrected formulation reads

Z

Si j

ν~∇φ ·~ndS = ν(~∇φ)| 1
2
·~n area(Si j ) , (~∇φ)| 1

2
=

1
2

(
~∇φ|i +~∇φ| j

)

Therein, area(Si j ) denotes the area of faceSi j . The values~∇φ|i , ~∇φ| j are the gradients ofφ in
dual grid celli and j obtained by reconstruction e.g. of Green-Gauss type or least-square type.
In the TAU-Code, instead of(~∇φ)| 1

2
a correction of the gradient in direction of the edge joining

Pi andPj is applied by using the following formula for(~∇φ)| 1
2 ,corr

(~∇φ)| 1
2 ,corr =

(

I− ∆~xi j ⊗∆~xi j

∆~xi j ·∆~xi j

)

(~∇φ)| 1
2

+
φ|i −φ| j

∆~xi j ·∆~xi j
∆~xi j

with ∆~xi j =~xi −~x j being the difference vector between pointsPi andPj . We use the notation

for the dyadic product(~a⊗~b)kl = akbl and note thatI− ∆~xi j⊗∆~xi j
∆~xi j ·∆~xi j

is the projection operator onto

the plane normal to∆~xi j . From this one can see that(~∇φ)| 1
2 ,corr is given by(~∇φ)| 1

2
in the plane

perpendicular to∆~xi j and corrected in direction of∆~xi j . In the direction of∆~xi j , the gradient is
computed using a simple differencing scheme.

2.3.5 Limitation of Gradients

Near shocks the values on the faces have to be limited to avoidovershoots. The limiting is done
by an minimum/maximum clipping similar to the strategy presented by Barth and Jesperson [4]
with a modification proposed by Venkatakrishnan [72]. If a reconstructed value at any face of
the control volume exceeds the minimum (or maximum) ofu( j1) and the average values on
the faces (given by pointP( j1) and the surrounding pointsP( j2) . . .P( jn), see Figure 2.3), the
gradient∇~u( j1) is scaled by a factorΘ( j1)u, such that the reconstructed value becomes equal
to the averaged minimum (or maximum):

∇~ulim( j1) = ∇~u( j1) ·Θ( j1)u (2.36)

with

Θ( j1)u =
(ru( j1))2+2 · ru( j1)

(ru( j1))2+ ru( j1)+2
. (2.37)
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The coefficientru( j1) has to be determined from the coefficients for the faces of thecontrol
volume ofP( j1) as:

ru( j1) = min(2, ru
j1, j2, r

u
j1, j3, . . . , r

u
j1, jn)

where

ru
j1, jk =







umin−u( j1)
ur

j1, jk−u( j1) if ur
j1, jk < u( j1)

umax−u( j1)
ur

j1, jk−u( j1) if ur
j1, jk > u( j1)

2 if ur
j1, jk = u( j1)

. (2.38)

Hereinumax andumin denote the maximum/minimum ofu( j1) and values ofu in the neighbor
points ofP( j1):

umax = max(u( j1),u( j2),u( j3), . . .,u( jn)),

umin = min(u( j1),u( j2),u( j3), . . .,u( jn)),

ur
j1, jk denote the reconstructed (unlimited) value on the control volume face betweenP( j1) and

P( jk):

ur
j1, jk = ∇~u( j1) · 1

2
·
(

~P( jk)−~P( j1)
)

. (2.39)
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2.4 Central Scheme - Spatial Discretization

The approximation of the governing equations is again done with finite-difference quotients.
The explanation follows again with the continuity equation2.4:

∂ρ
∂t

+
∂(ρu)

∂x
= 0

The shorthand description of above equation reads

ρt +uρx = 0.

If we apply again the appropriate initial and boundary conditions andu > 0 this becomes a first
order hyperbolic equation. Using a second order differenceformula for the discretization of
the spatial derivativeρx at mesh pointi and again a forward difference formula for the time
derivative the discrete equation reads:

ρn+1
i −ρn

i

∆t
= − u

2∆x

(
ρn

i+1−ρn
i−1

)
(2.40)

The indexn describes the time level. We have now derived asecond-order centralscheme.

Let the pointsP( j1) andP( j2) be separated by the faceF(i): P( j1) = CP
F(i,1) andP( j2) =

CP
F(i,2), see Figure 2.2. The convective fluxes over the face are computed based on the flow

conditions in the pointsP( j1) andP( j2). The convective fluxes have to be considered as fluxes
between the control volumes surrounding the pointsP( j1) andP( j2). The size and orientation
of the face is described by the face normal vector~Fi = (Fx

i ,Fy
i ,Fz

i )T as depicted in Figure 2.2.
The central fluxes over the face can then be computed as:

~QF,c
F =

1
2

(

~Fr(i)+~Fl(i)
)

︸ ︷︷ ︸

convective terms

− 1
2

α̃(~wr −~wl )
︸ ︷︷ ︸

dissipative terms

. (2.41)

α̃ describes the type of the dissipation (see Part 2.4.2), scalar or matrix dissipation. The differ-
ence(~wr −~wl ) = ~D( j1) is computed as:

~D( j1) = (~wr −~wl ) = ε(2) (~ur −~ul )− ε(4) (L(~ur)−L(~ul)) .

The vector~w holds the conservative variablesρ,ρu,ρv,ρwandρE. The Laplacian(∇2) of L(~ui)
is calculated from each neighboring point (more in Part 2.4.3)

L(~ui) =
neighbors

∑
j=1

(
~u j −~ui

)
.

As an example the Figure 2.8 shows the amount of points, from point Pj0 to pointPj9, needed
for computing the flux over faceFi for a central scheme. Especially the influence of computing
the Laplacian (fourth order differences) spreads widely. For pointPj0 the neighboring points
arePj1,Pj4,Pj5,Pj6,Pj7 andPj8, connected to each other with a green dashed line. For pointPj1

the neighboring points arePj0,Pj8,Pj9,Pj2,Pj3 andPj4 which are connected to each other with
a red dash-dot line.
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Fi

Pj4Pj5

Pj6

j3

Pj2

Pj0 Pj1

P

P

volume
j7 Pj8 Pj9

dual
control

Figure 2.8: Flux computation for a central scheme over face Fi

2.4.1 Spatial Discretization of Convective Terms

The inviscid central fluxes over the face can then be computedas:

~QF,c
F = Fx(i) ·~Fc

F +Fy(i) · ~Gc
F +Fz(i) ·~Hc

F . (2.42)

with

~Fc
F =

1
2









(ρu)( j1)+(ρu)( j2)
(ρu)( j1) ·u( j1)+ p( j1)+(ρu)( j2) ·u( j2)+ p( j2)

(ρv)( j1) ·u( j1)+(ρv)( j2) ·u( j2)
(ρw)( j1) ·u( j1)+(ρw)( j2) ·u( j2)
(ρH)( j1) ·u( j1)+(ρH)( j2) ·u( j2)









~Gc
F =

1
2









(ρv)( j1)+(ρv)( j2)
(ρu)( j1) ·v( j1)+(ρu)( j2) ·v( j2)

(ρv)( j1) ·v( j1)+ p( j1)+(ρv)( j2) ·v( j2)+ p( j2)
(ρw)( j1) ·v( j1)+(ρw)( j2) ·v( j2)
(ρH)( j1) ·v( j1)+(ρH)( j2) ·v( j2)









~Hc
F =

1
2









(ρw)( j1)+(ρw)( j2)
(ρu)( j1) ·w( j1)+(ρu)( j2) ·w( j2)
(ρv)( j1) ·w( j1)+(ρv)( j2) ·w( j2)

(ρw)( j1) ·w( j1)+ p( j1)+(ρw)( j2) ·w( j2)+ p( j2)
(ρH)( j1) ·w( j1)+(ρH)( j2) ·w( j2)









After having determined the fluxes between the control volumes surroundingP( j1) andP( j2)

they are added to the fluxes~QF,c
old( j1) and~QF,c

old( j2) of the two points that have been computed
before. As depicted in Figure 2.2 the normal vector~F(i) is pointing from the face to the direction
of pointP( j2). Therefore, the calculated fluxes have to be reversed beforethey can be added to
the already obtained fluxes for pointP( j2):

~QF,c( j1) = ~QF,c
old( j1)+ ~QF,c

F

and
~QF,c( j2) = ~QF,c

old( j2)− ~QF,c
F .

If the convective terms are determined with the central scheme that is described here, a artificial
dissipation is required in order to ensure the stability of the computation.
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2.4.2 Artificial Dissipation

1. Scalar Dissipation: Scalardissipation
In this section the determination of an artificial scalar dissipation is described. The dis-
sipation has to be computed for each grid pointP(i). The approach follows the strategy
described by [47] in order to obtain an adequate scaling of the dissipation for highly
stretched cells.
From equation 2.41 the complete artifical dissipation is

(α̃ ~D)( j1) =
n

∑
k=2

α( j1, jk)~D( j1, jk)

whereα( j1, jk) and~D( j1, jk) denote the contribution from edgeP( j1)P( jk).
Now we consider the contribution to(α̃ ~D)( j1) coming from the dissipative flux across
the dual faceF corresponding to the edge connectingP( j1) andP( j2). For the scalar
dissipationα̃ becomes the maximum eigenvalueλc

F of the flux Jacobian for the faceF

weighted by a term4φF ( j1)φF( j2)
φF( j1)+φF ( j2) which accounts for the local grid stretching direction

α̃( j1, j2) = λc
F

4φF( j1)φF( j2)

φF( j1)+φF( j2)
(2.43)

λc
F = |~vF ·~F|+aF · |~F| (2.44)

whereaF denotes the speed of sound of faceF.
The artificial dissipation is constructed as a blending of undivided Laplacian and bihar-
monic operators. The dissipative flux across the dual faceF corresponding to the edge
connectingP( j1) andP( j2) is given by

~D( j1, j2) = εk(2)
F ·

(

~W( j1)− ~W( j2)
)

− εk(4)
F ·

(

∇2~W( j1)−∇2~W( j2)
)

. (2.45)

The coefficientsεk(2)
F andεk(4)

F are used to control the amount of dissipation added to the
scheme:

εk(2)
F = k(2) max(ν( j1),ν( j2)) ·sc2, (2.46)

ν( j1) =

∣
∣
∣
∣

∇2p( j1)

pΣ( j1)

∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣
∣
∣

n
∑

k=2
(p( jk)− p( j1))

n
∑

k=2
(p( jk)+ p( j1))

∣
∣
∣
∣
∣
∣
∣
∣

(2.47)

ν( j2) =

∣
∣
∣
∣

∇2p( j2)

pΣ( j2)

∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣
∣
∣

n
∑

k=1,k6=2
(p( jk)− p( j2))

n
∑

k=1,k6=2
(p( jk)+ p( j2))

∣
∣
∣
∣
∣
∣
∣
∣

(2.48)

εk(4)
F = max(0,k(4)− εk(2)

F ) ·sc4. (2.49)

where 1
4 ≤ k(2) ≤ 1

2 and 1
64 ≤ k(4) ≤ 1

32 are user-prescribed constants. The function
ν switches between the two dissipation mechanisms. In regions where the solution is

smooth,ν and thusεk(2)
F are negligible small. Then only the fourth difference term con-

tributes to the artificial dissipation and the scheme is formally third-order accurate on
regular meshes. On the other hand, in the vicinity of shocks,ν becomes large and the
second-difference term is activated while simultaneouslyreducing the fourth-difference
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term. This is needed to introduce an entropy condition to reduce overshoots near discon-
tinuities and to choose the correct shock relationships. This formulation ensures that the
dissipation is dominated by the first order term for regions in the vicinity of shocks, and
the scheme is formally only first-order accurate there.
The termsφF( j1), andφF( j2) are introduced in order to take into account the local grid
stretching for avoiding excessive numerical dissipation in cases of meshes with high-
aspect-ratio cells. The relative size ofλc

F compared to the total eigenvalueλc( j1) inte-
grated over the boundary of the entire control volume aroundpointP( j1) can be described
by the termrF( j1) as

rF( j1) =
1
2
·max

[

0 ;
λc( j1)−λc

F

λc
F

]

,

with

λc( j1) =
n

∑
k=2

|~vF ·~F|+aF · |~F|.

The corresponding termsλc( j2) andrF( j2) are defined analogously. From this the terms
φF( j1) andφF( j2) can be calculated as

φF( j1) = rF( j1)ω , φF( j2) = rF( j2)ω

with weighting exponentω = 0.5.
The scaling factorssc2 and sc4 are introduced in order to avoid a dependency of the
dissipation on the number of neighbors. The size of the factors is chosen such that for six
neighbors the dissipation equals the dissipation in a structured scheme:

sc2 =
3

nP
P( j1)

+
3

nP
P( j2)

,

and

sc4 =
9

nP
P( j1) · (1+nP

P( j1))
+

9

nP
P( j2) · (1+nP

P( j2))
.

From the boundary faces additional contributions have to beconsidered for the boundary
points. Consider a boundary faceFb(i) of the boundary partb with a point P( j1) =
CP

Fb
(b, i) related to the face. As shown in Figure 2.9 the vector of flow variables~Wcan be

extrapolated over the boundary, employing the quantities in a suited field pointP( j3) =
CPr

Fb
(b, i) and the quantities in the boundary pointP( j1). The extrapolated values~Wm( j1)

for the mirrored pointPm( j1) are given by

~Wm( j1) = 2 · ~W( j1)− ~W( j3)

The pointP( j3) is the point lying most normal in the flow field to the boundary face, see
also Part 1.5.1. The laplacians forPm( j1) equal the laplacians in the originP( j1), hence
there is only a contribution for the second order dissipation coming from the boundary
face. The dissipative fluxes are determined for all boundaryfaces. All values required
to compute the dissipation are calculated as described above, with the exception that no
averaging is needed.
For coarser grid levels (see also Part 2.5.7) the dissipation is computed in a more simple

way by considering the second order dissipation only. The coefficient εk(2)
F in this case

does not depend on the laplacian of pressure but only on the number of neighbors:

εk(2)
F = k(2)

coarse·sc2,

with k(2)
coarse= 0.15.
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Pm( j1): : : ~Wm( j1)~W( j3) ~W( j1)
P( j1)
P( j1)

P( jn)
P( j3)

Figure 2.9: Extrapolation of flow quantities over the boundary

2. Matrix Dissipation: Matrix dissipation
In this section the determination of an artificial matrix dissipation is described. The dis-
sipation has to be computed for each grid pointP(i). The approach follows the strategy
described by Turkel [23]. This gives an appropriate viscosity for each wave component.

From equation 2.41 the complete artifical dissipation is

α̃ ~D( j1).

In order to imitate the upwind Roe [59] type algorithm we now replace the scalars in
equation 2.44 by matrices andα̃ becomes:

α̃(~ul ,~ur ,~nlr ,λ) = T|Λ|T−1

with |Λ| =









|λ1| 0 0 0 0
0 |λ2| 0 0 0
0 0 |λ3| 0 0
0 0 0 |λ3| 0
0 0 0 0 |λ3|









with the entries λ1 = vn‖~F‖+aF ‖~F‖
λ2 = vn‖~F‖−aF ‖~F‖
λ3 = vn‖~F‖

with vn = vx ·nx+vy ·ny+vz ·nz

aF denotes the speed of sound of faceF. The velocityvn is the normal component of
the face velocity vector. Near stagnation points whereλ3 can get near zero or at shocks
whereλ2 gets close to zero this formulation can lead to difficulties.To prevent the entries
becoming zero the factorδ is introduced.δ switches between scalar dissipationδ = 1 and
matrix dissipationδ = 0. The entries in the matrix|Λ| are now described as:

|λ1| = max(|Vn+AF |) ,δ(|Vn|+AF)

|λ2| = max(|Vn−AF |) ,δ(|Vn|+AF)

|λ3| = max(|Vn|) ,δ(|Vn|+AF)

The normal velocity vectorVn = vn‖~F‖ and the sound of speed for faceF is AF = aF ‖~F‖.
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The dissipative fluxes for a control volume surrounding point P( j1) with n−1 neighbor-
ing pointsP( j2) . . .P( jn) can now be computed as for scalar dissipation:

~D( j1) =
n

∑
k=2

{[

εk(2)
F ·

(

~W( j1)− ~W( jk)
)

−

εk(4)
F ·

(

∇2~W( j1)−∇2~W( jk)
)]

· AF( j1)+AF( jk)

2

}

.

The computation of the above equation is performed equivalent to the scalar dissipation
model.

2.4.3 Determination of Laplacians

The contributions to the Laplacians of the conservative variables∇2~W( j1) with {∇2~W(m) |m=
1, . . .NP} and the pressure∇2p( j1) with {∇2p(m) |m= 1, . . .NP} and also the face sum of the
pressurepΣ( j1) with {pΣ(m) |m= 1, . . .NP} are calculated for each pointP( j1) related to the
faceFi that is separating pointP( j1) and pointP( j2) as:

∆F

(

∇2~W( j1)
)

= ~W( j2)− ~W( j1)

∆F
(
∇2p( j1)

)
= p( j2)− p( j1)

∆F
(
pΣ( j1)

)
= p( j1)+ p( j2).

The contributions are added to the values∇2~W( j1)old, ∇2~p( j1)old andpΣ( j1)old that have been
computed before:

∇2~W( j1) = ∇2~W( j1)old +∆F

(

∇2~W( j1)
)

∇2p( j1) = ∇2p( j1)old +∆F
(
∇2p( j1)

)

pΣ( j1) = pΣ( j1)old +∆F
(
pΣ( j1)

)
.

Furthermore, contributions from the boundary faces have tobe added. Consider a boundary face
Fb(i) of the boundary partb with a pointP( j1) = CP

Fb
(b, i) related to the face. For pointP( j1)

a neighboring pointP( j3) = CPr
Fb

(b, i) is determined that lies normal to the boundary face, see
Part 1.5.1. As the flow quantities are extrapolated linearlyover the boundary (see Figure 2.9),
the contributions to the laplacians and the pressure sum forpointP( j1) are given by:

∆Fb

(

∇2~W( j1)
)

= ~W( j1)−~W( j2)

∆Fb

(
∇2~p( j1)

)
= p( j1)− p( j2)

∆Fb

(
pΣ( j1)

)
= 3 · p( j1)− p( j2).

These contributions have also to be added to the values∇2~W( j1)old, ∇2~p( j1)old andpΣ( j1)old

that have been computed before. After the contributions aredetermined for all grid faces and
summed up, the laplacian of pressure∇p( j1) is divided by the face sum of pressurepΣ( j1) and
ν( j1) is computed for each pointP( j1):

ν( j1) =
∇2~p( j1)

pΣ( j1)
.
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2.5 Solution technique for steady state problems

The temporal variation of the flow quantities can be written in general form for a pointP( j1)
as:

d
dt

~W( j1)+~R( j1) = 0. (2.50)

A comparison with equation 2.8 gives for the residual~R( j1):

~R( j1) =
1

V( j1)
· ~QF( j1). (2.51)

The integration in time is performed utilizing an explicit Runge-Kutta scheme, as described by
Jameson [33]:

~W(0)( j1) = ~W( j1)(n)

~W(1)( j1) = ~W( j1)(0)−α( j)∆t( j1)~R(0)
v ( j1)

...
~W(a)( j1) = ~W( j1)(0)−αa∆t( j1)~R(a−1)

v ( j1)
~W( j1)(n+1) = ~W(a)( j1)

(2.52)

with
~Rv( j1) = V( j1) ·~R( j1).

In this equation the residual~R( j1) equals the fluxes~Q( j1)F over the control volume boundaries.
For multigrid calculations the residual~R( j1) is the sum of the fluxes~QF( j1) over the boundaries
of the control volume and the forcing term~QP( j1) coming from the next finer grid. Details
concerning the multigrid algorithm can be found in Part 2.5.7.

2.5.1 Steady state problems

First we consider the so-calledsteady statecase, in which atime-independent solutionexists.
From the steady state conditiond~W

dt = 0, Eq. (2.50) becomes

~R( j1) = 0. (2.53)

This problem is solved by introducing the corresponding time-dependent problem with fictitious
pseudo-timet∗ and seeking its steady-state solution

d
dt∗

~W( j1)+~R( j1) = 0. (2.54)

The discretization with respect to the fictitious pseudo-time is performed using the low-storage
K-step Runge-Kutta scheme given in Sec. 2.5, see equation 2.52, where∆t∗( j1) denotes the
pseudo-time step width:

~W(0)( j1) = ~W( j1)(n)

~W(1)( j1) = ~W( j1)(0)−α( j)∆t∗( j1)~R(0)
v ( j1)

...
~W(a)( j1) = ~W( j1)(0)−αa∆t∗( j1)~R(a−1)

v ( j1)
~W( j1)(n+1) = ~W(a)( j1)

(2.55)

with
~Rv( j1) = V( j1) ·~R( j1).
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In this equation the residual~R( j1) equals the fluxes~Q( j1)F over the control volume boundaries.
For multigrid calculations the residual~R( j1) is the sum of the fluxes~QF( j1) over the boundaries
of the control volume and the forcing term~QP( j1) coming from the next finer grid. Details
concerning the multigrid algorithm can be found in Part 2.5.7.

2.5.2 Acceleration Techniques

Various techniques are known in the literature, Jameson [32], Brandt [6], Kroll/Jain [35], to
accelerate the convergence of the solution to steady state.The TAU-Code has implemented the
following techniques:

• Local Time Stepping

• Residual Smoothing

– Explicit Residual Smoothing

– Implicit Residual Smoothing

• Multigrid

The local time stepping is based on a modification of the differential equations whereas the
residual smoothing is an improvement during the solution process. Further reducement of com-
putational effort is achieved with multiple grid techniques such as multigrid.

2.5.3 Local Time Stepping

The idea of local time stepping is to allow that in each control volume the solver uses the
maximum allowed time step. The time stepping operates at itsstability limit everywhere in the
flowfield.
To be more precise, we consider again the fictitious pseudo-time problem (with pseudo timet∗)

d
dt∗

~W( j1)+~R( j1) = 0. (2.56)

The question is how to choose the pseudo time step width∆t∗( j1) for cell j1 in the corre-
sponding discrete formulation. For dual cellj1, let∆t( j1) denote the local time step width, see
Section 2.5.15 for its computation.
In global time stepping, we set∆t∗( j1) = minNc

j=1{ ∆t( j) }, i.e. the pseudo time step width
∆t∗( j1) is given globally by the minimum time step over allNc dual grid cells (hereNc denotes
the number of dual grid cells). Global time stepping is needed to compute a time-accurate so-
lution.
For steady state problems the solution of (2.56) remains unchanged if we replaced/dt∗ by
(1/A)d/dt∗ with local acceleration parameterA:

1
A( j1)

d
dt∗

~W( j1)+~R( j1) = 0. (2.57)

In local time-steppingwe choose∆t∗( j1) ≡ 1 for all dual cellsj1 andA( j1) = ∆t( j1) where
∆t( j1) denotes the local time step width. Obviously, this technique can be used only for time
integration of steady state flows.
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2.5.4 Residual Smoothing

After having calculated the changes~Rt( j1) with

~Rt( j1) = ~Rv( j1) ·α( j)∆t( j1),

of the flow conditions in pointP( j1) these changes can be smoothed explicitly or implicitly in
order to increase the robustness of the scheme. In the following, the changes~Rt( j1) are also
called residuals.

2.5.5 Explicit Residual Smoothing

The residuals can be smoothed explicitly employing a Laplacian type smoother. The residuals
in a pointP( j1) with the neighboring pointsP( jk) |k = 2, . . .n} can be smoothed in an iterative
process. In themth iteration the residualsgl

~C(i1) are given by:

m~Rt( j1) = (1−ω) ·m−1~Rt( j1)+
ω

n−1

n

∑
k=2

(
m−1~Rt( jk)

)

. (2.58)

For very anisotropic grids showing large differences in theface sizes the surface of a control
volume for a pointP( j1) is composed of, a weighting of the contributions with respect to the
face size is used. Equation 2.58 written with such a weighting reads:

m~Rt(i) = (1−ω) ·m−1~Rt(i)+
ω

∑m
k=2 |~F(i1, ik)|

n

∑
k=2

(
m−1~Rt( jk) · |~F(i1, ik)|

)

. (2.59)

The changes in the flow quantities which are caused by the addition of the residuals may lead to
a violation of the boundary conditions. The initializationof a velocity on a viscous wall e.g. is
not allowed. Therefore, the residuals in the boundary points have to be adapted to the respective
boundary conditions. This method equals the approach as described for the treatment of the
fluxes in the boundary point, alone that instead of the fluxes the residuals have to be modified.

2.5.6 Implicit Residual Smoothing

Alternatively, the residuals can be smoothed implicitly solving the implicit equation

~̃
tR( j1) = ~Rt( j1)+

n

∑
k=2

[

εF · ( ~̃
tR( jk)− ~̃

tR( j1)
]

(2.60)

where~̃
tR( j1) is the smoothed residual. The equation 2.60 is solved iteratively employing Jacobi

iterations. The smoothed residual in themth iteration is given by:

m ~̃
tR( j1) =

1

∑n
k=2 εF

·
(

~Rt( j1)+
n

∑
k=2

[

εF ·m−1 ~̃
tR( jk)

]
)

. (2.61)

The scaling factorεF is computed with reference to Martinelli [45] in dependenceof the ratio
between the implicitCFL-number and the largest allowable unsmoothedCFL-numberCFLex:

εF = max

(

0,
1
4

{[
CFL

CFLex ·
2λc

F

λc
F +λc( j1)

· (1+ rF( j1)ω)

]2

−1

})

. (2.62)
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Herein,λc
F denotes the maximum eigenvalue of the flux Jacobian for the faceF :

λc
F = |~vF ·~F|+aF · |~F|.

The termrF( j1) reflects the relative size ofλc
F compared to the total eigenvalueλc( j1) inte-

grated over the boundary of the entire control volume aroundpointP( j1):

rF( j1) =
1
2
· λc( j1)−λc

F

λc
F

,

where

λc( j1) =
n

∑
k=2

|~vF ·~F|+aF · |~F|.

2.5.7 Multigrid

The construction of the grids by agglomerating control volumes during the preprocessing is
described in Part 1.7. The first section of this chapter givesa brief description of the multigrid
strategy. The following sections deal with the transfer operators between the different grid
levels needed to extend the single grid algorithm introduced in Part 2. These operators can be
divided into three groups:

• Restriction operators
The transfer from a finer to a coarser grid is called restriction. During the multigrid
algorithm the solution and residuals of the equations are restricted to the next coarser grid
level.

• Prolongation operators
The transfer from a coarser to a finer grid is called prolongation. During the multigrid
algorithm the corrections of the solution are prolongated to the next finer grid level.

• Smoothing operators
The equations solved on the coarser grid levels are only valid for the low frequency error
of the solution iterated on the finer mesh. Therefore the residuals as well as the corrections
are smoothed during the multigrid algorithm to improve the convergence.

2.5.8 General Idea of Multigrid

The multigrid method does not depend on the equations to be solved. Hence, it will be explained
by considering a scalar non-linear equation:

L(w) = S

with the solutionw and a solution independent right hand sideS. On the finest gridf the
equation is discretized as a system of equations:

L f (wf ) = Sf

which has to be solved simultaneously for all control volumes. The true solutionwtrue
f of the

discretized equation is iterated numerically. Each iteration step starts with a solutionw0
f and

ends withw1
f . In the code a Runge-Kutta scheme, described in Part 2.5, is used as iteration

method. The normal convergence behavior of an iteration method slows down after a rapid start,
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due to the fact, that low frequency errors are hardly dampened. The advantage of a multigrid
method is, that these low frequency errors (attached to a long wavelength) can be well resolved
on a coarser mesh. On a coarser mesh the calculation of these errors is much easier because its
wavelength becomes shorter compared to the grid spacing andthe number of equations to be
solved decreases with the number of agglomerated volumes. In addition the higher order terms
of an upwind scheme can be neglected, because they are not necessary to resolve the dampening
of a smooth low frequency error. But the equations on the coarser grid have to be changed in a
way, that the solution converges to the fine grid solution. Therefore, an iteration step on the fine
grid results in a residualres:

resf = L f (w
1
f )−Sf .

Subtracting from the true solution provides:

L f (w
true
f )−L f (w

1
f ) = −resf .

For the smooth low frequency errors this leads on a coarser mesh (m) to:

Lm(wtrue
m ) = I r

f m(−resf )+Lm(w0
m). (2.63)

The restriction operatorI r of the residual has to obey:

I r
f m(−resf ) = −I r

f m(resf ) ⇒ I r
f m(0) = 0.

If the residual on the fine grid equals zero, then the startingsolution is a true solution of equation
2.63. As a starting value for the iteration on the meshm a restrictionIw of the iterated fine grid
solution is used:

w0
m = Iw

f m(w1
f ).

The difference between the best approximation (wba) of the true solution and the starting solu-
tion is called correctionC:

Cm = wba
m −w0

m = wba
m − Iw

f m(w1
f ).

This correction is prolongated to the finer grid to improve the solution there:

wba
f = w1

f + I c
m f(Cm).

The same approach can be applied to calculate the best approximation to the true solution of
equation 2.63 on the gridmby considering an even coarser meshc. An iteration step on gridm
stops with a residual:

resm = Lm(w1
m)−Lm(w0

m)− I r
f m(−resf ),

which can be used to formulate equation 2.63 on the next coarser grid (c):

Lc(w
true
c ) = I r

mc(−resm)+Lc(w
0
c).

The way to a coarser mesh can be taken again and again, but in practice the use of more than
about four meshes does not increase the convergence sufficiently to pay for the additional oper-
ations. On the coarsest grid the iterated solution is taken as the best approximation.

Due to the different equations on the fine grid and on the coarser ones the residualsres are
defined differently depending on the grid level. In a different notation these residuals are called
defects and the name residual is then used only for the residual R of the governing equation in
the sense of equation 2.51. The equation on the coarser level2.63 then reads as:

d
dt

wm+Rm−Fm = 0,

with a forcing functionFm given by:

Fm = Rm(w0
m)− I r

f m

(
Rf (w

1
f )−Ff

)
.

The forcing function on the finest grid is equal to zero.
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2.5.9 Motivation: The Correction Scheme for linear problems

As a motivation for the multigrid scheme for nonlinear problems used in the TAU-Code (called
full approximation scheme, FAS), we start with the well-known multigrid scheme for linear
problems referred to as correction scheme, see [10] pp.13 and pp.81. For this purpose, we
consider thelinear problem

L u = f (2.64)

We introduce the following notation: If we solve (2.64) on grid level k we writeLk uk = f k.
For the Correction Scheme, on the finest grid level 1 we seeku1 s.t.

L1u1 = f 1

On each coarse grid levelk > 1 and given an approximation ˜uk−1 from the next finer level, we
seek the correctionck s.t.

Lk(I k
k−1ũk−1 +ck) = f k ⇔ Lk ck = rk ≡ I k

k−1( f k−1−Lk−1ũk−1)

where we use thatL is linear. Once this equation has been solved,ck is used as a correction to
obtain a new fine-grid solution

uk−1 = ũk−1 + I k−1
k ck

If we performN relaxation smoothing steps on levelk, starting withuk
0 and with right hand side

term beingf k, then we writeJN(uk
0, f k). Moreover we writeuk

N = JN(uk
0, f k) for the smoothed

solution. Additionally, we introduce restriction and prolongation operators. The restriction
operatorI k+1

k restricts a solution on levelk to the next coarser levelk+ 1. The prolongation
operatorI k

k+1 prolongates a solution from levelk+1 to the next finer levelk.
The correction scheme then reads (see [10], pp.13)

INPUT: uk
0

OUTPUT:MGC(k,uk
0, f k) is defined by the recursion

IF k = IC THEN

(1) Determine (exact) solutionck of Lkck = f k

(2) RETURN ck

ELSE

(1) Initial guess :uk
0 = 0

(2) PerformN1 relaxation/smoothing steps :uk
a = JN1(u

k
0, f k)

(3) DO Recursion : Compute correction on next coarser grid
ck+1 = MGC(k+1,uk+1

0 , I k+1
k ( f k−Lkuk

a)).

(4) Correction :uk
b = uk

a + I k
k+1ck+1

(5) PerformN2 relaxation/smoothing steps :uk
c = JN2(u

k
b, f k)

(6) RETURN uk
c
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As an example we study explicitely write down the above scheme for IC = 3

COMPUTE MGC(1,u1
0, f 1)

(1.1) Initial guess :u1
0 = 0

(1.2) PerformN1 relaxation/smoothing steps :u1
a = JN1(u

1
0, f 1)

(1.3) DO Recursion : Compute correction on next coarser grid
c2 = MGC(2,u2

0, I
2
1( f 1−L1u1

a)).

(2.1) Initial guess :u2
0 = 0

(2.2) PerformN1 relaxation/smoothing steps :u2
a = JN1(u

2
0, f 2)

(2.3) DO Recursion : Compute correction on next coarser grid
c3 = MGC(3,u3

0, I
3
2( f 2−L2u2

a)).

(3.1) SolveL3c3 = I3
2( f 2−L2u2

a)

(3.2) RETURN c3 .

(2.4) Correction :u2
b = u2

a + I2
3c3

(2.5) PerformN2 relaxation/smoothing steps :u2
c = JN2(u

2
b, f 2)

(2.6) RETURN c2 = u2
c

(1.4) Correction :u1
b = u1

a+ I1
2c2

(1.5) PerformN2 relaxation/smoothing steps :u1
c = JN2(u

1
b, f 1)

(1.6) RETURN u1
c = MGC(1,u1

0, f 1)

2.5.10 The Full Approximation Scheme

For the Correction Scheme, on the finest grid level 1 we seeku1 s.t.

L1u1 = f 1

On each coarse grid levelk > 1 and given an approximation ˜uk−1 from the finer level, we seek
ck s.t.

Lk(I k
k−1ũk−1 +ck) = f k ⇔ Lk ck = rk ≡ I k

k−1( f k−1−Lk−1ũk−1)

where we use thatL is linear. Once this equation has been solved,ck is used as a correction to
obtain a new fine-grid solution

uk−1 = ũk−1 + I k−1
k ck

On the other hand, in the Full Approximation Scheme (see [10]pp.81) we perform as follows:
On the finest grid level 1 we seeku1 s.t.

L1u1 = f 1

On each coarse grid levelk > 1 and given an approximation ˜uk−1 from the finer level, we seek
ûk = I k

k−1ũk−1 +ck s.t.

Lkûk = f̂ k ≡ Lk(I k
k−1ũk−1)+ I k

k−1( f k−1−Lk−1ũk−1) (2.65)
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where we do not need thatL is linear. Once this equation has been solved, the new fine-grid
solution is obtained as

uk−1 = ũk−1+ I k−1
k (ûk− I k

k−1ũk−1)

It is worthwhile mentioning that the full approximation scheme reduces to the correction scheme
if L is a linear operator. To see this, we rearrange (2.65) as

Lkûk − Lk(I k
k−1ũk−1) = I k

k−1( f k−1−Lk−1ũk−1)

⇔ Lkck = I k
k−1( f k−1−Lk−1ũk−1) , ck ≡ ûk− I k

k−1ũk−1 .

given thatL is linear. Moreover, using this notation the fine grid updated solution becomes

uk−1 = ũk−1+ I k−1
k ck .

Thus the recursion form of the Full Approximation Scheme reads as follows:

INPUT: uk
0

OUTPUT:MGC(k,uk
0, f k) is defined by the following recursion

IF k = IC THEN

(1) Determine exact solution ˆuk of Lkûk = f k

(2) RETURN ûk

ELSE

(1) Initial guess :uk
0 = 0

(2) PerformN1 relaxation/smoothing steps :uk
a = JN1(u

k
0, f k)

(3) DO Recursion : Compute solution ˆuk+1 on next coarser grid
ûk+1 = MGC(k+1,uk+1

0 ,Lk+1(I k+1
k uk

a)+ I k+1
k ( f k−Lkuk

a)).

(4) Correction :uk
b = uk

a + I k
k+1(û

k+1− I k+1
k uk

a)

(5) PerformN2 relaxation/smoothing steps :uk
c = JN2(u

k
b, f k)

(6) RETURN uk
c
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Again, as an example we study explicitely write down the above scheme forIC = 3

COMPUTE MGC(1,u1
0, f 1)

(1.1) Initial guess :u1
0 = 0

(1.2) PerformN1 relaxation/smoothing steps :u1
a = JN1(u

1
0, f 1)

(1.3) DO Recursion : Compute solution on next coarser grid
û2 = MGC(2,u2

0,L
2(I2

1u1
a)+ I2

1( f 1−L1u1
a)).

(2.1) Initial guess :u2
0 = 0

(2.2) PerformN1 relaxation/smoothing steps :u2
a = JN1(u

2
0, f 2)

(2.3) DO Recursion : Compute solution on next coarser grid
û3 = MGC(3,u3

0,L
3(I3

2u2
a)+ I3

2( f 2−L2u2
a)).

(3.1) SolveL3û3 = L3(I3
2u2

a)+ I3
2( f 2−L2u2

a)

(3.2) RETURN û3

(2.4) Correction :u2
b = u2

a + I2
3(û3− I3

2u2
a)

(2.5) PerformN2 relaxation/smoothing steps :u2
c = JN2(u

2
b, f 2)

(2.6) RETURN û2 = u2
c

(1.4) Correction :u1
b = u1

a+ I1
2(û2− I2

1u1
a)

(1.5) PerformN2 relaxation/smoothing steps :u1
c = JN2(u

1
b, f 1)

(1.6) RETURN u1
c

As an important notion, let us point out that (2.65) can be rewritten as

Lkûk = f k + τk
k−1 , τk

k−1 ≡ Lk(I k
k−1ũk−1)− I k

k−1(L
k−1ũk−1) (2.66)

with f k = I k
k−1( f k−1). The additional right hand side termτk

k−1 (w.r.t. the original coarse grid
equation) is often referred to asfine-to-coarse defect correction.
A major advantage of FAS over CS is that it is directly applicable to nonlinear problems.

2.5.11 The Full Approximation Scheme for the compressible NSE

The Full Approximation Scheme can be directly applied to thecompressible Navier-Stokes
equations. We consider the non-linear problem

L(u) = f (2.67)

In the case of the steady-state compressible Navier-Stokesequations we have

L(u) ≡ ~R (~U ) , f ≡ 0

and in the unsteady case we have (cf. (2.77))

L(u) ≡ ~R DTS
B (~U ) , f ≡ 0

However, it should be kept in mind that fork = 1 (i.e., on the finest grid)f 1 = 0 but f k (k > 1)
is not zero due to the fine-to-coarse defect correction.
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Finally, we have to specify the relaxation/smoothing operation JN(uk
0, f k) and the solution op-

eration on the coarsest grid levelIC.
In principle, each iterative solver of the nonlinear problem (2.67) can be used as a smoother for a
multigrid scheme, if it damps the high frequency componentsof the error on the corresponding
grid level. In the TAU-Code multigrid implementation, smoothing is performed by applying an
explicit K-stage low storage Runge-Kutta scheme as iterative solver to the pseudo-instationary
problem corresponding to (2.67)

du
dt∗

+L(u) = f

with pseudo timet∗. Only one smoothing step before the recursion is performed,i.e. N1 = 1,
and moreoverN2 = 0 is used. ThusJ1(uk

0, f k) is defined as follows:

Smoothing/ relaxationJ1(uk
0, f k)

INPUT: uk
0

OUTPUT: J1(uk
0, f k)

FOR j = 1, . . . ,K DO uk
j = uk

0−α j∆t∗(L(uk
j−1)− f k)

RETURN J1(uk
0, f ) = uk

K

To this end, on the coarsest grid levelk = IC, we defineMGC(IC,uIC
0 , f IC) also by applying one

step of an explicitK-stage low storage Runge-Kutta scheme, i.e.

Solution on coarsest grid levelMGC(IC,uIC
0 , f IC)

INPUT: uIC
0

OUTPUT: MGC(IC,uIC
0 , f IC)

FOR j = 1, . . . ,K DO uIC
j = uIC

0 −α j∆t∗(L(uIC
j−1)− f IC)

RETURN MGC(IC,uIC
0 , f IC) = uIC

K

2.5.12 Multigrid restrictions

The conservative variables as well as the residuals or forcing functions have to be restricted from
the finer grid to the next coarser grid. In the present multigrid algorithm the same operators are
used for both restrictions. To stay conservative the restriction uses the volume weighted average.
For a coarse grid volumeVc the restriction is provided by:

wm(Vc) = Iw
f m(wf )

∣
∣
∣
Vc

=
1
|Vc| ∑

i∈children(Vc)

|Vi| ·wf (Vi)

where
|Vc| = ∑

i∈children(Vc)

|Vi|.

The relationship of the coarse grid volumes and their children volumes is described in Part 1.7.2.

For the second restriction operatorI r the formula is the same, but some computations can be
saved by summing up the fluxes instead of the residuals according to equation 2.51.
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On boundaries of the coarse grids a violation of the respective boundary conditions has to
be avoided. As described in Part 3.7, two approaches in the treatment of boundaries can be
distinguished. Some boundary conditions can be fulfilled bycomputing the correct flux for the
respective boundary faces. For these boundaries the residuals can be used as derived from the
discretization on both the fine and the coarse grid.

For other boundaries the flow quantities and the fluxes have tobe modified. The modification
of the flow quantities has to be performed directly after the transfer to the coarser grid. For
these volumes, certain fluxes are computed in the discretization. In correspondence to Part 3.7
the evaluated fluxes also have to be adapted to the respectiveboundary conditions before the
forcing term can be computed.

2.5.13 Prolongation of the Corrections

The changes in the flow conditions obtained in the execution of a time step and by the consid-
eration of corrections coming from the coarser grids have tobe transferred as corrections to the
finer grids using proper interpolation operators. The most trivial approach is the direct injection.
The coarse grid correction of a volumeVc is directly transfered to each child volumeVf of Vc:

I c
m f(Cm)

∣
∣
Vf

= Cm|Vc

Further improvements may be achieved by employing higher order interpolation operators1.
One possibility is the linear reconstruction of the corrections over the coarse grid control vol-
umes. Therefore the gradients of the corrections are calculated on the coarse grid analog to
Part 2.3.3 and limited according to Part 2.3.5. The points ofevaluation and limitation for these
reconstructed values on each coarse grid volume are the points attached to each of its children
volume.

2.5.14 Smoothing Operators

The smoothing operators for the residuals are described in the Part 2.5.4. The smoothing of
the corrections operates the same way after transferring the corrections to the finer grid. The
changes in the flow quantities which are caused by the consideration of the corrections may
lead to a violation of the boundary conditions. The initialization of a velocity on a viscous wall
e.g. is not allowed. Therefore, the corrections on the boundary volumes have to be adopted
to the respective boundary conditions. The method equals the approach as described for the
treatment of the restrictions on the boundary volumes, where in this case instead of the fluxes
the corrections have to be modified.

Finally, the possibility to smooth the flow quantities on a grid after the prolongation by employ-
ing one or more Runge-Kutta time steps should be mentioned aswell as the smoothing effect
of using only first order terms on the coarser grids.

2.5.15 Calculation of the Time Step Size

For the control volume surrounding pointP( j1) in Figure 2.3 time step is given by

∆t( j1) = min( ∆t( j1)c ; ∆t( j1)V ) (2.68)

1Together with some smoothing the convergence results on curved stretched grids are better with the simple
direct injection than by using the linear reconstruction.
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where∆t( j1)c is the convective time step and∆t( j1)V is the viscous time step. The convective
time step∆t( j1) with {∆t(m) |m= 1, . . .NP} has to be determined as:

∆t( j1) = CFLmax· 1
λc( j1)

(2.69)

whereλc( j1) with {λc(m) |m= 1, . . .NP} denotes the maximum eigenvalue of the flux Jacobian
andCFL the Courant number. The eigenvalue can be determined in an integration over the
surface of the control volume around pointP( j1) with n−1 neighboring pointsP( j2) . . .P( jn).
For a control volume as it is shown in Figure 2.10, the convective eigenvalues is:

λc( j) =
n−1

∑
i=1

|~v(i) ·~F(i)|+a(i) · |~F(i)| (2.70)

with ~F(i) representing the face vectors of the control volume face forthekth neighbor ofP( j1)
and~v(i) the face velocity vector. Let faceF(i) be the interface between two control volumes
aroundP( j1) = CP

F(i,1) andP( j2) = CP
F(i,2), see Figure 2.10. The face values~v(i) anda(i)

are computed by an arithmetic averaging of the respective point values:

~v(i) =
1
2
·









u( j1)
v( j1)
w( j1)



+





u( j2)
v( j2)
w( j2)









and

a(i) =
1
2
·
(√

p( j1)

ρ( j1)
+

√

p( j2)

ρ( j2)

)

.

P( jn): : : : : : ~F(i)P( j1)V( j1)
P( j2)P( j3)P( j4)

Figure 2.10: Face of a three dimensional control volume

The viscous time step∆t( j1)V to be scaled with a factorKv = 0.25 (see [46]):

∆tV( j1) = CFL ·Kv · 1
λV( j1)

·V( j1).
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Again, the eigenvalue can be determined in an integration over the surface of the control volume
around pointP( j1) with n−1 neighboring pointsP( j2) . . .P( jn). For a control volume as it is
shown in Figure 2.10, the viscous eigenvalue is:

λV( j) =
n−1

∑
i=1

(λV,1(i)+λV,2(i))
|~F(i)|2

ρ
(2.71)

with

λV,1(i) =
4
3

(µlam(i)+µt( i))

λV,2(i) =

(

1+
Pr
Prt

µt(i)
µlam(i)

)
κlam(i)

cv

where

µ(i) =
1
2

(µ(i1)+µ(i2)) , µt =
1
2

(µt(i1)+µt(i2)) , etc.

2.5.16 Computation of the Global Residual

After each time step theL2 residual is computed in order to monitor the convergence of the
solution process. For each pointP( j) the local residual(ρt)( j) is calculated as:

(ρt)( j) =
ρ( j)−ρ(0)( j)
∆t( j) ·V( j)

with ρ( j) being the current density andρ(0)( j) the density before the time step in pointP( j).
The square of the residual weighted by the volume of the pointis added up to calculate the
square of the entire residual:

(ρt)
2 =

NP

∑
i=1

(ρt)( j)2 ·V( j).

HereinNP denotes the number of points andV( j) is the size of the control volume around point
P( j).

2.6 Solution techniques for time-accurate computations

The temporal variation of the flow quantities can be written in general form for a pointP( j1)
as:

d
dt

~W( j1)+~R( j1) = 0. (2.72)

A comparison with equation 2.8 gives for the residual~R( j1):

~R( j1) =
1

V( j1)
· ~QF( j1). (2.73)

For time-accurate computations, the TAU-Code provides currently the following options

• global time stepping

• dual time stepping.
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2.6.1 Global time stepping scheme

The global time stepping scheme for the time-dependent problem (2.72) is based on the explicit
K-step low-storage Runge-Kutta scheme (2.74) (as describedby Jameson [33]):

~W(0)( j1) = ~W( j1)(n)

~W(1)( j1) = ~W( j1)(0)−α( j)∆t( j1)~R(0)
v ( j1)

...
~W(a)( j1) = ~W( j1)(0)−αa∆t( j1)~R(a−1)

v ( j1)
~W( j1)(n+1) = ~W(a)( j1)

(2.74)

with
~Rv( j1) = V( j1) ·~R( j1).

In this equation the residual~R( j1) equals the fluxes~Q( j1)F over the control volume boundaries.
For multigrid calculations the residual~R( j1) is the sum of the fluxes~QF( j1) over the boundaries
of the control volume and the forcing term~QP( j1) coming from the next finer grid. Details
concerning the multigrid algorithm can be found in Part 2.5.7.

Therein, the time step width∆t is the minimum time step over all dual cells. To be more precise,
let ∆t( j) denote the local time step for dual cellj, see Part 2.5.15 for its calculation. Then in
global time stepping we set∆t = minNc

j=1{ ∆t( j) }, whereNc denotes the number of dual grid
cells.
In case of global time stepping, the number Runge-Kutta steps K has to be 1 or 2. Higher
numbers violate the time accuracy. Moreover, the multigridcycle must be ”sg” for global
timestepping, because multigrid in TAU is not time accurate.

2.6.2 Dual-time stepping scheme

Denote[0,T] the time-interval andt0 = 0 < t1 < .. . < tN = T a partition of[0,T]. We consider
the following time-dependent problem

d~W( j1)

dt
= −~R (~W)( j1) (2.75)

where the notation~R (~W)( j1) indicates that the residual~R ( j1) for dual cell j1 was computed
using the vector of conservative variables~W.
In a first step, a Backward Difference Formula (BDF) for discretizing the time-derivative is
employed to (2.75). The TAU-Code provides BDF of first, second and third order of accuracy.
For example, the second order accurate BDF reads

3
2∆t

~W( j1)n+1− 4
2∆t

~W( j1)n+
1

2∆t
~W( j1)n−1 = −~R (~Wn+1)( j1) (2.76)

where~W( j1)ν denotes the solution at timetν.
We arrive at a sequence of (nonlinear) steady-state problems. One approach for the iterative so-
lution of the nonlinear steady-state problem (2.76) is the so-called Dual-Time stepping scheme.
We assume that~W( j1)n, ~W( j1)n−1 have already been computed and we seek~W( j1)n+1. For
this purpose we consider the following equation in fictitious pseudo timet∗, viz.,

d~W( j1)n+1

dt∗
= −~R DTS(~Wn+1)( j1) (2.77)
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with the modified residual

~R DTS(~Wν)( j1) ≡ ~R (~Wν)( j1)+
3

2∆t
~W( j1)ν− 4

2∆t
~W( j1)n+

1
2∆t

~W( j1)n−1

This problem can be integrated using aK-stage Runge-Kutta scheme until a steady state in
fictitious pseudo time has been reached. Obviously the steady state solution of (2.77) is the
solution of (2.76).
The integration in fictitious pseudo time using ak-stage Runge-Kutta scheme can be accelerated
using the acceleration techniques for steady-state problems, see Part 2.5.
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2.7 Initialization of the Flow Conditions

Before the solution process starts, the initial flow conditions are to be determined. In case of a
restart (i.e. when a restart filename is defined in the input) they are read from a file. In case of
starting a new computation initial values are assigned to all points of the grid. In the case that a
farfield boundary exists in the computational domain the farfield values are considered as initial
values, otherwise the reference values are used, which are needed for the adimensionalization
of the flow quantities (note: the default values at the farfield boundary are the reference values
themselves, but user-specified farfield values can be definedin the list of parameters. Thus, the
dimensionless initial conditions, in the case of using farfield values, are given by:

ρinit = ρ∞
pinit = ρ∞ · p∞

uinit = cos(α) ·cos(β) ·M∞ ·
√

γ · p∞
ρ∞

vinit = sin(β) ·M∞ ·
√

γ · p∞
ρ∞

winit = sin(α) ·cos(β) ·M∞ ·
√

γ · p∞
ρ∞

(2.78)

depending on the input for the onflow angleα andβ. In case of viscous/turbulent computations
the laminar/turbulent viscosity is:

µl ,init = ρ∞·u∞·xRe

Re
µt,init = µl ,init ·µt,ratio.

(2.79)

The factorµt,ratio is an input parameter (with default value). In the case of 2-equation turbulence
models the initial turbulent kinetic energyk is computed fromu,v,winit with a given turbulent
intensity (default or user input). The second transported quantity (which depends on the tur-
bulence model) is then computed by taking the model dependent relation of it tok andµt,init .
A computation with e.g. a 2-equation turbulence model can bestarted using a restart file from
a solution obtained with a another model, even with a 1-equation turbulence model (and vice
versa). In each of the different possible cases the available quantities in the restart file are used
for the computation of an initial guess for the unknown quantities. E.g. an initial guess fork is
calculated with the velocity gradients and the Bradshaw assumption and some empirical factors,
the second quantity then is approximated using the obtaineddistribution fork and theµt .

2.7.1 Reference Quantities

The reference quantities are used for the adimensionalization and as default values for a farfield
boundary. Reference quantities having a default value are:(dimensional values are denoted by
a bar):
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Parameter: Default Value:

Temperature T̄re f 273.15K
Pressure ¯pre f 101325N

m2

Mach number Mre f none
Reference velocity ¯ure f none
Density ρ̄re f

p̄re f

T̄re f ·ℜ kg/m3

Reynolds Number Rere f none
Reynolds Length ¯xℜ 1m
Ratio of Specific heats γ 1.4
Prandtl Number Prl 0.72
turb. Prandtl Number Prt 0.9
Viscosity Ratio µratio 0.001

There is no default for the Reynold’s number. Hence, for viscous calculations, the input of
a value is required. No input for the Mach number is required if ūre f is defined:

Mre f =
ūre f

√

γ ·ℜ · T̄re f

,

and vice versa. Note that the default dimensional values describe air at normal atmospheric
conditions. If e.g. a wind tunnel experiment is calculated,the reference values have to be
defined according to the experiment. Note that the Pressure has to be defined inN/m2 and not
in bar. Note that the definition of a reference value in the input parameter list overwrites the
default. Note that an overdetermination of the reference quantities is not allowed. It is checked
internally that the ideal gas assumption holds e.g. ifMre f andūre f are defined in the input the

values have to fulfill the formula:Mre f =
ūre f√

γ·ℜ·T̄re f
. The reference viscosities are computed

from the given values:
µ̄l ,re f =

ρ̄re f ·ūre f ·x̄Re

Re ,
µ̄t,re f = µ̄l ,re f ·µratio.

(2.80)

2.7.2 Dimensionless Quantities

Internally, the code uses dimensionless quantities. The formulation that is realized in the code
mainly follows the approach presented in [56]. The dimensionless values are determined using
the reference quantities (2.7.1):

x = x̄
x̄Re

,

y = ȳ
x̄Re

,

z = z̄
x̄Re

,

ρ = ρ̄
ρ̄re f

,

u = ū ·
√

ρ̄re f
p̄re f

,

v = v̄·
√

ρ̄re f
p̄re f

,

w = w̄·
√

ρ̄re f
p̄re f

,

p = p̄
p̄re f

,

T = T̄
T̄re f

.

(2.81)

Accordingly additional dimensionless values are computedas e.g. a dimensionless wall tem-
peratureTW is obtained by:

TW = T̄W
T̄re f

. (2.82)
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The dimensionless reference viscosity and thermal conductivity can be determined as:

µl ,re f =
√γ·Mre f

Re ,
µt,re f = µl ,re f ·µratio

κl ,re f =
µl ,re f
Prl

· γ
γ−1,

κt,re f =
µt,re f
Prt

· γ
γ−1.

(2.83)

The local laminar viscosityµl can be determined from the current temperature employing the
law of Sutherland:

µl = µl ,re f ·
(

T̄
T̄re f

)1.5

· T̄re f +110.4K

T̄ +110.4K
= µl ,re f ·T1.5 · 1+110.4K/T̄re f

T +110.4K/T̄re f
. (2.84)

The local turbulent viscosityµt is obtained by a suited turbulence model. Also the thermal
conductivityk can be computed using the Sutherland law. Thus, the ratios ofthe local thermal
conductivity and viscosity and the farfield values are equal:

µl

µl ,re f
=

κl

κl ,re f
,

which leads to
κl =

µl

Prl
· γ

γ−1
. (2.85)

The same relationship holds for the turbulent thermal conductivity:

κt =
µt

Prt
· γ

γ−1
.

Note that asρre f = 1, pre f = 1 andTre f = 1 the dimensionless gas constantR equals 1 as
well. Thus, it does not have to be considered for computations with dimensionless variables.
All output of flow quantities is performed in dimensional values. Hence, in order to write
out the monitor output or a restart file, all dimensionless values have to be transferred to their
dimensional form:

x̄ = x· x̄Re,
ȳ = y· x̄Re,
z̄ = z· x̄Re,
ρ̄ = ρ · ρ̄re f

ū = u ·
√

p̄re f
ρ̄re f

,

v̄ = v·
√

p̄re f
ρ̄re f

,

w̄ = w·
√

p̄re f
ρ̄re f

,

p̄ = p · p̄re f ,

µ̄t = µt · µ̄t,re f
µt,re f

.

(2.86)

As
µ̄t,re f = µ̄l ,re f ·µratio and µt,re f = µl ,re f ·µratio,

µ̄t can also be computed as
µ̄t = µt · µ̄l ,re f

µl ,re f
, (2.87)

andµ̄t,re f is not needed.



3 Boundary Treatment

The boundaries of the computational domain are divided intoseveralboundary parts, see also
section 1.3.3. There is a certainboundary typerelated to each boundary part. Implemented
boundary types are:

• axisymmetry axis

• actuation

• actuator inflow

• actuator exhaust

• chimera

• dirichlet

• engine inflow

• engine exhaust

• euler wall

• exit-pressure outflow

• farfield

• laminar wall

• mirror plane

• periodic plane

• reservoir-pressure inflow

• sharp edge

• supersonic inflow

• supersonic outflow

• symmetry plane

• turbulent wall

• viscous wall

73
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In general there is one algorithm for each of the boundary treatments. The algorithms are
described in the following.

Furthermore, for some boundary parts, as e.g. ”euler wall” or ”laminar wall” it is desirable to
integrate forces (pressure and/or viscous forces) in orderto determine the lift and drag coeffi-
cients. The determination of the pressure forces is described in section 3.5.

3.1 Inviscid Wall Flux Computation

In this section the evaluation of the convective/inviscid fluxes over the boundary faces lying on
an ”Euler wall” is described.

Let Fb(b, i) be a secondary boundary grid face of the boundary partb of the type ”Euler Wall”.
The point related to the face is given byP( j) = CP

Fb
(b, i). The convective fluxes for the momen-

tum equation overFb(b, i) are given by the product of the normal vector of the boundary face
~Fb and the pressure on the wall. The fluxes are:

~Fc
i =









ρu
ρu2+ p
ρuv
ρuw
ρHu









, ~Gc
i =









ρv
ρuv
ρv2+ p
ρvw
ρHv









, ~Hc
i =









ρw
ρuw
ρvw
ρw2+ p
ρHw









. (3.1)

The complete flux will become for inviscid fluxes, see (2.2):

¯̄F = ~Fc
i ·~nx + ~Gc

i ·~ny + ~Hc
i ·~nz (3.2)

The slip-wall condition on every inviscid wall is defined as:

unx +vny +wnz = 0. (3.3)

Summing up the whole flux from (3.2) will lead to:

¯̄F =









ρ(unx+vny +wnz)
ρu(unx +vny +wnz)+ pnx

ρv(unx +vny +wnz)+ pny

ρw(unx +vny +wnz)+ pnz

ρH (unx +vny +wnz)









=









0
pnx

pny

pnz

0









. (3.4)

Since the pointP( j) is lying on the wall the pressure can be taken directly from the point and
finally the euler wall boundary condition becomes with the boundary grid faceFb(b, i):

~Qc
Fb

=









0
Fx

b (b, i) · p( j)
Fy

b (b, i) · p( j)
Fz

b(b, i) · p( j)
0









. (3.5)

To finish the flux computation for pointP( j) the boundary fluxes are added to the current fluxes
computed for pointP( j).
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3.2 Projection of Velocities

In this section the adaption of the flow quantities for the boundary points lying on a ”symmetry
plane” is described.

Let Fb(b, i) be a boundary face of a boundary partb of the type ”Symmetry Plane”. The veloc-
ities in the boundary pointP( j) = CP

Fb
(b, i) have to be projected onto the symmetry plane. The

direction of the plane is given by the normal vector~Fb(b, i) = (Fx
b (b, i),Fy

b(b, i),Fz
b(b, i))T. The

normal vector has to be normalized with

~Fn
b (i) =





nx
b(b, i)

ny
b(b, i)

nz
b(b, i)



=
1

|~Fb(b, i)|
·





Fx
b (b, i)

Fy
b (b, i)

Fz
b(b, i)



 . (3.6)

The corrected velocity vector~vcorr( j) = ((ucorr( j),vcorr( j),wcorr( j))T is calculated from the
given velocity vector~vg( j) = (ug( j),vg( j),wg( j))T and the normalized normal vector~Fn

b (i) by

~vcorr =~vg−~Fn
b (i) ·

(

~Fn
b (i) ·~vg

)

(3.7)

The density and the inner energy of the flow must not be affected by the projection. Hence, the
pressure in the point has to be corrected after the projection. Before the projection, the local
product of density and energy,ρE( j) is computed as:

ρE( j) =
pg( j)

γ−1
+ρ( j) · 1

2
·
(
ug( j)2+vg( j)2+wg( j)2) . (3.8)

Then the velocities are projected and with the new velocities and the calculated productρE( j),
the pressure is corrected as:

pcorr( j) = (γ−1) ·
[

ρ( j) ·E( j)−ρ( j) · 1
2
·
(
ucorr( j)2+vcorr( j)2+wcorr( j)2)

]

. (3.9)

3.3 Farfield Boundary Flux Computation

At the farfield boundaries of the computational domain convective fluxes have to be determined
crossing the boundary faces. The calculation of the fluxes isdone using the AUSM Riemann
solver. In order to calculate the correct fluxes, the flow conditions outside the boundary face
have to be determined. They are calculated employing the theory of Whitfield [79]. Figure 3.1
depicts the situation at the farfield boundary. The reference pointPL is located on the boundary
face, representing the flow quantities inside the computational domain, while the reference point
PR is located outside the domain.

Let Fb(b, i) be a boundary face of a boundary partb of the type ”Farfield Boundary”. The fluxes
overFb(b, i) are adjoined to the boundary pointP( j) = CP

Fb
(b, i) related toFb(b, i).

Determination of Flow Conditions at the Boundary Face

The orientation of the boundary face is given by the normal vector

~Fb(b, i) = (Fx
b (b, i),Fy

b(b, i),Fz
b(b, i))T.
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F(i) P( j) = PL

PR

Figure 3.1: Situation at farfield boundary

The normal vector has to be normalized with

~Fn
b (i) =





nx
b(b, i)

ny
b(b, i)

nz
b(b, i)



=
1

|~Fb(b, i)|
·





Fx
b (b, i)

Fy
b (b, i)

Fz
b(b, i)



 . (3.10)

As the reference pointPL in the flow field is identical to the current boundary pointP(i), one can
write ~WL = ~W(i). In order to determine the flow quantities at the outer side ofthe boundary face
(indexR), the following values have to be derived from the primitivevariables in the reference
pointPL:

vnL =~vL ·~Fn
b (i) (3.11)

EL =
pL

ρL · (γ−1)
(3.12)

HL = EL +
1
2
·
(
u2

L +v2
L +w2

L

)
+

pL

ρL
(3.13)

aL =

√

(γ−1) ·HL−
1
2
·
(
u2

L +v2
L +w2

L

)
(3.14)

ML =
vnL

aL
(3.15)

with~vL = (uL,vL,wL)T . The linearization pointP0 is assumed to lie on the boundary, therefore
one can write

ρ0 = ρL and a0 = aL.

3.3.1 Supersonic Inflow/Outflow

If the absolute value ofML is greater than 1, the face is lying on a supersonic inflow or su-
personic outflow boundary. Depending on the sign ofML, the flow conditions are either equal
to the conditions in the reference pointpL (outflow, ML > 0) or to the farfield values (inflow,
ML < 0):

~WR =

{
~W∞ for ML ≤−1
~WL for ML > 1

If the absolute value ofML is smaller than one, the face is lying on a subsonic boundary,for that
one can also distinguish between inflow and outflow, depending on the sign ofML.
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3.3.2 Subsonic Outflow

For the subsonic outflow case, the conditions for the flow approaching the boundary (indexapp)
is given by the flow conditions in the reference pointPL:

~Wapp= ~WL

while the conditions for the flow leaving the boundary (indexlve) are given by the infinity
values:

~Wlve = ~W∞

The pressure on the boundaryp( j) equals the pressure in the leaving flow:

pbnd = plve = pL. (3.16)

After having determined the leaving and approaching flow conditions and the boundary pres-
sure, the flow conditions on the outer side of the boundary canbe determined as

ρR = ρapp+
pbnd− papp

a2
0

uR = uapp−nx
b(b, i) · papp− pbnd

ρ0 ·a0

vR = vapp−ny
b(b, i) · papp− pbnd

ρ0 ·a0
(3.17)

wR = wapp−nz
b(b, i) · papp− pbnd

ρ0 ·a0
pR = pbnd

3.3.3 Subsonic Inflow

In the subsonic inflow case the values for the flow leaving the boundary are the flow conditions
in the reference point:

~Wlve = ~WL

while for the conditions of the flow approaching the boundarythe infinity values are taken:

~Wapp= ~W∞

The boundary pressurepbnd is given by the relation:

pbnd =
1
2
·




papp+ plve+ρ0 ·a0 ·





nx
b(b, i)

ny
b(b, i)

nz
b(b, i)



 ·










u
v
w





lve

−





u
v
w





app









 (3.18)

After having determined the leaving and approaching flow conditions and the boundary pres-
sure, the flow conditions on the outer side of the boundary canbe determined as

ρR = ρapp+
pbnd− papp

a2
0

uR = uapp+nx
b(b, i) · papp− pbnd

ρ0 ·a0

vR = vapp+ny
b(b, i) · papp− pbnd

ρ0 ·a0
(3.19)

wR = wapp+nz
b(b, i) · papp− pbnd

ρ0 ·a0
pR = pbnd
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The flux over the boundary is computed using the AUSM Scheme asdescribed in Part 2.3.1.

3.3.4 Nacelle Inflow Flux Computation

The simulation of the nacelle inflow is performed according to Rudnik [60]. Input parameter
is the mass flow ˙mre f . With a known fan areaAFan (geometric data, see Part 1.5.2), the area
relationεFan = A∞/AFan can be computed as:

εFan =
ṁre f

AFan ·M∞ ·√γ · p∞ ·ρ∞
(3.20)

From the free stream Mach number the free stream Laval numberLa∞ can be computed:

La∞ =

√

(γ+1) ·M2
∞

(γ−1) ·M2
∞ +2

. (3.21)

The free stream Mach number has to be determined from the freestream velocityu∞ and the
free stream pressure and density:

M∞ = u∞ ·
√

ρ∞
γ · p∞

.

The critical flow area relationA∗/A∞ can be determined from the equation

A∗

A∞
= La∞ ·

[
1− γ−1

γ+1 ·La2
∞

1− γ−1
γ+1

] 1
γ−1

. (3.22)

Employing the product of the critical area relation andεFan the fan Laval numberLaFan is
computed from the transcendent equation

εFan ·
A∗

A∞
= LaFan ·

[
1− γ−1

γ+1 ·La2
Fan

1− γ−1
γ+1

] 1
γ−1

. (3.23)

This equation is solved iteratively. The value ofLaFan of the last time step (initialized with zero
for the first time step) is used as a first estimate. Employing equation 3.23 the corresponding
product(εFan· A∗

A∞
)est can be calculated.

The difference∆A with

∆A = (εFan ·
A∗

A∞
)corr − (εFan ·

A∗

A∞
)est

multiplied with the derivative(εFan· A∗
A∞

)′est and scaled by a relaxation factor 0.5 gives the value
∆LaFan the currentLaFan has to be changed:

LaFan(n+1) =
1
2
· (LaFan(n)−∆LaFan)

The derivative can be calculated as:

(εFan·
A∗

A∞
)′est =

1

(1− γ−1
γ+1)

1
γ−1

· (1− γ−1
γ+1

·La2
Fan)

2−γ
γ−1 · (1− γ−1

γ+1
·La2

Fan · (1+2 · 1
γ−1

))
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The iterative process is executed until the difference∆A becomes smaller than a certain prede-
fined valueε. When the difference has become smaller the currentLaFan is taken as the result
from equation 3.23.

With the fan Laval number the Mach number at the fan inflow plane MFan can be determined
as:

MFan =

√

2 ·La2
Fan

(γ+1)− (γ−1) ·La2
Fan

(3.24)

The speed of sound at the fan face is given by

aFan =
a0,∞

√

1+ γ−1
2 ·M2

Fan

(3.25)

while the corresponding pressure can be computed as

pFan =
p0,∞

(

1+ γ−1
2 ·M2

Fan

) γ
γ−1

. (3.26)

The stagnation free stream values of the speed of sounda0,∞ and the pressurep0,∞ are derived
from:

a0,∞ = a∞ ·
√

1+
γ−1

2
·M2

∞

p0,∞ = p∞ ·
(

1+
γ−1

2
·M2

∞

) γ
γ−1

uFan = MFan ·aFan.

From these values the remaining flow quantities at the fan face can be computed:




u
v
w





Fan

= uFan·~SFan (3.27)

ρFan = ρ∞ ·
(

pFan

p∞

)1
γ

(3.28)

The vector~SFan describes a unit vector normal to the inflow plane. The determined quantities
are assigned to all points lying on the fan face boundary part.

3.4 Nacelle Exhaust Flux Computation

Input data for the calculation of the flow quantities at the nacelle outflow faces are the pressure
ratio p0,Ex/p∞ and the temperature ratioT0,Ex/T0,∞.

From the given ratios the stagnation exhaust temperatureT0,Ex and the stagnation pressurep0,Ex

can be determined:

T0,Ex =

(
T0,Ex

T0,∞

)

·T0,∞

p0,Ex =

(
p0,Ex

p∞

)

· p∞.
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The stagnation farfield temperature is given by:

T0,∞ =
p∞

ρ∞ ·ℜ ·
(

p0,∞

p∞

) γ−1
γ

,

while the stagnation density at the exhaust plane can be computed as:

ρ0,Ex =
p0,Ex

ℜ ·T0,Ex
.

Let Fb(b, i) be a boundary face of a boundary partb of the type ”Nacelle Exhaust”. The flow
variables in the boundary pointP( j1) = CP

Fb
(b, i) related toFb(b, i) are computed employing the

reference pointP( j2) = CPr
Fb

(b, i).

Employing some isentropic relationships the flow quantities can now be determined:

ρ( j1) = ρ0,Ex ·
(

p( j2)

p0,Ex

)1
γ





u( j1)
v( j1)
w( j1)



 =

√

2 · γ
γ−1

·
(

p0,Ex

ρ0,Ex
− p( j2)

ρ( j1)

)

·~Fb(b, i) · 1

|~Fb(b, i)|

The contribution to the mass flow over the exhaust plane can becomputed as:

(ṁre f)Fb = ~Fb(b, i) ·





u( j1)
v( j1)
w( j1)



 ·ρ( j1)

The resulting mass flow is composed of contributions coming from all exhaust boundary faces
(lying on the fan and core plane). The mass flow is then used as an input value for the determina-
tion of the flow quantities at the fan inflow face (see section 3.3.4). Therefore it is essential that
the quantities at the exhaust planes are determined before the inflow values can be computed.

3.5 Calculation of Pressure Forces

In order to compute the global lift and drag coefficients the forces implied by the pressure on
the contour are determined for the boundary parts on the surface of the configuration.

Let Fb(b, i) be a secondary boundary grid face of the boundary partb located on the surface
of the configuration. The point related to the face is given byP( j) = CP

Fb
(b, i). Figure 3.2

depicts the situation at the boundary. The size and the orientation of the boundary face is given
by the face normal vector~Fb(b, i). As can be seen in Figure 3.2 the vector of pressure forces
~Sp(b, i) = (Sx

p(b, i),Sz
p(b, i),Sy

p(b, i))T with {~Sp(m,n) |m= 1, . . .Nb,n = 1, . . .NFb(b)} for face

Fb(b, i) equals the product of normal vector~Fb(b, i) and the pressurep( j) in the respective
boundary point:

~Sp(b, i) =





Fx
b (b, i)

Fy
b (b, i)

Fz
b(b, i)



 · p( j) (3.29)

The forces are summed up in the three coordinate directions for the entire boundary part. All
positive components of the normal vectors inz-directions are also summed up in order to cal-
culate the projectionAz(b) with {Az(m) |m= 1, . . .Nb} of the surface to a plane withz= const:

Az(b) =
Nb

∑
i=1

[
Fz

b(b, i) if Fz
b(b, i) > 0

]
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~Fp(b; i) = p( j) �~Fb(i)P( j)p( j)
Figure 3.2: Computation of pressure forces

The drag coefficientcd(b) with {cd(m) |m= 1, . . .Nb} for the current boundary partb can then
be calculated as

cd(b) =
4 ·
(
cosα ·Sx

p(b, i)+sinα ·Sz
p(b, i)

)

u2
re f ·ρre f ·Az(b)

, (3.30)

while the lift coefficientcl with {cl (m) |m= 1, . . .Nb} can be calculated as

cl (b) =
4 ·
(
−sinα ·Sx

p(b, i)+cosα ·Sz
p(b, i)

)

u2
re f ·ρre f ·Az(b)

. (3.31)

In these equationsα denotes the incidence, whileure f andρre f denote the infinity values of
velocity and density.

Since in general there is more than one boundary part that contributes to the pressure forces,
the lift and drag coefficient of all respective boundary parts are summed up to form the global
coefficients.

3.6 Calculation of Viscous Forces

In order to compute the viscous contributions for the globallift and drag coefficient the forces
implied by the friction on the boundary are to be taken into account. The principle is the same
as it is for the calculation of the pressure forces (see 3.5),except the formulation of the vector
of forces differ. This vector is defined now

~Sv(b, i) =





τxxτxyτxz

τyxτyyτyz

τzxτzyτzz



 ·





Fx
b (b, i)

Fy
b (b, i)

Fz
b(b, i)



 (3.32)

with τi j being the tensor defining the viscous stresses.

3.7 Realization of Boundary Conditions

One can distinguish between two groups of boundary conditions: the types of the first group
require only the computation of an additional flux over the boundary face. This flux is adjoined
to the respective boundary points and treated as the interior fluxes. These boundary fluxes are
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computed together with the interior fluxes. The boundary types of this group are the Euler wall
and the farfield boundary.

The other group of boundary types include the symmetry planeand the engine inflow/exhaust
boundaries. In order to fulfill the conditions at these boundaries, the flow quantities in the
boundary points have to be modified. The modification of the quantities is performed before the
computation of the interior and the boundary fluxes. Hence, the modified flow conditions can
already be used in the computation of fluxes between the boundary points and their neighbors.

In order to avoid the change of the flow conditions that may violate the boundary conditions
during the time integration step, the fluxes that are computed for these points have to be mod-
ified. The fluxes of the momentum equations for the symmetry plane points are projected to
the plane, while the fluxes of all equations have to be set to zero for the points on engine in-
flow/exhaust boundaries. The modification of the fluxes has tobe performed after the interior
and boundary fluxes have been determined for the entire grid.



4 Turbulence models

4.1 The turbulent equations

The considered equations for turbulent flows are the mass-weighted (Favre) averaged Navier-
Stokes equations. Mass weighted quantities are indicated here by an overline bar. This leads to
the notation:

∂
∂t

Z Z

V

Z

~̄WdV= −
Z Z

∂V

¯̄F ·~ndS (4.1)

with the vector~̄W representing the averaged conserved quantities

~̄W =









ρ̄
ρ̄ū
ρ̄v̄
ρ̄w̄
ρ̄Ē









, (4.2)

and the inviscid (indicesi) and viscous (indicesv) fluxes

~̄F = ~̄Fi +
~̄Fv , ~̄G = ~̄Gi +

~̄Gv , ~̄H = ~̄Hi +
~̄Hv. (4.3)

The flux vectors are:

~̄Fi =









ρ̄ū
ρ̄ū2+ p̄
ρ̄ūv̄
ρ̄ūw̄
ρ̄H̄ū









, ~̄Fv = −










0
τ̄xx−ρ(u′)2

τ̄xy−ρu′v′

τ̄xz−ρu′w′

ūτ̄xx+ v̄τ̄xy+ w̄τ̄xz+κl
∂T̄
∂x −

∂ρH ′u′
∂x










, (4.4)

~̄Gi =









ρ̄v̄
ρ̄ūv̄
ρ̄v̄2 + p̄
ρ̄v̄w̄
ρ̄H̄v̄









, ~̄Gv = −










0
τ̄xy−ρu′v′

τ̄yy−ρ(v′)2

τ̄yz−ρv′w′

ūτ̄xy+ v̄τ̄yy+ w̄τ̄yz+κl
∂T̄
∂y −

∂ρH ′v′
∂y










, (4.5)

~̄Hi =









ρ̄w̄
ρ̄ūw̄
ρ̄v̄w̄
ρ̄w̄2 + p̄
ρ̄H̄w̄









, ~̄Hv = −










0
τ̄xz−ρu′w′

τ̄yz−ρy′w′

τ̄xx−ρ(w′)2

ūτ̄xz+ v̄τ̄yz+ w̄τ̄zz+κl
∂T̄
∂z −

∂ρH ′w′
∂z










. (4.6)

Following the eddy viscosity hypothesis the Reynolds stress tensor can be formulated as:

−ρu′iu
′
j = µt ·

(
∂ūi

∂x j
+

∂ū j

∂xi
− 2

3
δi j

∂ūk

∂xk

)

− 2
3

δi j ρ̄k (4.7)

83
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The last term in this equation contains the turbulent kinetic energyk, which is

k =
ū′i ū

′
i

2
(4.8)

The turbulent fluxes−ρH ′u′i can be expressed by the heat fluxes−ρu′iT
′ and an extra term

composed of a product of velocity fluctuations.

The heat fluxes are modeled by

−∂ρu′iT
′

∂xi
= κt

∂T̄
∂xi

, (4.9)

the extra termxtra is

xtra = σk
∂k
∂xi

, (4.10)

with
σk = µl +

µt

Prk
. (4.11)

Now, the turbulent equations can be closed by defining the eddy viscosityµt and the turbulent
kinetic energyk and a related Prandtl number Prk. The definitions depend on the turbulence
model. The different models used are described below. Assuming here thatµt andk are given
quantities the averaged total energy is:

Ē = ē+
ūiūi

2
+k (4.12)

with ē being the internal energy. Furthermore we define the effective viscosityµe f f

µe f f = µl +µt , (4.13)

the effective thermal conductivityκe f f

κe f f = κl +κt , (4.14)

the effective turbulent pressurep∗

p∗ = p̄+
2
3

ρ̄k, (4.15)

and the turbulent speed of soundc∗

c∗ =

√

γ
p∗

ρ̄
. (4.16)

The averaged pressure is calculated using the equation of state

p̄ = (γ−1)ρ̄ē (4.17)

and the total Enthalpy is

H̄ = Ē +
p∗

ρ̄
. (4.18)
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Now, we formally rewrite the fluxes, neglecting the overlinebars for marking average values.

~Fi =









ρu
ρu2+ p∗

ρuv
ρuw
ρHu









, ~Fv = −









0
τxx

τxy

τxz

uτxx+vτxy+wτxz+ke f f
∂T
∂x −σk

∂k
∂x









, (4.19)

~Gi =









ρv
ρuv
ρv2+ p∗

ρvw
ρHv









, ~Gv = −









0
τxy

τyy

τyz

uτxy+vτyy+wτyz+ke f f
∂T
∂y −σk

∂k
∂y









, (4.20)

~Hi =









ρw
ρuw
ρvw
ρw2+ p∗

ρHw









, ~Hv = −









0
τxz

τyz

τxx

uτxz+vτyz+wτzz+ke f f
∂T
∂z −σk

∂k
∂z









(4.21)

with the stresses
τi j = µe f f ·Si j . (4.22)

Following this notation in the codeµ, κ and the pressurep are substituted by their turbulent
counterpartsµe f f, κe f f andp∗, respectively. Neglecting the turbulent contributions, i.e.µe f f = 0
andk= 0, leads again to the Navier-Stokes equations for laminar flows (also the extra term van-
ishes). This implementation allows in a straightforward manor to switch between the turbulent
and the laminar equations.

4.2 Turbulence modeling in the DLR TAU-Code

Currently the DLR TAU-Code provides two classes of turbulence models

• RANS turbulence models

– One-equation turbulence models based on the Spalart-Allmaras model

– Two-equation turbulence models based on the Wilcoxk-ω model

– Explicit algebraic Reynolds stress models (EARSM) based onk-ω model

• DES models (coupling RANS in boundary layers and LES in separation regions)

– SA-DES (DES based on Spalart-Allmaras original model)

– MeSST-DES (DES based on Menter SSTk-ω model)

– XLES (DES based on NLR TNTk-ω model and one-equation SGS model)

4.2.1 Preliminary relations for eddy-viscosity models

We introduce the following notation for the rate-of-straintensor

S(~u) =
1
2
(~∇~u+~∇~uT)− 1

3
~∇ ·~u I
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or in componentwise notation

(S(~u))i j =
1
2

(
∂ui

∂x j
+

∂u j

∂xi

)

− 1
3

∂uk

∂xk
δi j .

The strain rate for compressible flowsS is given by

S
2 ≡ 2S(~u) : S(~u) =

1
2
(~∇~u+~∇~uT) : (~∇~u+~∇~uT)− 2

3
(~∇ ·~u)2

or equivalently in componentwise notation

S
2 ≡ 2S(~u) : S(~u) =

1
2

(
∂ui

∂x j
+

∂u j

∂xi

)(
∂ui

∂x j
+

∂u j

∂xi

)

− 2
3

(
∂uk

∂xk

)2

Using the eddy-viscosity hypothesis for compressible flows. the turbulent stress tensor can be
written as

−ρ~u′′⊗~u′′ = µt

(

~∇~u+~∇~uT − 2
3
~∇ ·~u I

)

− 2
3

ρkI

or componentwise

τi j ≡−ρu′′i u′′j = µt

(
∂ui

∂x j
+

∂u j

∂xi
− 2

3
∂uk

∂xk
δi j

)

− 2
3

ρkδi j

From this relation the production of turbulent kinetic energy becomes

P = −ρ~u′′⊗~u′′ : ~∇~u = µtS
2− 2

3
ρk~∇ ·~u .

4.3 Spalart-Allmaras type turbulence models

The Spalart-Allmaras turbulence model is a one-equation model with a transport equation di-
rectly formulated for the eddy viscosity. The part of the reynolds-stress tensor containing the
turbulent kinetic energy is neglected, i.e.k = 0. Currently the following SA type model are
implemented

• Spalart-Allmaras model original version

• Spalart-Allmaras model with Edwards modification

• Spalart-Allmaras model modified version

• Strain-adaptive Spalart-Allmaras (SALSA) model
(but this model is not just yet available in a release versionof TAU)

In the present implementation a variable density is considered which leads to the following
equation:

∂ρν̃
∂t

+
∂ρui ν̃

∂xi
= P+

(
∂

∂xi

(
µl + µ̃

σ
∂ν̃
∂xi

)

+ρ
cb2

σ
(

∂ν̃
∂xi

)2
)

−D (4.23)

The terms on the RHS of the turbulence transport equation represent production, gradient diffu-
sion and the wall destruction of the turbulent kinematic viscosity, respectively. The production
is defined as

P = cb1ρS̃ν̃ (4.24)
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The destruction is defined as

D = cw1 fwρ(
ν̃
d
)2 (4.25)

with d being the wall-distance.̃νl is the laminar kinematic viscosity.νt is the turbulent kine-
matic viscosity. ν̃ equalsνt except in the buffer layer, it is modified in order to account for
the wall-near viscous region. For stability reasons (especially in multigrid mode) we limit
ν̃ = MAX(ν̃,0). The eddy viscosity is defined as:

µt = ρνt νt = fv1ν̃ fv1 =
X 3

X 3+c3
v1

X =
ν̃
νl

(4.26)

The definition of the production term (i.e. the definition ofS̃) and the definition of the destruc-
tion term (i.e. the definition of the wall-blockage functionfw) depends on the version of the
turbulence model considered.

4.3.1 Spalart-Allmaras model – Original version

The originally proposed version of the model by Spalart and Allmaras [66] represents the total
production of turbulence by a modified magnitude of the vorticity:

S̃= |~ω|+ ν̃
κ2d2 fv2 (4.27)

with

~ω =





wy−vz

uz−wx

vx−uy



 (4.28)

and

fv2 = 1− X

1+X {⊑∞
X =

ν̃
νl

(4.29)

The wall-blockage function needed for the formulation of the destruction term is:

fw = g

[

1+c6
w3

g6+c6
w3

]1/6

(4.30)

with the limiter functiong:
g = r +cw2(r

6− r) (4.31)

and

r =
ν̃

S̃κ2d2
(4.32)

The fv2 function in this formulation can lead to numerical problems, because of a negative
regime. Thus̃Salso can become negative. For that reason the implementation is:

r =
ν̃

MAX(S̃,ε)κ2d2
ε = 10−16 (4.33)
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4.3.2 Edwards version

A second version of the model considered is according to Edwards [21]. The differences relate
mainly to the modeled near-wall behavior. This formulationavoids negative values of̃Sand is
numerical more stable:

S̃= [
1
X

+ fv1]

√
(

∂ui

∂x j
+

∂u j

∂xi

)
∂ui

∂x j
− 2

3

(
∂uk

∂xk

)2

(4.34)

and

r = tanh

(
ν̃

S̃κ2d2

)

/ tanh(1.0) (4.35)

For numerical reasons we limitX = MAX( ν̃
νl

,10−16) and we modified the computation of the

r-function usingMAX(S̃,10−16) instead ofS̃.

4.3.3 Initial, freestream and boundary conditions

As initial conditions we prescribe reference conditions for ν̃ in the whole flow regime. The
reference turbulent viscosity is an input parameter determining the ratio to the laminar kinematic
viscosityν̃/νl . The default is a low turbulence (ν̃/νl << 1), as it is expected in laminar flow. At
inflow boundaries the kinematic viscosity is set according to the specific boundary parameters.
The no slip wall condition for̃ν is ν̃ = 0.

4.3.4 Model constants

The following empirical coefficients are used in the above described equations. Note, that the
constantsct3 andct4 are according to Spalart [66].

κ = 0.41 , cb1 = 0.1355, cb2 = 0.622, cw1 =
cb1

κ2 +
cb2 +1

σ
,

cw2 = 0.3 , cw3 = 2.0 , cv1 = 7.1 (4.36)

4.3.5 Strain-adaptive Spalart-Allmaras (SALSA) model

The strain-adaptive Spalart-Allmaras model was proposed by Rung et al.,
see [62]. The modified production term is given by

P = cb1 ρ S̃ ν̃ C∗
µ

with

C∗
µ = cb1

√
Γ , Γ = min[cΓ,1 , max(γ , cΓ,2)] , γ = max(α1 , α2)

α1 =

(

1.01
ν̃

S̃κ2d2

)0.65

, α2 = max
(

0 , 1− tanh
( χ

68

))0.65

where two options for the coefficientscΓ,1 andcΓ,2 are available: For transonic cruise flight
cΓ,1 = 1.2 andcΓ,2 = 0.8 and for subsonic high liftcΓ,1 = 1.5 andcΓ,2 = 0.6.
The modified destruction term becomes

D = cw11 fwρ
(

ν̃
d

)2

, cw11 = C∗
µ

cb1

κ2 +
1+cb2

σ
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The parameterr is given by

r = min

(

1 ,

√
ρ0,∞

ρ
ν̃

S̃κ2d2

)

, ρ0,∞ = ρ∞

(

1+(γ−1)
Ma2

2

) 1
γ−1

, S̃=
√

2tr{S2}.

4.4 Two-equationk-ω models

Currently the following two-equationk-ω models are implemented

• Wilcox k-ω model

• Menter Baseline model

• Menter SSTk-ω model

• NLR TNT k-ω model

• Wilcox SSTk-ω model

• The Menter two-layerk-ε model

• LEA k-ω model

4.4.1 The Wilcoxk-ω

The Wilcoxk-ω model (cf. [80], p. 121 with model constants given in [80], p.129) computesµt

from the formula

µt = ρ
k
ω

wherek andω are the solution of

∂(ρk)
∂t

+~∇ · (~uρk)−~∇ ·
(

(µ+σkµt)~∇k
)

= P̃ −βkρkω

∂(ρω)

∂t
+~∇ · (~uρω)−~∇ ·

(

(µ+σωµt)~∇ω
)

= γ
ρ
µt
P −βωρω2

or equivalently in componentwise notation

∂(ρk)
∂t

+
∂

∂x j
(u jρk)− ∂

∂x j

(

(µ+σkµt)
∂k
∂x j

)

= P̃ −βkρkω

∂(ρω)

∂t
+

∂
∂x j

(u jρω)− ∂
∂x j

(

(µ+σωµt)
∂ω
∂x j

)

= γ
ρ
µt
P −βωρω2

where the production in thek-equation is limited by

P̃ = min( P ; ClimitPkε ) with ε = βkρkω

whereClimitPk is a user-chosen constant with defaultClimitPk = 1000.0 and with model constants

βk = 0.09 , γ = 0.55555556, σk = 0.5 , σω = 0.5 .

andβω is calculated from the log-layer relation

βω = βk

(

γ+
σωκ2
√

βk

)

, κ = 0.41

which impliesβω = 0.07521.
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4.4.2 The Menter baseline model

The underlying idea of the baseline model proposed by [51] isa blending of the Wilcoxk-ω
model in the inner part of the boundary layer and thek/ε model in the outer part of the boundary
layer. The aim is to obtain both the accuracy in the near-wallregion of the Wilcoxk-ω model
and the freestream independence in the outer part of the boundary layer of thek/ε model. For
this purpose, thek/ε model is transformed into ak-ω formulation. The difference between both
formulations is that an additional cross-diffusion term appears in theω equation and that the
modeling coefficients are different.
In the baseline modelk andω are the solution of

∂(ρk)
∂t

+~∇ · (ρ~uk)−~∇ ·
(

(µ+µtσk)~∇k
)

= P̃ −βkρkω

∂(ρω)

∂t
+~∇ · (ρ~uω)−~∇ ·

(

(µ+µtσω)~∇ω
)

=
γρ
µt
P −βωρω2

+2σω2(1−F1)
ρ
ω

~∇k ·~∇ω

The coefficientsφ ∈ {σk, σω, γ, βω} of the model are interpolated using the blending formula

φ = F1φ1+(1−F1)φ2

between those of thek-ω model,φ1 ∈ {σk1, σω1, γ1, βω1} (inner layer), and those of thek/ε
model,φ2 ∈ {σk2, σω2, γ2, βω2} (outer layer)

Inner layer : σk1 = 0.5, σω1 = 0.5, γ1 = 0.555556, βω1 = βk

(

γ1 +
σω1κ2
√

βk

)

Outer layer : σk2 = 1.0, σω2 = 0.857, γ2 = 0.44, βω2 = βk

(

γ2+
σω2κ2
√

βk

)

with κ = 0.41,βk = 0.09 and using the blending functionF1 given by

F1 = tanh(arg4
1) , arg1 = min

(

max

( √
k

βkωy
;
500ν
y2ω

)

;
4ρσω2k
CDkωy2

)

CDkω = max

(

2ρσω2
1
ω

~∇k ·~∇ω ; 10−20
)

Substitution givesβω1 = 0.07522 andβω2 = 0.08282.
The functionF1 controls the blending of the model coefficients and the crossdiffusion term.
ThereforeF1 has to be one in the near-wall region and in the logarithmic layer and has to tapper
off to zero well within the wake region of the boundary layer in order to prevent the freestream
dependence of thek-ω model.
The production limiter was devised by Menter for the following reason: In regions of small
values forω, erroneous spikes ofνt can occur. These might stem from the termνtω−1S 2 in the
νt = k/ω equation. This production term can be amplified by small values forω. As a remedy
the production term is limited.

4.4.3 The Menter SST model

The Menter SST model (see [51]) is a further improvement of the Menter baseline model.
Between the two models, there are the following two differences. First, the coefficients in the
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inner layer are changed to

Inner layer : σk1 = 0.85, σω1 = 0.5, γ1 = 0.555556, βω1 = βk

(

γ1+
σω1κ2
√

βk

)

.

Second, the so-calledshear-stress correctionis introduced:

µt = min

(
ρk
ω

;
a1ρk

ΩF2

)

(4.37)

with

F2 = tanh(arg2
2) , arg2 = max

(

2

√
k

βkωy
;

500ν
y2ω

)

(4.38)

Ω =
√

2Ω : Ω , Ωi j =
1
2

(
∂ui

∂x j
− ∂u j

∂xi

)

(4.39)

wherea1 = 0.31 is the Bradshaw constant. The underlying idea is to remedythe tendency
of two-equation models to overestimate the shear stress, inparticular for flows with adverse
pressure gradients. For this purpose a bound on the stress-intensity ratiou′v′/k is imposed. The
limitation of νt ensures thatu′v′/k≤ a1, with a1 = 0.31.

4.4.4 The NLR TNT-modification of thek-ω model

The objective of the turbulent/non-turbulent (TNT) interface analysis of [38] is to solve the
freestream dependency of the Wilcoxk-ω model. Againµt = ρk/ω andk andω are given by
the solution of

∂(ρk)
∂t

+~∇ · (~uρk)−~∇ ·
(

(µ+σkµt)~∇k
)

= P̃ −βkρkω

∂(ρω)

∂t
+~∇ · (~uρω)−~∇ ·

(

(µ+σωµt)~∇ω
)

= γ
ω
k
P −βωρω2+CD

where the cross-diffusion term is given by

CD = σd
ρ
ω

max
(

~∇k ·~∇ω , 0
)

.

The model constants are given by

βk = 0.09 , γ = 0.55555556, σk =
2
3

, σω = 0.5 , σd = 0.5 .

andβω is again calculated from the log-layer relation

βω = βk

(

γ+
σωκ2
√

βk

)

, κ = 0.41 .

4.4.5 The Wilcoxk-ω model with SST correction

The Wilcoxk-ω model with SST correction is based on the standard Wilcoxk-ω model. It uses
the same coefficients as the standard Wilcox model. Put in other words, no blending between
inner and outer layer as for the Menter baseline model and theMenter SST model is used.
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As a modification of the standard model, this model uses the same shear-stress correction as
proposed by the Menter SST model

µt = min

(
ρk
ω

;
a1ρk

ΩF2

)

with

F2 = tanh(arg2
2) , arg2 = max

(

2

√
k

βkωy
;

500ν
y2ω

)

Ω = 2Ω : Ω , Ωi j =
1
2

(
∂ui

∂x j
− ∂u j

∂xi

)

wherea1 = 0.31 is the Bradshaw constant.

4.4.6 The Menter two-layerk-ε model

The Menter two-layerk-ε model is essentially the Menter Baseline model. The only differ-
ence between both models is that the Menter two-layerk-ε model uses the following set of
coefficients for inner and outer layer resp.

Inner layer : σk1 = 0.5, σω1 = 0.4, γ1 = 0.555556, βω1 = βk

(

γ1 +
σω1κ2
√

βk

)

Outer layer : σk2 = 1.0, σω2 = 0.857, γ2 = 0.44, βω2 = βk

(

γ2+
σω2κ2
√

βk

)

where the modified coefficientσω1 = 0.4 may be motivated from the corresponding coefficient
σε appearing in thek-ε model after transforming theε-equation into an equation forω, see [80],
Chapter 4.

4.4.7 LEA k-ω model by Rung

The LEAk-ω model by Rung is derived from the RQEVM by Rung (see [61]) and is described
also in [24], pp.25. The eddy viscosity is computed by

µt =
C∗

µ

Cµ
ρ

k
ω

wherek andω are the solution of thek-ω equations from the standard Wilcoxk-ω model and

C∗
µ =

β1

1− 2
3η2 +2ξ2

, Cµ = 0.09
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with

η2 =
β2

3 S2

8
, ξ2 =

β2
2 Ω2

2

β1 =
4
3 −C2

2g
, β2 =

2−C4

2g
, β3 =

2−C3

g

g = f1(C1−1)+
S2

4+1.83
√

0.8Ω2+0.2S2

f1 = 1+0.95

(

1− tanh

(
S2

4.6625

))

C1 = 2.6 C2 = max

(

0.4 ;
1.5S1.7

17.1+1.875S1.7

)

, C3 = 1.25 , C4 = 0.45

S =
1

Cµω

√

2tr{S2} , S =
1
2
(~∇~u+~∇~uT)− 1

3
~∇ ·~u I

Ω =
1

Cµω

√

−2tr{Ω2} , Ωi j =
1
2

(
∂ui

∂x j
− ∂u j

∂xi

)

.

wheretr{A}= Akk denotes the trace ofA.

4.5 Explicit algebraic Reynolds stress models (EARSM)

4.5.1 Preliminary remarks on EARSM

In explicit algebraic Reynolds stress models (EARSM) the turbulent stress tensor−ρ~u′′⊗~u′′ is
given by an explicit algebraic relation. From this relationthe production of turbulent kinetic
energy can be directly computed as

P = −ρ~u′′⊗~u′′ : ~∇~u

4.5.2 The EARSM by Wallin and Johansson

In the EARSM by Wallin and Johansson (cf. [76]) the Reynolds stresses are modeled by

−ρu′′i u′′j = 2Ce f f
µ kŜi j − 2

3
ρkδi j − ρkaex

i j

where the effectiveCµ-coefficient is given by

Ce f f
µ = −1

2
(β1+ IIΩβ6) ,

with extra anisotropyaex
i j

aex=β3(Ω̂2− 1
3

IIΩI)+β4(ŜΩ̂− Ω̂Ŝ)

+β6(ŜΩ̂2+ Ω̂2Ŝ− IIΩŜ− 2
3

IV I)+β9(Ω̂ŜΩ̂2− Ω̂2ŜΩ̂) .

The normalized mean strain and rotation tensors are defined as

Ŝi j =
τ
2

(
∂Ui

∂x j
+

∂U j

∂xi

)

− τ
3

∂Uk

∂xk
δi j , Ω̂i j =

τ
2

(
∂Ui

∂x j
− ∂U j

∂xi

)

,
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where the turbulent timescale is defined by

τ = max

(
k
ε
, Cτ

√
ν
ε

)

, ε = βkkω

From this it can be seen that the effective eddy viscosityνt becomes

νt = Ce f f
µ ρkτ .

Moreover we introduce the extra stress tensorbex stemming from the extra anisotropyaex, viz.,

bex = ρkaex

The invariants are defined by

IIS= tr{Ŝ2} , IIΩ = tr{Ω̂2} , IV = tr{ŜΩ̂2} , V = tr{Ŝ2Ω̂2}

wheretr{A}= Akk denotes the trace ofA and with

II eq
S =

405c2
1

216c1−160
.

Theβ-coefficients are given by

β1 = −N(2N2−7IIΩ)

Q
, β3 = −12N−1IV

Q
,

β4 = −2(N2−2IIΩ)

Q
, β6 = −6N

Q
, β9 =

6
Q

,

with the denominator

Q =
5
6
(N2−2IIΩ)(2N2− IIΩ) .

For two-dimensional mean flows and most three-dimensional flows, it is sufficient to takeN =
Nc where

Nc =







c′1
3 +(P1+

√
P2)

1/3 +sign(P1−
√

P2) |P1−
√

P2|1/3 if P2 ≥ 0
c′1
3 +2(P2

1 −P2)
1/6cos

(

1
3 arccos

(

P1√
P2

1−P2

))

if P2 < 0

where the arccos function should return an angle between 0 and π and

P1 = (
1
27

(c′1)
2+

9
20

IIS−
2
3

IIΩ)c′1 , P2 = P2
1 −
(

1
9
(c′1)

2+
9
10

IIS+
2
3

IIΩ

)3

and

c′1 =
9
4
(c1−1− 2

3
τ

∂Uk

∂xk
) .

For two-dimensional mean flow,̂S2D
i j has to be replaced by the compressible two-dimensional

strain rateŜ2D
i j which is defined by

Ŝ2D
i j =

τ
2

(
∂Ui

∂x j
+

∂U j

∂xi

)

− τ
2

∂Uk

∂xk
δ2D

i j , where δ2D
i j =

{

0 if i = j = 3

δi j otherwise.
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Alternatively, this can be written as

Ŝ2D = Ŝ− τ
2
~∇ ·~U

(

I
2D − 2

3
I

)

Regarding theβ-coefficients, the simplifications for two-dimensional floware

β1 = −6
5

Nc

N2
c −2IIΩ

, β4 = −6
5

1
N2

c −2IIΩ
, β3 = β6 = β9 = 0.

Finally, the five model constants are specified by Wallin and Johansson as

Cτ = 6.0 , c1 = 1.8 , B2 = 1.8 , C′
y1 =

2.4
26.0

, C′
y2 =

0.003
26.0

.

As the two-equation background model for the 2D EARSM by Wallin&Johansson, the standard
Wilcox k-ω model is applied (cf. [77]).
The two-equation background model for the 3D EARSM by Wallin&Johansson is the NLR
TNT k-ω model (cf. [77]). In both casesP is computed from the relation

P = −ρ~u′′⊗~u′′ : ~∇~u = µtS
2 − 2

3
ρk~∇ ·~u − bex : ~∇~u .

with

S
2 ≡ 2S(~u) : S(~u) =

1
2
(~∇~u+~∇~uT) : (~∇~u+~∇~uT)− 2

3
(~∇ ·~u)2 .

4.5.3 The Hellsten EARSM

Hellsten devised a modified set of coefficients for thek-ω background model when used with
the Wallin & Johansson EARSM as constitutive model, see [30]. The only difference between
the constitutive EARSM is that Hellsten uses a modified definition of c′1 (suggested in [76], eq.
(77),(78)), viz.,

c′1 =
9
4

[
c1−1+CD max( 1+βeq

1 IIS ; 0 )
]

where

βeq
1 = − 6

5
Neq

(Neq)2−2IIΩ
, Neq =

9c1

4
, CD = 2.2.

Moreover,Cµ is computed using the following relation (see [22], eq.(2.39))

Ce f f
µ =

3
5

N
N2−2IIΩ

which is valid for two- and three-dimensional mean flows and can be obtained by substituting
β1 andβ6 into the the formula forCe f f

µ in the Wallin & Johansson EARSM. Thek-ω equations
read

∂(ρk)
∂t

+~∇ · (~uρk)−~∇ ·
(

(µ+σkµt)~∇k
)

= P̃ −βkρkω

∂(ρω)

∂t
+~∇ · (~uρω)−~∇ ·

(

(µ+σωµt)~∇ω
)

= γ
ω
k
P −βωρω2+CD

whereP is computed as in the Wallin&Johansson EARSM and the cross-diffusion term is given
by

CD = σd
ρ
ω

max
(

~∇k ·~∇ω ; 0
)

.
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The coefficientsφ ∈ {σk, σω, γ, βω, σd ,κ} of the model are interpolated using the blending
formula

φ = fmixφ1+(1− fmix)φ2

between the set of inner layer coefficientsφ1 ∈ {σk1, σω1, γ1, βω1 σd1 ,κ1}, and the set of outer
layer coefficientsφ2 ∈ {σk2, σω2, γ2, βω2 σd2 ,κ2}

Inner layer : σk1 = 1.1, σω1 = 0.53, γ1 = 0.518, σd1 = 1.0 , κ1 = 0.42

Outer layer : σk2 = 1.1, σω2 = 1.00, γ2 = 0.440, σd2 = 0.4 , κ2 = 0.3795

and

βω1 = βk

(

γ1 +
σω1κ2
√

βk

)

, βω2 = 0.0828, βk = 0.09

The mixing functionfmix is based on the idea of Menters BSL model. It returns a value equal
to one almost up to the edge of the boundary layer and tappers off quickly at the outer edge and
equals zero in the free stream and in laminar regions. Hellsten proposed to set

fmix = tanh(CmixΓ4) , Cmix = 1.5 , Γ = min[ max( Γ1 ; Γ2 ) ; Γ3 ]

where

Γ1 =

√
k

β∗ωd
, Γ2 =

500µ
ρωd2 , Γ3 =

20k

max[d2(~∇k ·~∇ω)/ω ; 200k∞]

with d being the distance to the closest wall andk∞ denoting the user-specified free-stream value
of k.

4.5.4 RQEVM k-ω model by Rung

The RQEVMk-ω model by Rung is described in [61]. The Reynolds stresses aremodeled by

−ρu′′i u′′j = −2ρkbi j − 2
3

ρkδi j

where the anisotropy tensor of the Reynolds stressesbi j is given by the formula

bi j = − νt

k

[

Si j +β2
k
ε
(

SikΩk j +S jkΩki
)
−β3

k
ε

(

S
2
i j −

1
3

δi j S
2
kk

) ]

with ε =Cµkω andA
2
i j = AikAk j, A

2
j j = A jkAk j for some tensorA. The mean strain and rotation

tensors are defined as

Si j =
1
2

(
∂Ui

∂x j
+

∂U j

∂xi

)

− 1
3

∂Uk

∂xk
δi j , Ωi j =

1
2

(
∂Ui

∂x j
− ∂U j

∂xi

)

.

The effective eddy viscosity is computed by

µt = ρνt , νt = C∗
µ

k2

ε
, Cµ = 0.09 , ε = Cµkω

and

C∗
µ =

β1

1− 2
3η2 +2ξ2
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with

η2 =
β2

3 S2

8
, ξ2 =

β2
2 Ω2

2

β1 =
4
3 −C2

2g
, β2 =

2−C4

2g
, β3 =

2−C3

g

g = f1(C1−1)+
S2

4+1.83
√

0.8Ω2+0.2S2

f1 = 1+0.95

(

1− tanh

(
S2

4.6625

))

C1 = 2.6 C2 = max

(

0.4 ;
1.5S1.7

17.1+1.875S1.7

)

, C3 = 1.25 , C4 = 0.45

S =
1

Cµω

√

2tr{S2} , S =
1
2
(~∇~u+~∇~uT)− 1

3
~∇ ·~u I

Ω =
1

Cµω

√

−2tr{Ω2} , Ωi j =
1
2

(
∂ui

∂x j
− ∂u j

∂xi

)

.

wheretr{A}= Akk denotes the trace ofA.
The background two-equation model is the standard Wilcoxk-ω model whereP is computed
from the relation

P = −ρ~u′′⊗~u′′ : ~∇~u .

4.6 Vortical Correction Models

While advances have been made in second moment closure and LES/DES methods, a significant
majority of computational fluid modeling in industry is still undertaken with simpler one- and
two-equation Reynolds Averaged Navier-Stokes (RANS) closures. An important ingredient in
this class of model is the adoption of the linear Boussinesq stress-strain hypothesis in linking
mean velocity field gradients to the fluid stress. There are well-known deficiencies of this
hypothesis (e.g. see Chapter 6, ”Turbulence Modeling for CFD”, Wilcox. D.C.), particularly
with respect to flows which experience mild to severe streamline curvature influences, adverse
pressure gradients, system rotation, and three-dimensional effects. It is useful to require that
the system equations are invariant upon a change of reference frame or coordinate system. This
requires that the form of the equation remains unchanged, sothat no additional source/sink
terms appears as a consequence of the transformation. Equations which display this property are
termed asinvariant , and it is desirable that model equations are invariant upontransformation
from one reference frame to another. The simplest form of invariance is known as Galilean
invariance (GI) where the equations are identical in any twoinertial reference frames (frames
which move with a constant relative velocity). In general, transformations to rotating coordinate
systems cannot be done in a frame invariant manner and additional source/sink terms (related to
additional acceleration components) will appear in the model equations. These additional terms
act to suppress or magnify the production of turbulence stresses. A demonstration is afforded in
the following thought experiment, the motivation of which comes from Durbin (Section 7.2.2)
[Durbin, P.A., ”Statistical theory and modeling for Turbulent Flows”, Wiley and Sons, 2000].
The geometry of the experiment is illustrated in fig. (4.1). Acylindrical coordinate basis is
chosen for the coordinate system, with unit normalse1 ande2 illustrated in the figure. For
simplicity only a two-dimensional flow is chosen, so that thecoordinates are given byx1 = RΦ,
andx2 = r. R is a constant in the following discussion. Assuming that theflow remains attached
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to the body, then in the vicinity of the wall the velocity vector is given byU(x1,x2) = Ue1. The
arclengthdS traveled by a fluid element is given bydS= RdΦ. Differentiating both left and
right side with respect to time, the angular velocity of the fluid element is written asΩ =±U/R,
with sign being determined by the direction of the angular velocity (A right handed coordinate
system is assumed).

Figure 4.1: Attached flow over both convex and concave surfaces.

The components for the velocity gradient tensor are given by

Ui, j =






0 −U(r)
R 0

∂U(r)
∂r 0 0
0 0 0




 . (4.40)

Production of shear generated turbulence is defined as

Pi j = −uiu j
∂Ui

∂x j
, (4.41)

with components being given by

Pi j =






−2uv∂U(r)
∂r −v2 ∂U(r)

∂r +u2U
R 0

−v2 ∂U(r)
∂r +u2U

R 2uvU
R 0

0 0 0




 . (4.42)

The kinetic energy is conventionally defined as

1
2

(P11+P22) = −uv

(
∂U
∂r

−U
R

)

. (4.43)

Using the terms of the production tensor allows an estimate of curvature influence on the tur-
bulence levels. Along a convex wall the velocity will increase in the radial direction so that
∂U(r)

∂r ≥ 0.0. Note that the two terms within the brackets off the right-hand side for the turbulent
kinetic energy are opposite signed, so that the influence of convex curvature is to decrease the
production of kinetic energy. For a concave wall, the radialmomentum component decreases so
that both terms are negative and total production is then enhanced. The influence of curvature
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will increase asR is decreased, and from Bradshaw it is shown that the relativemagnitude of
curvature and shear can be estimated as

U/R
∂U(r)

∂r

∼ δ∗U(r)
Ru∗

, (4.44)

whereδ∗ is the displacement thickness, andu∗ is the friction velocity. Curvature effects become
important whenδ∗

R ≥ u∗
U . From Bradshaw (p-164), if the radius of curvature is less than that

about twenty times the displacement thickness, then curvature will exert a significant influence.
If an eddy viscosity formulation is now adopted, so that

uv= νT
∂U(r)

∂r
, (4.45)

thenP11 ∝ ∂U(r)
∂r

2
> 0 so that the production termP11 will be overestimated in a convex flow.

P22 ∝ −U ∂U(r)
∂r /R and in a concave flowU/R and ∂U(r)

∂r are of opposite sign andP22 > 0, am-
plifying the wall normal component. The normal stress is responsible for the shear production
but, from eqn. (4.42), becausev2 enters the expression forP22 with a negative sign an increase
in v2 along a concave surface will increase the magnitude ofuv. The influence of curvature can
also be written as

δ∗
R

≥ u∗v2

Uu2
. (4.46)

Since the ratio ofv2/u2 is less than one in the vicinity of a wall (influence of wall-damping
on the normal velocity component), the influence of curvature plays a more significant role in
the shear stressuv than in the turbulent energy equation. It can also be shown that a rotation

Ω contributes a term 2Ω
(

u2−v2
)

to the shear stress budget. Near a wall, whereu2 > v2, the

shear production is enhanced for a positive rotation and reduced when the sign of the rota-
tion changes. These example illustrates how the simple Boussinesq closure for the turbulence
stresses can over- or under-predict the level of turbulent kinetic energy, depending on the nature
of the flow. As noted by Spalart and Schur[1996], thin shear flows with weak rotation/curvature
and homogenous rotating shear flow are reasonably understood. In the first case there is a signif-
icant influence on the levels of turbulent shear stress, whilst for the other case a strong rotation
reduces the levels of turbulent stress. Additional, the strong rotation found in a free vortex core
has a significant influence on levels of turbulent kinetic energy within the vortex core.

Simple Frame Invariant models

In this section, reliance is placed upon the notation developed by Einstein and others in the
treatment of tensor fields. As suggested by the example shownin the previous section, the
failure of Reynolds Averaged Navier-Stokes solutions in the presence of coordinate system
rotation and streamline curvature are due to deficiencies ofthe linear Boussinesq stress-strain
hypothesis. Principally, the problem is that of a proper turbulent flow description within a semi-
empirical modeling framework! Enhancement and suppression of turbulent production cannot
be accurately modeled by conventional turbulence closures, and it is difficult to describe system
rotation/curvature effects in an invariant manner. Knightand Saffman [1978] proposed using
the gradient of the angle between the main axes of the the strain rate tensor and the inertial
coordinate system with respect to time. Generally, earlierstudies proposed that the equations
could be sensitized to rotation by using non-invariant expressions of the formU/R whereU
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is a scale velocity andR is the streamline curvature radius. Some models of this nature will
be discussed shortly, but first models which display frame invariance for simple situations are
described. Influenced by the ideas of Knight and Saffman, Spalart and Schur [1977] proposed
the following sensor for system and streamline curvature

E∗ =
Sjk

SmnSmn

(
ωik + εi jkΩ j

)DSi j

Dt
, (4.47)

whereSi j = 0.5∗
(
ui, j +u j ,i

)
is the symmetric part of the strain rate tensor, andωik = 0.5∗

(
ui, j −u j ,i

)
is the anti-symmetric part of this tensor. The symbolεpqr is the permutation symbol

which has the character of an oriented Cartesian tensor.Ω j is defined as the rotation vector of the
coordinate system. The Lagrangian (or convective) derivative of the symmetric strain rate con-
tribution is not a tensor, so that the above expression is only invariant for simple cases. The pro-
duction term of the Spalart-Allmaras eddy viscosity transport equation is given byP = cb1S̃ν̃T ,
and in order to mimic the influence of rotation/curvature theproduction term can be modified by
a rotation functionP∗ = P fr1 where fr1(r∗, r̃) which is a function of rotation/curvature sensors
r∗ and ˜r. For the SARC model, the rotation function is given by the following equation

fr1(r
∗, r̃) = (1+cr1)

2∗ r∗

1+ r∗
[
1−cr3 tan−1(cr2r̃)

]
−cr1. (4.48)

Note thatΩn is a component of the reference frame angular velocity. The quantitiesr∗ and ˜r
are defined as

r∗ = S/ω, (4.49)

and (4.50)

r̃ = 2ωikSjk

[
DSi j

dT
+
(
εimnSjn + ε jmnSin

)
Ωm

]

/D4. (4.51)

The usual definitions forSi j andωgh apply whereby they are the symmetric and anti-symmetric
part of the stress tensor respectively (with an additional contribution from system rotation):

Si j = 0.5∗
(
ui, j +u j ,i

)
, (4.52)

and (4.53)

ωgh = 0.5∗
[(

ug,h−uh,g
)
+2εmhgΩm

]
. (4.54)

Finally, S2 = 2Si j Sji , ω2 = 2ωi j ωi j andD2 = 0.5
(
S2+ω2

)
.

The form of the equation forfr1 is chosen to ensure that, as the strain tensor vanishes, the func-
tion becomes insensitive to ˜r. For thin shear flows without curvature ˜r = 0 andr∗ = 1, so that
fr1 = 1.0, thus returning the original eddy viscosity production term for the Spalart-Allmaras
model. The original coefficient are set as default values within the TAU-Code, and these have
been based on the wingtip calculations of Daccles-Mariani et al. for whichcr1 = 1.0 has been
recommended. Tests based on curved and rotating boundary layers were also used (by Spalart
and Schur) to tunecr2 = 12 andcr3 = 1.0. The two coefficientscr1 andcr3 can be modified
by the user via the parameter file (see User Guide). Spalart and Schur note that an inverse tan
function was chosen to allow a large slope of ˜r without requiring large values of ˜r, however
this comes at a cost. A smoother should always be applied to the field of computedfr1 for the
SARC and SSARC models, since small differences in the argument to the inverse tan function
are magnified by the function and act to destroy the smoothness of the computed vortical cor-
rection field.
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Restricted Further simplification of the SARC models

Under special conditions, further simplification of the SARC model can be undertaken. For
convenience we write eqn.(4.48) in the form presented by Kozlov et al. [Distinctive Features of
the Turbulent Flow in a Trailing Vortex, ”Fluid Dynamics, Vol. 39, 1, 2004, pp 69.75].

F =
2(1+cr1)(R+cr4)

(1+cr4)(R+1)
[1−cr3iarctan(cr2E∗)]−cr1 (4.55)

Here R2 = Si j Si j /(ωnmωnm) andC4 is set to zero to recover eqn. (4.48). In the absence of
rotation or streamline curvature effects in simple shear flows thenE∗ = 0 (r̃ in eqn. (4.48)
andR = 1, so that the original SA model is recovered. However, at small values of streamline
curvature thenE∗ << 1 andR≈ 1 so that thearctan function can be expanded as a power series
and the following form returned:

F ≈ 1− (1+cr1)cr2cr3E. (4.56)

The use of this form of the rotation correction function is appropriate, for example, in an at-
tached boundary layer on a slightly curved surface. In this case the influence of curvature is
expressed through the parameterscr1..cr3. Kozlov et al. propose the following values for the
coefficient set

cr1 = 0.09
(

1+0.06
νt

ν

)

(4.57)

cr2 =
24

(1+cr1)cr3
(4.58)

cr3 = 0.55 (4.59)

cr4 = 0.02 (4.60)

It is this form of the SARC model that is activated when the parameter ”Kozlov modification”
is set to one.

Additional comment for the SARC model

Recalling eqn. (4.51), an estimate of the spatial gradientsof the strain field is required in order
to computefr for the SARC correction. At the present time, a measure of thesecond spatial
derivative of the velocity field is estimated as

Si j ,k = D(Si j ) (4.61)

whereD() is the standard gradient operator in TAU. At presentD() is can be either a Green-
Gauss or a least-squares based algorithm. On structured grids with uniform grid spacing, the
exact gradient can be written in terms of the gradient operator D() as

dφ
dxj

= D(φ)+O(△2
j ), (4.62)

for both the Green-Gauss and the Least-squares operators. However, it can be argued that the
computation of second-order gradients (as required for thegradients of the strainSi j ) is incon-
sistent in that the magnitude of the numerical error cannot be guaranteed to be bounded below
the value of the second-order gradient. Additionally, the order ofD() is reduced by one order
in the near boundary regions. Studies by Lele (AIAA 89-0374 (unpublished)) suggest that if
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the approximation order is one less than the order of the numerical scheme, the overall accu-
racy of the scheme should not be damaged so this latter consideration may not be of a serious
nature. In cases where the flow field is not sufficiently smooth, problems might be observed
in the application offr with the least-squares gradient reconstruction and it is recommended
that the user switch back to the Green-Gauss formulation. The SSARC model is based upon
an unpublished simplification of the SARC model by Spalart and co-workers, and so it cannot
be discussed in detail in this document. Suffice to say that for steady state one-dimensional
and two-dimensional flows under moderate rotation/curvature the SSARC model returns results
similar to the more complex SARC model and appears to be useful. However, at high curvature
and rotation rates the use of this model will result in qualitatively incorrect behavior. Thus the
user is warned that this model should only be used for steady state two-dimensional problems
with low to moderate rotation/curvature influences. In order to determine what constitutes an
moderate curvature, the user is directed to Bradshaw (p-164), where it is qualitatively shown
that if the radius of curvature is than that about twenty times the displacement thickness, then
curvature will exert a significant influence. To date the behavior of the SSARC model has
been as expected in simple steady one and two dimensional flows, and the user might choose
to use the SSARC model in preference to the SARC model under these circumstances. Ad-
ditional computational costs arise only for the SARC model.since the gradients of the stress
tensor must be evaluated. Additionally developers are warned that the treatment of the block
rotational velocities is relevant for the SARC model, sincethe block rotational velocities are
directly included inside the SARC formulation.

Simple Non-Invariant models

This class of models have been developed specifically to ensure that the production of turbu-
lence is reduced in free vortex cores for eddy viscosity turbulence models. If the production
of turbulence within the vortex core is not reduced, then theturbulent eddy viscosity is over-
predicted in this region which leads to rapid dissipation ofthe vortex. Theflower variant again
modifies the production term of the Spalart-Allmaras eddy viscosity transport equation. Using
the notation adopted in the previous section, the functionfr1) is now only a function ofr∗ and
is written as follows:

fr1(r∗) = 1+cr f min(0, r∗−1) (4.63)

so that whenS>> ω → the production modifierfr1 = 1, and is decreased when vorticity domi-
nates the strain. The coefficientcr f has been tuned against some wing-tip vortical flows and has
a default value of 4. In order to improve the behavior of thek−ω solutions in vortex dominated
flows, Kok et al. [2001] have considered two modifications of the source terms as a function
of r∗. The first modification suggested was an extension of the existing k-equation production
term limiter, still using the dissipation term as a limiter but now choosing the limiter coefficient
as a linear function ofr∗. The form of this limitation is as follows:

Pk = min(Pk, [Ck1 +Ck2min(0, r∗−1)]ρε) ,

where the two model coefficientsCk1 andCk2 are greater that zero. With this limitation, the
production of turbulence kinetic energy inside a vortex core is reduced and it may even be
turned into a dissipation term. However, for non-equilibrium boundary-layer flows, a value
of Ck1 close to unity can result in an unphysical reduction of the turbulence production. Kok
et al. have suggested settingCk1 = 2.0 andCk2 = 2.0 in equilibrium boundary layers and 8.0
elsewhere. In TAU this particular modification has been implemented. Before discussing the
Kok modification that is currently implemented in the TAU-Code, it is useful to write out the
production terms that are found in thek andω− equations. Recall that the eddy viscosity is
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written as

νT = α∗ρk
ω

.

Note that in the standardk−ω model the coefficienta∗ is equal to one. The production terms
for thek−ω model are then written as

Pk = τi j ui j = νtS
2− 2

3
ρkui,i (4.64)

Pω = α
ω
k

τi j =
αω
k

Pk = αα∗ρS2− 2
3

αρωui,i (4.65)

The modification of Kok et al. that has been implemented inside the TAU-Code leaves the pro-
duction term of thek−equation unchanged, and modifies the production term of theω−equation
instead.

Pω = αα∗ρmax
(
ω2,S2) .

Note that the contribution associated with the dilation hasbeen ignored. Dividing and multi-
plying the above equation byω2 enables the component of theω−equation production source
term to be written as

Pω = αα∗ρω2max
(

r∗
2
,1
)

(4.66)

The production of turbulent dissipation can then be writtenas a function offr1,

Pω = αα∗ω2 fr1(r∗)

where

fr1(r∗) = max(r∗
2
,1).

In regions of the flow wherer∗ <= 1, for example in an attached boundary layer, the production
term remains unchanged. However, when the vorticity magnitude exceeds the strain magnitude
the production of the dissipation is increased. This has theeffect of reducing the dissipation of
the turbulence kinetic energy and thereby lowering the levels of modeled eddy viscosity. There
are no tuning coefficients associated with this model.

4.7 Detached-eddy simulation

Detached-eddy simulation (DES), first devised in [67], provides a single non-zonal formulation
for using a RANS model in boundary layers and to switch to LES mode in regions of massive
separation.

4.7.1 Spalart-Allmaras original model with DES modification

The Spalart-Allmaras original model with DES modification [67] is based on the one-equation
model by Spalart-Allmaras model (see [66]) for the eddy viscosity.

∂
∂t

(ρν̃)+~u ·~∇(ρν̃)−~∇ ·
(

µl +ρν̃
σ

~∇ν̃
)

−ρ
cb2

σ
(~∇ν̃)2 = Pν − εν

whereµl is the laminar viscosity, and production termPν and destruction termεν being defined
as

Pν = cb1ρS̃ ν̃ , εν = cw1 fwρ(
ν̃
d̃
)2
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This is exactly the original SA-model, except that the length scaled resp. d̃ in the destruction
term is modified. In the SA-model,d is the distance to the nearest wall. In the DES model,d is
replaced withd̃, which is defined as

d̃ = min( d , CDES∆) with ∆ = max(∆x,∆y,∆z)

where∆x,∆y,∆zdenote the grid spacing inx-, y-, andz-direction resp. Defining∆ = max(∆x,∆y,∆z)
ensures RANS behavior in boundary layers asd ≪ ∆, although∆y≪ d and the ratio between
(∆x∆y∆z)1/3 andd is unclear.
Calibration of the LES-mode for decaying homogeneous isotropic turbulence suggests the value
CDES= 0.65.
It can be seen from balancing production and destruction term Pν = εν that the model then re-

duces formally tõνS̃ ∼
( ν̃

∆
)2

which is the Smagorinsky modelνSGS∼ S̃ ∆2.
The remainder of the model is defined as the original SA-model.
Moreover, the low-Re modification of the DES length-scale byStrelets is implemented

d̃ = min( d , ΨCDES∆) with Ψ2 =
1−cb1 fv2/(cw1κ2 f ⋆

w)

fv1

with f ⋆
w = 0.427. The original formulation by Strelets includes the parameter ft2 accounting for

laminar-turbulent transition, but this version is currently not implemented.
The aim of this modification is to disable the low-Re (near-wall damping) terms of the SA-
model in the LES-mode in the near-wall region of a low-Re number flow, which are not in
agreement with the desired Smagorinsky like SGS model behavior. Moreover, this formula
ensures that the damping terms are active in RANS mode and that the modification does not
lead to a discontinuity ofνt at the RANS/LES interface.

4.7.2 Menter SSTk-ω model with DES modification

A formulation of detached-eddy simulation based on the Menter SSTk-ω RANS model [51]
was devised in [69].
The DES length scale is defined as

l̃ = min(lk−ω,CDES∆) lk−ω =
k1/2

βkω
(4.67)

wherelk−ω denotes the length scale from thek-ω model and∆ is given as in the SA-DES model.
The DES modification of thek-ω model in [69] is based on the idea to keep the formulation
as simple as possible with the only restriction that at equilibrium the resulting subgrid model
should reduce to a Smagorinsky-like modelνt ∼ S ∆2.
Following this idea, the only term modified is the dissipative term of thek-transport equation:

ε ≡ Dk
RANS = ρβkkω = ρ

k3/2

lk−ω
(4.68)

Then the DES modification consists in replacingl with l̃ from 4.67, resulting in

ε ≡ Dk
DES = ρ

k3/2

l̃
(4.69)

The constantCDES is obtained in two steps. First, for both thek-ω and thek-ε branch separated
calibrations ofCDES in decaying homogeneous isotropic turbulence are performed. Then, the
two values obtained are blended using Menter’s blending functionF1

CDES = (1−F1)C
k−ε
DES + F1C

k−ω
DES, with Ck−ε

DES= 0.61 , Ck−ω
DES = 0.78 .
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4.7.3 Extra-large eddy simulation XLES

The XLES model [39] can be described at follows:

• In the RANS formulation, the TNTk-ω model [38] is used.

• In the LES formulation, thek-equation SGS model is employed. Therein,k is given by
the solution of thek-equation of the TNTk-ω model with modified dissipation term (see
below).

• The SGS filter width, i.e., the length scale∆ in LES mode, is defined problem-specific
but independent of the grid (explicit filtering).

The difference between RANS mode and LES mode lies in the modeling of the eddy viscosity
and the dissipation term in thek-equation, for which different length scales are used:

Mode eddy viscosity length scale dissipation
RANS νt = l

√
k l =

√
k/ω ε = βkk3/2l−1

LES νt = l
√

k l = C1∆ (grid-independent) ε = C2k3/2∆−1

The composition of the RANS and LES models is obtained by replacing the length scales in the
eddy viscosity and dissipation formulation by a composite length scalẽl

l̃ = min( l , C1∆ ) , νt = l̃
√

k , ε = βk
k3/2

l̃

which can be rewritten as

νt = min

(
k
ω

, C1∆
√

k

)

ε = max

(

βkωk , C2
k3/2

∆

)

with C2 = βk/C1 in order to makeνt andε switch simultaneously.
For thek-ω model, the TNT set of coefficients is employed. The coefficient C1 has been cali-
brated toC1 = 0.06 for decaying homogeneous isotropic turbulence.

4.8 Scale-Adaptive Simulation Models

The Scale-Adaptive Simulation (SAS) concept applied to a RANS model is based on the in-
troduction of the von Karman length scale into the turbulence scale equation. The information
provided by the von Karman length scale allows SAS models to dynamically adjust to resolved
structures in a RANS simulation, which results in a LES-likebehavior in unsteady regions of
the flowfield. At the same time, the model provides standard RANS capabilities in stable flow
regions.
The SAS modification consists of an additional term which is added to the right hand side of
theω-equation of the SST model

QSST−SAS = ρFSAS·max

[

ζ̃2κS 2 L
LvK

− 2k
σφ

·max

(

|~∇k|2
k2 ,

|~∇ω|2
ω2

)

, 0

]
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with van Karman length scaleLvK given by

LvK = κ
S

U ′′ , U ′′ = ||(~∇2u1 , ~∇2u2 , ~∇2u3)
T || =

√
√
√
√

d

∑
i=1

(
d

∑
j=1

∂2ui

∂x2
j

)2

and with constants

κ = 0.41 , ζ̃2 = 1.755, σφ =
2
3

, FSAS= 1.25 .

4.9 Implementation details

4.9.1 Limitation of k and omega

For an increased robustness a limitation on the turbulent quantities is employed, which is de-
signed to letk andomegaunchanged for a converged solution but to limit the quantities during
the transitional phase or to avoid not physical values (as e.g. negative values), which may occur
locally. A maximum and a minimum threshold on the turbulent intensity is used to bound the
turbulent kinetic energy. The upper limit is defined such it should not be reached. The cut of at
the lower limit should not influence the solution:

TUmax = 0.800,
TUmin = 1.e−8

(4.70)

This implies absolute limits for thek in relation to the local velocity field:

kmax = 1.5∗TUmax
2∗ (u2+v2+w2 +ueps

2)
kmin = 1.5∗TUmin

2∗ (u2+v2 +w2)
(4.71)

with ueps
2 = 0.05∗ure f

2, which is usually a negligible contribution to this term, but it avoids
kmax going to small in flow regions with small velocities. The local k is used after its limitation
to find a lower bound forω

ωmin = MAX(
√

k
d̄2 ,

ρk
µt,max

) (4.72)

with µt,max being an upper limit for the eddy viscosity (parameter input), which should not be
set lower than some thousand times the laminar viscosity (default is 20000·µt). d̄ is the local
wall distance ford̄ > δ and is limited tod̄ = δ elsewhere in order not to limitω too strong very
near the wall inside the boundary layer.δ is a characteristic length related to the boundary layer
thickness.

4.9.2 Initial, freestream and boundary conditions

As initial conditions, when starting from scratch farfield values are assigned to all grid points.
Farfield (or inflow) conditions fork andomegaare

k∞ = 1.5∗TU∞
2∗u∞

2

ω∞ = k∞
µt,∞

(4.73)

In case of an inflow boundary (e.g. engine exhaust condition)the related reference values of the
specific boundary are used instead of the infinity-values. The wall boundary conditions are

kwall = 0.0
ωwall = 10∗ ( 6µl

D2βk1
)

(4.74)
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with the model constantβk1 = 0.09 andD being the distance of the near point to the wall (where
y+ is measured), which should satisfy the requirement to have asmooth wall sublayer behavior
at least ify+ is lower than 3.

4.10 Transition modeling

In order to guarantee laminar flow over surfaces which are flagged for laminar treatment, we
limit the production in those regions to be smaller or equal the turbulent destruction. Thus, the
information is needed for each node, if it is closer to a ’laminar’ or to a ’turbulent’ no slip wall.
We simply enhance the property of the variabled (see equation 4.25) by computing̃d:
d̃ = −d for field points near a ’laminar no slip wall’
d̃ = +d for field points near a ’turbulent no slip wall’
Now, the wall distance isd = |d̃|
In addition we introduced the parameterδmax. On points withd̃ < 0 and|d̃| < δmax we perform
the above described limitation. The default value ofδmax is infinity. Using this value the pa-
rameter has no effect. However, it can be used to bound the region of limiting the production of
turbulence.

4.11 Wall functions (Near-wall modeling)

The aim of hybrid (or grid-independent) wall-functions is to provide a boundary condition at
solid walls that enables flow solutions independent of the location of the first grid node above
the wall. The two classical wall boundary conditions are low-Re and high-Re type boundary
conditions. Thelow-Re boundary conditionimposes no-slip at the wall and requires a low-
Re grid withy+(1) ≈ 1. Thehybrid-Re boundary conditionis an improvedhigh-Reboundary
condition, prescribing the wall-shear stress and no-penetration at the wall. The RANS equations
are solved only down to the first grid node above the wall and are matched with an adaptive wall
function solution at the first grid node above the wall. The low-Re restriction is no longer valid
for hybrid-Re b.c.
The implementation can be most easily understood by starting with

d
dt

Z

V
~W dV = −

Z

∂V
F ·~n dS+

Z

∂V
Fv ·~ndS

whereV is an arbitrary control volume with closed boundary surface∂V, and~n is the unit
normal vector in outward direction. The vector of conservative variables~W, and the convective
and viscous flux tensorF andFv resp. are given by

~W =





ρ
ρ~u

ρ(cvθ+ 1
2~u·~u)



 , F =





ρ~u
ρ~u⊗~u + pI

ρE~u+ p~u



 , Fv =





0
T

T~u−~q





If V is a boundary cell then the inviscid fluxes across the boundary vanish and the task is to
impose suitable viscous fluxes. The boundary cells are half cells in the sense that the corre-
sponding grid nodes are located on the boundary. For the standard low-Re boundary condition,
the fluxes across the wall are set to zero and the correct Dirichlet values are prescribed for the
conservative variables momentum and energy (if the wall is isothermal).
Concerning the hybrid wall-function boundary condition, the standard approach for cell-centered
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type FVM, i.e., to simply modifyµt in the boundary cell, cannot be used. Therefore, as a bound-
ary condition the fluxes across the wall are prescribed. We use the approximation

T ·~n = (I−~n⊗~n) T · ~n + ~n⊗~n T · ~n ≈ − τw~ut ,

where~ut is a vector whose direction is given by the projection of the velocity (at the first node
above the wall) parallel to the wall and which is of unit magnitude. The normal contribution of
the wall-shear stress is neglected. Now we describe howτw is computed.
We introduce the non-dimensional variables (so-called plus units)

u+ =
u
uτ

, y+ =
yuτ
ν

, ν+
t =

νt

ν
, ν̃+ =

ν̃
ν

, k+ =
k
u2

τ
, ω+ =

ων
u2

τ

Suppose a universal hybrid law of the wall for velocity (i.e., magnitude of wall parallel velocity
as a function of distance from the wall) is known in either of the two forms

u+ = F(y+) ⇔ u
uτ

= F
(yuτ

ν

)

resp. y+ = F−1(u+) ⇔ yuτ
ν

= F−1
(

u
uτ

)

.

Then the matching condition at each first node above the wall (at wall-distanceyδ, say) dictates
that the wall-parallel components of the RANS solutionuRANSand the wall-functionuWF are
equal at wall distanceyδ

uRANS(yδ) = uWF(yδ)

From the universal wall lawuWF(y) = uτF(yuτ/ν), so we obtain

F
(yδuτ

ν

)

=
uRANS(yδ)

uτ
resp. F−1

(
uRANS(yδ)

uτ

)

=
yδuτ

ν

which can be solved foruτ using Newton’s method and then we setτw = ρu2
τ.

We use one wall law for all SA-models and one wall-law for allk-ω models, viz.,

FSA,a = (1−φSA)FSp,5+φSAFRei,m , φSA= tanh(arg) , arg =

(
y+

24

)3

Fkω,a = (1−φkω)FSp,3+φkωFRei,m , φkω = tanh(arg) , arg =

(
y+

50

)2

which are constructed via blending from the following classical wall laws

FRei,m = (1−φb1)FRei+φb1Flog , φb1 = tanh(arg) , arg =

(
y+

27

)4

y+ = F−1
Sp,N(u+) with F−1

Sp,N(u+) ≡ u+ +e−κB

(

eκu+ −
N

∑
n=0

(κu+)n

n!

)

u+ = FRei(y
+) with

FRei(y
+) ≡ ln(1+0.4y+)

κ
+7.8

(

1−e−
y+

11.0 − y+

11.0
e−

y+

3.0

)

FRei,m = (1−φb1)FRei+φb1Flog , φb1 = tanh(arg) , arg =

(
y+

27

)4

The turbulent heat flux ˙qw is then computed from the relation

q̇w =
cpuτ(θW −θ(yδ))

θ+(y+
δ )

,
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with wall temperatureθW, temperature at first node above the wallθ(yδ) and wall-function
θ+(y+

δ ) given by

θ+(y+) ≡
{

Pr y+, if y+ ≤ Rθ

Cθ(2ln(y+

Rθ
)+1)

1
2 , if y+ > Rθ

,

with Rθ = 8.0,Cθ = PrRθ, which is by smooth aty+ = Rθ by construction.
The boundary conditions for̃ν in the SA type models and fork in thek-ω-type models remain
unchanged. As far as the boundary condition forω is concerned, it turns out to be superior to
use the approach by Wilcox: We imposeω at the first node above the wall (and correspondingly
set the fluxes forω to zero for the first cell above the wall)

At first off-wall node: ω = φωb1 +(1−φ)ωb2 , φ = tanh(arg4) , arg =
y+

10

with the blending formula

ωb1 = ωvis+ωlog , ωb2 =
(

ω1.2
vis +ω1.2

log

)1/1.2

and the asymptotic relations

Asymptotic: ωvis =
6ν
βy2 , ωlog =

uτ
√

βkκy
.



5 Accuracy Improvements

5.1 Introduction

The performance of many existing compressible codes, originally implemented for transonic
or supersonic problems, degrades as the Mach number of the computed flow tends to zero.
Moreover, the lower the Mach number is, the more the accuracyof the solution and the more
the iterative convergence degrades. However, the need of computing low Mach number flows
or locally compressible flows is more and more frequently encountered in engineering. This
is among other things due to the fact that when the variationsof the temperature cannot be
neglected the incompressible flow equations can no longer beused even if the onflow Mach
number is low.

A typical example for such a configuration in aerodynamics isthe flow over a multi-element
airfoil at high angle of attack. In Figure 5.1 it can be seen that although the flow against the
airfoil is of low Mach number and a spacious part of the flow region is incompressible with
locally low Mach numbers, there occur significant compressibility effects in other regions of
the flow, in particular in the neighborhood of the airfoil.

To describe such flow effects in this chapter we consider for an open domainD ⊂ R
3 the Euler

equations for a three-dimensional flow

u(x, t) = (u1(x, t),u2(x, t),u3(x, t)), (x, t) ∈ D× (0,∞)

in conservative variablesw1 := (ρ,ρu1,ρu2,ρu3,ρE) written as

∂w1

∂t
+

3

∑
i=1

∂f(i)

∂xi
= 0, x = (x1,x2,x3), (5.1)

where the mappingsf(i) := f(i)(w1), i = 1,2,3, are given by

f(1) =









ρu1

ρu2
1+ p

ρu1u2

ρu1u3

ρHu1









, f(2) =









ρu2

ρu1u2

ρu2
2+ p

ρu2u3

ρHu2









and f(3) =









ρu3

ρu1u3

ρu2u3

ρu2
3+ p

ρHu3









. (5.2)

Here the quantitiesρ := ρ(x, t), E := E(x, t) andH = E + p/ρ describe the density, the total
Energy per unit mass and the total enthalpy per unit mass. Thepressurep := p(x, t) is given by
the equation of state for a perfect gas

p = (γ−1)ρ
(

E− ‖u‖2
2

2

)

(5.3)

110
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Mach_number
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Ma = 0.22

Figure 5.1: Flow over a multi-element airfoil at angle of attack α =21.4° and inflow Mach
number 0.22

whereγ denotes the ratio of specific heats and‖u‖2 the Euclidean norm of the fluid speed,

‖u‖2 =
√

u2
1+u2

2 +u2
3.

Our goal is to find an approximate solution of (5.1) for flow problems of mixed compressible
and incompressible type that is part of the flow region is incompressible with locally low Mach
numbers, whereas there occur significant compressibility effects in other regions of the flow.
For simplicity in our analysis we only consider Euler’s equation. The examples presented in
Section 5.7 also include Navier-Stokes test cases.

Physically the difficulty in solving the compressible Eulerequations (5.1) for low Mach num-
bers are associated with the large disparity of the acousticwave speed and the waves convected
at fluid speed. Mathematically the resulting system of equations is stiff and the allowed time
step size to compute an approximate steady state solution of(5.1) is usually so small that con-
vergence of the iterates is too slow. Moreover, usually the accuracy of computed values such
as the C-lift or C-drag is deteriorated. The stiffness of thesystem can either be shown by a
spectral analysis of Euler’s equation (see Section 5.3) or by a perturbation analysis of the low
Mach number limit (see [73, Chapter 2]).

To this end several so called preconditioning methods have been suggested by many authors to
improve the convergence properties of explicit Runge-Kutta methods applied to solve (5.1) (see
e.g. [70, 78, 16, 5]). All these methods are based on the following idea. We are interested in a
steady state solution of (5.1) that is a solution which satisfies

3

∑
i=1

∂f(i)

∂xi
= 0.

Hence, we can multiply the time derivative of (5.1) with somematrix valued mappingP :=
P(w1) ∈ R

5×5 which approximately slows the speed of the acoustic waves down towards the
fluid speed. In the literature these mappings are called preconditioners. They often do not de-
pend only on the local values of the fluid, furthermore several parameters need to be determined
to ensure efficiency of these preconditioners when applied in numerical algorithms for find-
ing an approximate solution of (5.1). Mathematically thesepreconditioners try to reduce the
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stiffness of the original system to improve the convergencespeed of the explicit Runge-Kutta
methods applied to compute a steady state solution of (5.1).

Although many articles have been concerned with the definition of preconditioners to the au-
thor’s experience only a few work has been spent on a mathematical investigation on the effect
these preconditioners have in a numerical scheme. Furthermore, often the choice of appropriate
parameters seems to be an open problem.

Besides explicit Runge-Kutta methods one considers implicit methods to solve (5.1). These
methods have the advantage that the time step size to computean approximate solution can
be chosen much larger when compared with an explicit scheme.Hence, we expect that for
an implicit scheme no preconditioning is necessary to reachdesirable convergence rates. On
the other hand, general implicit methods require a high amount of fast memory and usually
a nonlinear system of equations needs to be solved in each time step. For large scale three-
dimensional flow problems the complexity and time period to setup and solve such systems
is often not acceptable or it is even impossible. Moreover, frequently a good initial guess for
Newton’s method applied to solve the nonlinear system is notat hand. Therefore, during the
last few years methods which lie in between explicit and implicit Runge-Kutta methods have
been developed to overcome these problems. One of these methods, the so-called LUSGS-
method (see Dwight [20] for more details and Figures 5.11–5.13), is implemented in the DLR
TAU-Code. For an investigation of implicit upwind schemes we refer to [74]. Unfortunately
such kind of methods frequently do not have the same stability when compared with the explicit
methods.

In this chapter we consider preconditioning methods for explicit Runge-Kutta methods applied
to find approximate steady state solutions of (5.1). In Section 5.2 we recall some theoretical
results concerning Euler’s equation. Moreover, since we want to have some freedom in the
definition of certain preconditioners we reformulate Euler’s equation with respect to an appro-
priate set of variables. Section 5.3 deals with a spectral analysis of Euler’s equation and the
definition of a preconditioner. This preconditioner can be interpreted as a generalization on
many other preconditioners discussed in the literature so far. The effect of the preconditioner
on the spectrum will be investigated in Section 5.4. The choice of the parameters occurring
in the preconditioners is the topic of Section 5.5. Moreover, in the latter section we will also
suggest some parameter choice rules for the preconditioner. In Section 5.7 we will compare in
numerical examples the different parameter choice rules. In particular, we will show that a new
implemented parameter choice rule yields numerically morestability than the one which was
originally implemented in the DLR TAU-Code.

5.2 Representation of preconditioners

Before we discuss preconditioners for the Euler equation (5.1) let us give some comments con-
cerning their implementation. Assume we have a formulationof Euler’s equation (5.1) in some
set of variablesq, that is (5.1) is replaced by

∂q
∂t

+
3

∑
i=1

A(i)
q

∂q
∂xi

= 0, (5.4)

where

A(i)
q =

∂f(i)

∂q
, i = 1,2,3. (5.5)
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On the other hand, for example due to a theoretical analysis or only for simplicity, a precondi-
tionerP(w) is formulated for another set of variablesw. Hence, to applyP(w) we need to carry
equation (5.4) over into the variablesw and multiplicate the second term on the left hand side
by the preconditioner, that is we replace (5.4) by

∂w
∂q

∂q
∂t

+P(w)
3

∑
i=1

A(i)
w

∂w
∂q

∂q
∂xi

= 0.

Since(∂w/∂q)−1 = ∂q/∂w we obtain

∂q
∂t

+P(q)
3

∑
i=1

A(i)
q

∂q
∂xi

= 0, (5.6)

where

P(q) :=
∂q
∂w

P(w)
∂w
∂q

and A(i)
q :=

∂q
∂w

A(i)
w

∂w
∂q

(5.7)

denote the operators with respect to the change of coordinates. In particular, usually Euler’s
equation is given in conservative variablesq = w1, which yields using (5.5)

∂w1

∂t
+P(w1)

3

∑
i=1

∂f(i)

∂xi
= 0. (5.8)

Now, if we want to carry (5.8) over into another set of variablesr and the preconditioner is only
given for the set of variablesw, as above using the formula (5.7) forP(w) we obtain from (5.8)

∂r
∂t

+
∂r

∂w1

∂w1

∂w
P(w)

∂w
∂w1

3

∑
i=1

∂f(i)

∂xi
=

∂r
∂t

+Γ(r ,w)
3

∑
i=1

∂f(i)

∂xi
= 0

where

Γ(r ,w) :=
∂r
∂w

P(w)
∂w
∂w1

. (5.9)

Altogether, if we have formulated Euler’s equation (5.1) inconservative variablesw1 and if we
have a preconditioner for the set of variablesw and if we want to have a formulation of Euler’s
equation in the set of variablesr , the corresponding Euler’s equation is given by (5.9) and the
preconditioner is denoted byΓ(r ,w). Finally, we need to rewrite the time derivative into the
conservative variablesw1, that is we solve the preconditioned Euler equation

∂w1

∂t
+

∂w1

∂r
Γ(r ,w)

3

∑
i=1

∂f(i)

∂xi
= 0. (5.10)

These considerations give us some freedom in the formulation and for the analysis of precondi-
tioners since it allows the choice of any suitable variables.

To solve Euler’s equation (5.1) we apply a central difference scheme. To ensure numerical
stability additional artificial dissipative terms are required. One usually adds a second difference
to control oscillations near shocks and a fourth differenceto damp high frequency oscillations
(see Jameson et al. [32]). That is, instead of (5.10) we may solve the equation

∂w1

∂t
+

∂w1

∂r
Γ(r ,w)

3

∑
i=1

∂
∂xi

(

f(i) +Γ(r ,w)−1N(i)
D (r ;κ2,κ4)

)

= 0 (5.11)
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where

N(i)
D (r ;κ2,κ4) := κ2ρ(P(r)A(i)

r )
∂r
∂xi

+κ4ρ(P(r)A(i)
r )

∂3r
∂x3

i

and
ρ(A) := max{|λ| : det(λI −A) = 0}

denotes the spectral radius of a matrixA ∈ R
n×n. The valuesκ2,κ4 ≥ 0 are usually fixed pa-

rameters which are chosen beforehand. In the literature many other possibilities to determine
an artificial dissipation for numerical stability have beensuggested. Note that at the outset any
reasonable method approximating the integrals with takingcare of the flow field

Z

∂Ω
f(i)(w1)nids(y)

can be used to stabilize a numerical scheme to solve (5.1).

5.3 Spectral Analysis of Euler’s equation

Let us start this section by carrying out a spectral analysisof Euler’s equation. For this purpose
an appropriate set of variables is either given by the so-called entropy variables

w0 := (p,u1,u2,u3,s),

wherebys denotes the entropy determined ass= ln(p/ργ) or by the primitive variables

w4 := (p,u1,u2,u3,T) ,

whereT denotes the temperature. We use the latter set of variables.Then, by a change of
coordinates (5.1) reads in the variablesw4

∂w4

∂t
+

∂w4

∂w1

3

∑
i=1

∂f(i)

∂w4

∂w4

∂xi
= 0. (5.12)

To obtain explicit expressions for the mappings

B(i)
4 :=

∂w4

∂w1

∂f(i)

∂w4
, i = 1,2,3, (5.13)

an explicit calculation of the terms∂f(i)/∂w4 and ∂w4/∂w1 is required. To explicitly com-
pute∂w1/∂w4 and its inverse∂w4/∂w1 we use the definitions

z1 := ρ, z2 := ρu1, z3 := ρu2, z4 := ρu3 and z5 := ρE (5.14)

and consider the mapping

ξ :









z1

z2

z3

z4

z5









7→












(γ−1)
(

z5− z2
2+z2

3+z2
4

2z1

)

z2
z1z3
z1z4
z1

(γ−1)
(

z5
z1
− z2

2+z2
3+z2

4
2z2

1

)












.
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A straightforward computation shows thatξ maps the conservative variablesw1 to the primitive
variablesw4, that isξ(w1) = w4. For instance, due to the equation of state for a perfect gas (5.3)
we have

ρE =
p

γ−1
+

‖u‖2
2

2

=
p

γ−1
+

1
2

(
z2
2

z1
+

z2
3

z1
+

z2
4

z1

)

.

and therefore

p = (γ−1)

[

z5−
1
2

(
z2
2

z1
+

z2
3

z1
+

z2
4

z1

)]

. (5.15)

Now, using the relation∂w4/∂w1 = ∂ξ/∂z we have

∂w4

∂w1
=













(γ−1)
z2
2+z2

3+z2
4

2z2
1

(1− γ)z2
z1

(1− γ)z3
z1

(1− γ)z4
z1

(γ−1)

−z2
z2
1

1
z1

0 0 0

−z3
z2
1

0 1
z1

0 0

−z4
z2
1

0 0 1
z1

0

(γ−1)
(

z2
2+z2

3+z2
4

z3
1

− z5
z2
1

)

(1− γ)z2
z2
1

(1− γ)z3
z2
1

(1− γ)z4
z2
1

γ−1
z1













=












(γ−1)
‖u‖2

2
2 (1− γ)u1 (1− γ)u2 (1− γ)u3 (γ−1)

−u1
ρ

1
ρ 0 0 0

−u2
ρ 0 1

ρ 0 0

−u3
ρ 0 0 1

ρ 0
1
ρ

(

(γ−1)
‖u‖2

2
2 −T

)

(1− γ)u1
ρ (1− γ)u2

ρ (1− γ)u3
ρ

γ−1
ρ












.

The entry(∂w4/∂w1)5,1 of this matrix follows from the definition ofE and

(γ−1)

(
z2
2+z2

3 +z2
4

z3
1

− z5

z2
1

)

=
γ−1

ρ

(‖u‖2
2

2
− p

(γ−1)ρ

)

=
1
ρ

(

(γ−1)
‖u‖2

2

2
−T

)

.

The computation of the other entries is trivial. To determine an explicit expression for∂f(1)/∂w4

we reformulatef(1) in terms of the variablesw4, that is

f(1) =










p
T u1

p
T u2

1+ p
p
T u1u2
p
T u1u3[

p
T

(
T

γ−1 +
u2

1+u2
2+u2

3
2

)

+ p
]

u1










and obtain

∂f(1)

∂w4
=











u1
T

p
T 0 0 − pu1

T2

u2
1

T +1 2u1
p
T 0 0 − pu2

1
T2

u1u2
T

p
T u2

p
T u1 0 − pu1u2

T2
u1u3

T
p
T u3 0 p

T u3 − pu1u3
T2[

1
T

(
T

γ−1 +
‖u‖2

2
2

)

+1
]

u1
p
T

(
T

γ−1 +
‖u‖2

2
2 + p+u2

1

)
p
T u1u2

p
T u1u3

−p‖u‖2
2

2T2 u1











.
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To illustrate some of the computations we explicitly compute some of the elements of the matrix
above, for instance

(
∂w4

∂w1

∂f1
1

∂w4

)

1,1
= (γ−1)

‖u‖2
2u1

2T
+(1− γ)u1

(
u2

1

T
+1

)

+(1− γ)
u1u2

2

T

+(1− γ)
u1u2

3

T
+(γ−1)

[
1
T

(
T

γ−1
+

‖u‖2
2

2

)

+1

]

u1

= (γ−1)
‖u‖2

2u1

T
+(1− γ)

[‖u‖2
2u1

T
+u1

]

+(γ−1)u1+u1

= u1,
(

∂w4

∂w1

∂f1
1

∂w4

)

1,2
= (γ−1)

‖u‖2
2

2
p
T

+2(1− γ)u2
1

p
T

+(1− γ)u2
2

p
T

+(1− γ)u2
3

p
T

+(γ−1)
p
T

(
T

γ−1
+

‖u‖2
2

2
+ p+u2

1

)

,

(
∂w4

∂w1

∂f1
1

∂w4

)

1,5
= (1− γ)

‖u‖2
2

2
pu1

T2 +(γ−1)u1
pu2

1

T2 +(γ−1)u2
pu1u2

T2

+(γ−1)u3
pu1u3

T2 +(1− γ)
‖u‖2

2

2
pu1

T2

= 0

Finally, we obtain

B(1)
4 =









u1 ρa2 0 0 0
1
ρ u1 0 0 0
0 0 u1 0 0
0 0 0 u1 0
0 (γ−1)T 0 0 u1









and by symmetry arguments

B(2)
4 =









u2 0 ρa2 0 0
0 u2 0 0 0
1
ρ 0 u2 0 0
0 0 0 u2 0
0 0 (γ−1)T 0 u2









, B(3)
4 =









u3 0 0 ρa2 0
0 u3 0 0 0
0 0 u3 0 0
1
ρ 0 0 u3 0
0 0 0 (γ−1)T u3









wherea denotes the speed of sound defined througha2 := γp
ρ .

It follows by straightforward computations that the eigenvalues ofB(1)
4 are given by the diagonal

elements of the matrixD(1)
4 := diag(u1,u1,u1,u1+a,u1−a) and the corresponding eigenvectors

are the columns of

V(1)
4 :=










0 0 0 ρa2

(γ−1)T
ρa2

(γ−1)T

0 0 0 a
(γ−1)T − a

(γ−1)T

1 0 0 0 0
0 1 0 0 0
0 0 1 1 1










.

Moreover, again by symmetry arguments we conclude that the eigenvalues ofB(2)
4 andB(3)

4 are

given by the diagonal elements ofD(2)
4 := diag(u2,u2,u2,u2+a,u2−a), andD(3)

4 := diag(u3,u3,u3,u3+
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a,u3−a) and the corresponding eigenvectors are the columns of the matrices

V(2)
4 :=










0 0 0 ρa2

(γ−1)T
ρa2

(γ−1)T

1 0 0 0 0
0 0 0 a

(γ−1)T − a
(γ−1)T

0 1 0 0 0
0 0 1 1 1










, V(3)
4 :=










0 0 0 ρa2

(γ−1)T
ρa2

(γ−1)T

1 0 0 0 0
0 1 0 0 0
0 0 0 a

(γ−1)T − a
(γ−1)T

0 0 1 1 1










.

From this analysis it can be seen that the difficulty in solving the compressible equations for
low Mach numbers is associated with the large disparity of the acoustic wave speed,ui + a
and the waves convected at the fluid speed,ui . Consequently, the resulting system is stiff and
cannot be solved straightforward by explicit Runge-Kutta methods in general. Since we are
only interested in steady state solutions of (5.1) the basicidea to overcome this problem is to
premultiply the time derivative by a preconditioner such that the acoustic and convected wave
speeds are locally clustered. Mathematically this reducesthe stiffness of the equations and
allows larger time step sizes.

5.4 Definition of preconditioners

In the literature several preconditioners have been suggested. Within this context these are map-
pingsP(w4) := P(α,β,δ,w4) ∈R

5×5 which are regular for all choices of parameters(α,β,δ)∈
Ω ⊂ R

3 andw4. HereΩ denotes some set from which the parameters can be chosen. Naturally,
we can representP by formula (5.7) for any other set of variables.

In [57] the following preconditioner can be found which is a generalization of many other
examined preconditioners,

P(w4) :=











m2g 0 0 0 −m2 γp
T δ

−αu1g
ρa2 1 0 0 αu1

ρa2
γp
T δ

−αu2g
ρa2 0 1 0 αu2

ρa2
γp
T δ

−αu3g
ρa2 0 0 1 αu3

ρa2
γp
T δ

(γ−1)
γρ (m2g−1) 0 0 0 1− (γ−1)m2δ











, (5.16)

where

m2 :=
β
a2 and g := 1+(γ−1)δ.

To ensure thatP(w4) is always nonsingular we additionally require thatβ 6= 0. Naturally, this
is only a necessary condition. But formulating a sufficient condition is not straightforward.
Moreover, to check in a computation ifP(w4) is nonsingular yields a significant increase of
complexity and is therefore unrealistic.

To investigate the effect of the preconditionerP(w4) on the spectrum for low Mach numbers we

need to compute the eigenvalues and corresponding eigenvectors of the operatorsP(w4)B
(i)
4 , i =

1,2,3. To this end we transformP(w4) andB(i)
4 into a representation with respect to the entropy

variablesw0, that is we compute

B(i)
0 :=

∂w0

∂w4
B(i)

4
∂w4

∂w0
and P(w0) :=

∂w0

∂w4
P(w4)

∂w4

∂w0
.
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where the change of coordinates fromw0 to w4 and vice versa is given by a multiplication with
the matrices

∂w0

∂w4
=









1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

1− γ 0 0 0 γp
T









and
∂w4

∂w0
=









1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

(γ−1)T
γp 0 0 0 T

γp









.

respectively. Straightforward computations yield

B(1)
0 =









u1 ρa2 0 0 0
1
ρ u1 0 0 0
0 0 u1 0 0
0 0 0 u1 0
0 0 0 0 u1









and P(w0) =










m2 0 0 0 −m2δ
−αu1

ρa2 1 0 0 αu1
ρa2 δ

−αu2
ρa2 0 1 0 αu2

ρa2 δ
−αu3

ρa2 0 0 1 αu3
ρa2 δ

0 0 0 0 1










.

Hence, in the entropy coordinatesw0 the preconditioned operatorP(w4)B
(1)
4 takes the form

P(w0)B
(1)
0 =











m2u1 ρβ 0 0 −m2u1δ
1
ρ

(

1− αu2
1

a2

)

(1−α)u1 0 0 αu2δ
ρa2

−αu1u2
ρa2 −αu2 u1 0 αu1u2δ

ρa2

−αu1u3
ρa2 0 −αu3 u1

αu1u3δ
ρa2

0 0 0 0 u1











. (5.17)

The eigenvalues ofP(w0)B
(1)
0 are given byΛ(1)

0 = diag
(

u1,u1,u1,µ
(1)
+ ,µ(1)

−
)

where

µ(1)
+,−(α,β) =

1
2



(1−α+m2)u1±
√

(1−α+m2)2u2
1+4β

(

1− u2
1

a2

)




and the corresponding eigenvectors are the columns of the matrix

U (1)
0 =












0 0 0 ρβ ρβ
1 0 δu

ρa2 µ(1)
+ −m2u1 µ(1)

− −m2u1

0 1 0
αu2µ4

0
u1−µ4

0

αu2µ5
0

u1−µ5
0

0 0 0 αu3µ4
0

u1−µ4
0

αu3µ5
0

u1−µ5
0

0 0 1 0 0












.

Along the lines of the computations above we conclude that the eigenvalues ofP(w0)B
(i)
0 , i =

2,3, are given by the diagonal elements of

Λ(2)
0 = diag

(

u2,u2,u2,µ
(2)
+ ,µ(2)

−
)

Λ(3)
0 = diag

(

u3,u3,u3,µ
(3)
+ ,µ(3)

−
)

where

µ(2)
+,−(α,β) =

1
2



(1−α+m2)u2±
√

(1−α+m2)2u2
2+4β

(

1− u2
2

a2

)



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and

µ(3)
+,−(α,β) =

1
2



(1−α+m2)u3±
√

(1−α+m2)2u2
3+4β

(

1− u2
3

a2

)


 .

Since the matricesP(w0)B
(i)
0 andP(w4)B

(i)
4 , i = 1,2,3, are similar, their eigenvalues coincide.

Obviously, it is the goal to find parametersα andβ such that the eigenvalues are clustered, that
is the relation

|µ(i)
+ (α0,β0)| ≈ |ui | ≈ |µ(i)

− (α0,β0)|, i = 1,2,3, (5.18)

holds. Note, at the outset this problem is hard to solve sincewe have at least six conditions for
only two unknowns. Moreover, (5.18) describes a local condition. For large-scale flow problems
it is far too time consuming to determine for each cell in the grid optimal parametersα andβ.
It is the topic of the next section to present some parameter choice rules which can be found in
the literature.

5.5 Parameter choice rules

Before we give some ideas to choose suitable parametersα,β andδ let us show some limits of
the preconditioner. Obviously, it would be desirable to have the relations

P(w4)B
(1)
4 = P(w4)B

(2)
4 = P(w4)B

(3)
4 = I . (5.19)

From (5.19) we concludeB(1)
4 = B(2)

4 = B(3)
4 and so the preconditioned Euler equation (5.12)

simplifies to
∂w4

∂t
+

3

∑
i=1

∂w4

∂xi
= 0,

which is a linear advection problem and could be explicitly solved by the method of character-
istics. Hence, to find a preconditioner such that (5.19) is satisfied is unrealistic and in general
impossible.

Nevertheless, we can try to determineα,β andδ such that (5.19) is approximately satisfied, that
is to solve the minimization problem

1
2

3

∑
i=1

∥
∥
∥P(w4)B

(i)
4 − I

∥
∥
∥

2
= min

α,β,δ
!, (5.20)

where‖ · ‖ is some appropriate norm andI = diag(1,1,1,1,1) denotes the identity matrix. On
the other hand, since we have knowledge of the eigenvalues wecan solve instead of (5.20)

1
2

3

∑
i=1

[(

µ(i)
+ (α,β)−ui

)2
+
(

µ(i)
− (α,β)+ui

)2
]

= min
α,β

! (5.21)

If α0 andβ0 solve either (5.20) or (5.21) we expect that (5.18) is satisfied, that is the acoustic and
convective waves travel approximately at the same speed. This possibly reduces the stiffness of
the original system of differential equations. Note that (5.21) does not involve the determination

of the parameterδ, which does not occur in the eigenvalues but only in the eigenvectorsU (i)
0 .

However, the eigenvaluesµ(i)
+,−, i = 1,2,3, depend on the velocity vectoru, which is a function

of space and time variables. Hence, for large-scale flow problems described by the Euler equa-
tion (5.1) it is a complex task to compute locally optimal parametersα,β andδ. Moreover, it
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is also not clear if such a locally optimal parameter choice rule would yield better convergence
rates of the explicit Runge-Kutta scheme which we apply to solve (5.1). In reference [71] the
authors even claim that for a similar flow problem numerous calculations showed that in general
a constant choice of the parameters yields the best convergence rates. Unfortunately they could
give no theoretical reasons for their observation.

To this end let us present some heuristic parameter choice rules which can be found in the
literature (see e.g. [57]). These rules usually try to satisfy three main aspects:

a) For low Mach numbers the parametersα,β andδ need to be chosen such that the eigen-

values ofΛ(i)
0 , i = 1,2,3 are of about the same magnitude.

b) For transonic and supersonic flows the parametersα,β andδ should be chosen such that
the preconditioner has only little influence on the system orpreconditioning is even turned
off.

c) To ensure that the preconditionerP(w4) is nonsingular it is a necessary condition thatm2 >
0. Moreover, to avoid instabilities it is even required to boundm2 away from zero, that is

m2 =
β
a2 > ε > 0

for someε > 0.

Let us start with a choice of parameters to satisfy conditionb). To simplify the situation we
chooseα = 0. Then we need to determineδ andβ such that

β(1+(γ−1)δ) = a2, (5.22a)

β
γp
T

δ = 0, (5.22b)

(γ−1)δ = 0. (5.22c)

From (5.22b) and (5.22c) we conclude that for supersonic flowsδ = 0 is required to turn the pre-
conditioning off. Then, by (5.22a) we haveβ = a2. Indeed, for this parameter choiceP(w4) = I ,
that is preconditioning is turned off.

In the low Mach number case our goal is to minimize the relations
∣
∣
∣
∣
∣

µ(i)
+

µ(i)
−

∣
∣
∣
∣
∣
, i = 1,2,3.

Note that this problem is independent ofδ. Since we are in the low Mach number case, that
is M ≈ 0, we neglect terms which contain the Mach numberM := ‖u‖2/a. If we assume thatβ
is a function of the flow velocity, that is

β := β(u) := ‖u‖2
2

we have

µ(i)
+ =

1
2

(

(1−α)ui +
√

(1−α)2u2
i +4β

)

≤ 1
2

(

(1−α)ui +
√

(1−α)2u2
i +4

)

µ(i)
− =

1
2

(

(1−α)ui −
√

(1−α)2u2
i +4β

)

≥ 1
2

(

(1−α)ui −
√

(1−α)2u2
i +4

)
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and therefore forα = 0 we have
∣
∣
∣
∣
∣

µ(i)
+

µ(i)
−

∣
∣
∣
∣
∣
≈
∣
∣
∣
∣
∣

1+
√

5

1−
√

5

∣
∣
∣
∣
∣
, i = 1,2,3. (5.23)

Unfortunately, so far we did not take care of condition c). Toavoid instabilities in [15] it was
suggested to letβ not only depend onu, but also to defineβ piecewise, more precisely

β(u) =







ε, M < ε,
‖u‖2

2, ε ≤ M < 1,
a2, M ≥ 1,

(5.24)

for someε > 0. In this contextε plays the role of some threshold parameter. Unfortunately
at the outset it is not clear how to determine a suitableε. For example, choosing it too small
possibly leads to numerical instabilities.

In [57] the following choice forβ, which is only slightly different from (5.24), was suggested,

β(u) = min
{

max
{
‖u‖2

2,K‖u∞‖2
2

}
,a2} (5.25)

or rather

β(u) = min

{

max

{

‖u‖2
2

(

1+
(1−M2

0)

M4
0

M2
)

,K‖u∞‖2
2

}

,a2
}

. (5.26)

Here‖u∞‖2 denotes the speed of the inflowing fluid. The choice (5.25) hasthe effect that for
supersonic flowβ = a2. As mentioned above, this is a desirable effect since preconditioning
should be turned off for supersonic flows. The parameterK needs to be set a-priori and plays –
as above theε – the role of a cutoff value. In numerical applications the choiceK = 1 is often
a suitable choice and yields sufficient convergence results. If this choice leads to instabilities
numerical experience has shown that one should try chooseK ∈ [1,4].

Finally, let us summarize which parameter choice rules are implemented in the DLR TAU-
Code. Since the effect ofα is harder to analyze and not so well understood throughout all
implemented methodsα = 0. To determineβ we use criterion (5.25). For the choice ofδ two
different implementations are available.

a) The first one is a hard codedδ = 1. This implementation worked quite well over the last
several years but it often leads to numerical instabilitiesin mixed flow fields where there
are regions of subsonic and supersonic flows.

b) Instead of a hard codedδ we distinguish whether the current cell-center is in a subsonic
or supersonic state. To this end we defineδ := δ(M) where

δ(M) :=

{
0, M2 ≥ 1,
1, M2 < 1.

(5.27)

Numerical experience has shown that this choice often yields to a better stability of the
algorithm. Moreover, if the user forgets to turn preconditioning off for a transonic or
supersonic case often numerical instabilities can be avoided.

Naturally, we can easily implement other choices for the parameters. For example, instead of
choosing forδ the cutoff function (5.27) we could also think of any (continuous) functionδ
satisfyingδ(M) = 0, M ≥ 1 andδ(0) = 1, for instance

δ(M) :=

{
0, M2 ≥ 1,

f (M), 0≤ M2 < 1,
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where f (t) = 1− tn. Further experience and research is required to optimize the parametern.
The choice (5.27) corresponds to the casen = ∞.

Naturally, there is also potential to optimize the parameters α andβ. For example, instead of
using fixed values forβ by (5.24) it is indicated to determineβ also by some function of the
flow velocity. Still for the parametersδ andβ at least their maximum and minimum value are
determined, namely

β ∈
[
ε,a2] and δ ∈ [0,1],

whereε is determined by either (5.24) or (5.25) or (5.26). An appropriate choice ofα is so far
not clear at all. Hence, in particular it would be interesting to investigate the choice ofα in
future work.

5.6 Implemented preconditioners

In the DLR TAU-Code basically one preconditioning method for explicit Runge-Kutta methods
is available to compute steady state solutions of the Euler and Navier Stokes equation. This
method is implemented in three different ways. It is the topic of this section to compute explicit
formulas of the preconditioner. These explicit formulas are required for an efficient implemen-
tation.

The first implemented preconditioning technique is based onthe conservative variablesw1.
Then the preconditionerΓ given by (5.9) takes the form

Γ(w1,w4) =
∂w1

∂w4
P(w4)

∂w4

∂w1

and the preconditioned Euler equation (5.10) simplifies to

∂w1

∂t
+

∂w1

∂w4
P(w4)

∂w4

∂w1

3

∑
i=1

∂f(i)

∂xi
= 0, (5.28)

that is for an efficient implementation an explicit formula for Γ(w1,w4) is required. Note that
for large scale flow problems it is in particular desirable toavoid the two matrix multiplications
required to determine

∂w1

∂w4
P(w4)

∂w4

∂w1
, (5.29)

since these multiplications yield a significant increase ofthe total complexity.

Experience shows that preconditioning of the conservativevariablesw1 yields more often to a
loss of stability when compared to preconditioning of the primitive variablesw4. The reasons
for this observation are not clear to us. However, with respect to the primitive variablesw4 the
preconditionerΓ is represented throughΓ(w4,w4) given by

Γ(w4,w4) = P(w4)
∂w4

∂w1
.

To this end, the preconditioned Euler equation (5.10) with respect to the primitive variables is
also given by (5.28). Hence, an explicit formula for the matrix (5.29) is required. To this end let
us now explicitly compute the entries ofΓ(w4,w4). Note, we do not compute explicity every



5. Accuracy Improvements 123

entry. The missing entries follow by symmetry arguments. For the first row we compute using

∂w4

∂w1
=












(γ−1)‖u‖2
2

2 (1− γ)u1 (1− γ)u2 (1− γ)u3 γ−1
−u1

ρ
1
ρ 0 0 0

−u2
ρ 0 1

ρ 0 0

−u3
ρ 0 0 1

ρ 0
1
ρ

(
(γ−1)‖u‖2

2
2 −T

)
(1−γ)u1

ρ
(1−γ)u2

ρ
(1−γ)u3

ρ
γ−1

ρ












Γ(w4,w4)1,1 = m2g
(γ−1)‖u‖2

2

2
−m2γp

T
δ

1
ρ

(
(γ−1)‖u‖2

2

2
−T

)

= m2(1+δ(γ−1))
(γ−1)‖u‖2

2

2
−m2a2δ

(
(γ−1)‖u‖2

2

2T
−1

)

=
(γ−1)m2‖u‖2

2

2

(

1+δγ−δ− a2δ
T

)

+βδ

= βδ− (γ−1)(δ−1)
m2‖u‖2

2

2
,

Γ(w4,w4)1,2 = m2g(1− γ)u1−m2γp
T

δ(1− γ)
u1

ρ
= m2u1(1− γ)(g− γδ)

= (γ−1)(δ−1)m2u1,

Γ(w4,w4)1,3 = m2g(1− γ)u2−m2γp
T

δ
(1− γ)u2

ρ
= (1− γ)m2u2(g− γδ)

= (γ−1)(δ−1)m2u2

Γ(w4,w4)1,5 = m2g(γ−1)−m2γp
T

δ
γ−1

ρ
= m2(γ−1)(g− γδ)

= −(γ−1)(δ−1)m2,
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and for the second row

Γ(w4,w4)2,1 = −αu1g
ρa2

(γ−1)‖u‖2
2

2
− u1

ρ
+

αu1

ρa2

γp
T

δ
ρ

(
(γ−1)‖u‖2

2

2
−T

)

= −u1

ρ
− αu1(1+(γ−1)δ)

ρa2

(γ−1)‖u2‖2

2
+

αu1

ρa2

γp
T

δ
ρ

(
(γ−1)‖u‖2

2

2
−T

)

= −u1

ρ
+(γ−1)(δ−1)

αu1‖u‖2
2

2ρa2 − αu1

ρa2 γδT

= −u1

ρ
+(γ−1)(δ−1)

αu1‖u‖2
2

2ρa2 − αu1

ρa2

γp
ρ

δ

= −u1

ρ
(1+αδ)+(γ−1)(δ−1)

αu1‖u‖2
2

2ρa2

Γ(w4,w4)2,2 = −αu1g
ρa2 (1− γ)u1+

1
ρ

+
αu1

ρa2

γp
T

δ
(1− γ)u1

ρ

=
1
ρ

+
αu1

ρa2 (γδ(1− γ)− (1+(γ−1)δ)(1− γ))

=
1
ρ
− (γ−1)(δ−1)

αu2
1

ρa2 ,

Γ(w4,w4)2,3 = −αu1g
ρa2 (1− γ)u2+

αu1

ρa2

γp
T

δ
(1− γ)u2

ρ

=
αu1u2

ρa2 (1− γ)(γδ− (1+ γδ−δ))

= −(γ−1)(δ−1)
αu1u2

ρa2

Γ(w4,w4)2,5 =
−αu1g

ρa2 (γ−1)+
αu1

ρa2

γp
T

δ
(γ−1)

ρ

= (γ−1)(δ−1)
αu1

ρa2 .

Note that the missing entries for the first, second, third andfourth row follow by symmetry
arguments. Concluding we want to compute one element from the fifth row,

Γ(w4,w4)5,2 =
(γ−1)

γρ
(m2g−1)(1− γ)u1+(1− (γ−1)m2δ)

(1− γ)u1

ρ

=
(1− γ)u1

γρ
(
(γ−1)(m2(1+(γ−1)δ)−1)+ γ− γ(γ−1)m2δ

)

=
(1− γ)u1

γρ
(
1− (γ−1)(δ−1)m2) .
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Hence, summarizing the computations above we have

Γ(w4,w4) :=











βδ 0 0 0 0
−u1

ρ (1+αδ) 1
ρ 0 0 0

−u2
ρ (1+αδ) 0 1

ρ 0 0

−u3
ρ (1+αδ) 0 0 1

ρ 0
γ−1
γρ
(
βδ+‖u‖2

2−H
) (1−γ)u1

γρ
(1−γ)u2

γρ
(1−γ)u3

γρ
γ−1
γρ











+ θ













−m2‖u‖2
2

2 m2u1 m2u2 m2u3 −m2

αu1‖u‖2
2

2a2ρ −αu2
1

a2ρ −αu1u2
a2ρ −αu1u3

a2ρ
αu1
a2ρ

αu2‖u‖2
2

2a2ρ −αu1u2
a2ρ −αu2

2
a2ρ −αu2u3

a2ρ
αu2
a2ρ

αu3‖u‖2
2

2a2ρ −αu1u3
a2ρ −αu2u3

a2ρ −αu2
3

a2ρ
αu3
a2ρ

− (γ−1)m2

γρ
‖u‖2

2
2

(γ−1)m2u1
γρ

(γ−1)m2u2
γρ

(γ−1)m2u3
γρ − (γ−1)m2

γρ













where
θ := (δ−1)(γ−1).

Finally, for the implemented caseα = 0 we get for (5.29) using

∂w1

∂w4
=











ρ
p 0 0 0 − ρ

T
ρu1
p ρ 0 0 −ρu1

T
ρu2
p 0 ρ 0 −ρu2

T
ρu3
p 0 0 ρ −ρu3

T
E
p ρu1 ρu2 ρu3 −ρ‖u‖2

2
2T











the explicit formula

∂w1

∂w4
Γ(w4,w4) =










1+ζ1 ζ2u1 ζ2u2 ζ2u3 −ζ2

ζ1u1 1+ζ2u2
1 ζ2u1u2 ζ2u1u3 −ζ2u1

ζ1u2 ζ2u1u2 1+ζ2u2
2 ζ2u2u3 −ζ2u2

ζ1u3 ζ2u1u3 ζ2u2u3 1+ζ2u2
3 −ζ2u3

a2ζ0ζ1
γ−1 ζ0ζ3u1 ζ0ζ3u2 ζ0ζ3u3 1−ζ0ζ3










where

ζ3 := 1+(δ−1)
β
a2

ζ2 :=
γ−1
a2 ζ3

ζ1 :=
β
a2δ− ‖u‖2

2

2
ζ2

ζ0 := 1+
γ−1

2
M2.

Note, if in a supersonic state we have by (5.25)β = a2 and by (5.27)δ = 0 and henceζ3 = ζ2 =
ζ1 = 0, then

∂w1

∂w4
Γ4 = I ∈ R

5×5,
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that is (5.10) simplifies to the non-preconditioned Euler equation (5.1). This yields numerical
stability of preconditioning in the case of larger Mach numbers. Due to (5.11) we still need an
explicit formula forΓ(w4,w4)

−1 for α = 0, which is given by

Γ(w4,w4)
−1 =












1
m2 −σ1 0 0 0 σ1

γρ
γ−1(

1
m2 −σ1

)

u1 ρ 0 0 σ1
γρ

γ−1u1
(

1
m2 −σ1

)

u2 0 ρ 0 σ1
γρ

γ−1u2
(

1
m2 −σ1

)

u3 0 0 ρ σ1
γρ

γ−1u3
H
m2 −1−σ2 ρu1 ρu2 ρu3 (1+σ2)

γρ
γ−1












,

where

σ1 := (δ−1)
γ−1
a2 and σ2 := (δ−1)

(

1+
γ−1

2
M2
)

.

For the rest of this chapter we refer to the different implementations of preconditioning based
on the different parameter choice rules in the following way:

a) WithΓPold we denote the implementation of the preconditioner with respect to the primi-
tive variables and parametersα = 0, δ = 1 andβ given by (5.25).

b) With ΓPnewwe denote the implementation of the preconditioner with respect to the prim-
itive variables and parametersα = 0, δ given by (5.27) andβ by (5.25).

c) With ΓPconswe denote the implementation of the preconditioner with respect to the con-
servative variables and parametersα = 0, δ = 0 andβ given by (5.25).

5.7 Numerical examples

Although the theory in this chapter has been only carried outfor simplicity for the Euler equa-
tion, preconditioning also works pretty good for Navier-Stokes test cases. To validate the dif-
ferent methods we plot the residuals, the pressure drag C-drag and the pressure coefficient cp.
The pressure drag can be used as a measure of accuracy becausefor subsonic inviscid flow it
vanishes. Finally note that because of (5.23) we expect thatin the preconditioned simulations
the convergence speed and the accuracy is independent of theonflow Mach number.

5.7.1 NACA0012

We start our numerical investigations of the implemented preconditioning techniques with the
flow over a NACA0012 airfoil. In Figure 5.2 a section of the Euler grid used for the compu-
tations is plotted. First of all, by Figure 5.3 it can be observed that for low Mach numbers the
convergence deteriorates rapidly. This loss of convergence and accuracy can be avoided by ap-
plying preconditioning. Figures 5.4, 5.5 and 5.6 show thatΓPold andΓPnewyield similar results.

As indicated in Section 5.5 from Figures 5.8, 5.9 and 5.10 we observe the superiority of the
choice ofδ by (5.27) when compared with the hard codedδ = 1. For all Mach numbersM ∈
{0.75,0.8,1.2} the preconditioned flow solver shows instabilities (see Figure 5.9) for the hard
codedδ whereas in the case where the preconditioner takes care of supersonic and subsonic
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Figure 5.2: NACA0012 Euler grid

Figure 5.3: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and C-
drag for different Mach numbers without preconditioning
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Figure 5.4: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and C-
drag for different Mach numbers with preconditioning ΓPold

Figure 5.5: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and C-
drag for different Mach numbers with preconditioning ΓPnew

Figure 5.6: NACA0012 airfoil, angle of attack 2.0° , comparison of the residuals and C-drag
for Mach number 0.001 with preconditioning
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Figure 5.7: NACA0012 airfoil, angle of attack 2.0° , cp for Mach numbers 0.01 and 0.001
without preconditioning, with preconditioning ΓPold and preconditioning ΓPnew

Figure 5.8: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and C-
drag for different Mach numbers without preconditioning
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Figure 5.9: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and C-
drag for different Mach numbers with preconditioning ΓPold

Figure 5.10: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and
C-drag for different Mach numbers with preconditioning ΓPnew

Figure 5.11: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and
C-drag for different Mach numbers and LUSGS-scheme without preconditioning
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Figure 5.12: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and
C-drag for different Mach numbers and LUSGS-scheme with preconditioning ΓPold

Figure 5.13: NACA0012 airfoil, angle of attack 2.0° , convergence of the residuals and
C-drag for different Mach numbers and LUSGS-scheme with preconditioning ΓPnew



5. Accuracy Improvements 132

flows the results are comparable to those without preconditioning. Unfortunately the conver-
gence speed with turned on preconditioningΓPnewis slower when compared with precondition-
ing turned off. In Figure 5.7 we have plotted the cp distribution on the airfoil. Once more it
can be observed that in the preconditioned case the obtainedaccuracy is independent of the
Mach number. accuracy. Finally, Figures 5.11 – 5.13 show some results we obtained by using
a LUSGS-scheme. For this method the superiority of preconditioning is also evident.

5.8 Technical implementation details

In this section we shortly present some technical details ofchanges in the DLR TAU-Code with
respect to the new implemented parameter choice rules for preconditioning. We start with the
user interface.

The preconditioning techniques implemented so far could bechosen in the following way. In
the parameter-file parameters were defined through:

Preconditioner(0/1/2)
Cut-off value

The choice0 was the default value and implied that preconditioning is turned off,1 turned the
preconditioning with respect to the primitive variables onand2 turned the preconditioning with
respect to the conservative variables on. The default valueof the Cut-off value is 1. The
Cut-off value corresponds to the parameterK in (5.25).

Since TAU release 2008.1.0 the possibilities of preconditioning will be extended and can be
chosen in the following way. In the parameter-file parameters are defined through

Preconditioner
Cut-off value

TheCut-off value works as described above. The valid parameters for the parameterPreconditioner
have been replaced by

(none)
PrimOld
PrimNew
Conservative

.

Naturally, (none) means that preconditioning is turned off, which is the default value. The
preconditioning methods are based on the preconditionerΓ(w4,w4) and differ on the choice of
the parameters. For the TAU-user only methods for the choiceα = 0 are available. The choice
PrimOld represents preconditioning based on the primitive variables,δ = 1 is hard coded andβ
given by (5.25). The suffixOld means that this method coincides with the preconditioning
method which was already available in older TAU-versions. This method corresponds to the
case1 in the older versions.

The choicePrimNew represents preconditioning based on the primitive variables,δ given by (5.27)
andβ given by (5.25). The suffixNew means that this method is not available in older TAU-
versions.

The methodConservative corresponds to the case2 in the older versions. Supported by the
numerical examples shown in Section 5.7 we recommend to usePrimNew .

Besides the methods above we implemented the general preconditioner Γ(w4,w4), which is
only available in the developer version of the code. This is due to the fact that further research
is necessary for an appropriate choice of the parametersα,β andδ to speed up convergence. So
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far, unfortunately, we were not able to find satisfactory parameter choices. On some examples
we could already show that better convergence rates are available, but in other examples these
parameters yield numerical instabilities.

Moreover, so far the preconditioning had been implemented in three different files of the TAU-
Code,

residuals.c
flux_classic_dissipation.c
flux_central_dissipation_reciproc.c

.

To improve the quality of the TAU-Code we have removed the code with respect to the precondi-
tioning from these files to the already existing filespreconditioner.h andpreconditioner.c .
In preconditioner.c the different preconditioners and their inverse are now implemented.
This has the advantage that in future work other available preconditioning techniques or param-
eter choice rules can be easily added into the TAU-Code.

5.9 Concluding remarks

Finally, let us shortly summarize our results and give an outlook.

The new implemented preconditioning technique in the DLR TAU-Code showed in all the ex-
amples we considered superiority to the old method. This is mainly due to the fact that the more
flexible parameter choice rule avoids in particular for large Mach numbers numerical instabili-
ties.

Because of this fact we think that further research for better suited parameter choices can be
profitable to speed up the explicit Runge-Kutta methods applied to compute steady state solu-
tions. In particular a suitable choice of the parameterα is an open problem.



6 Parallelization

6.1 Introduction

For parallel computing on grids (especially unstructured grids) domain decomposition is a pow-
erful concept: Given a numberP of processors, the whole computational domain (grid) is de-
composed intoP subdomains (subgrids). Each of theP processors computes on one of the
subgrids.

Usually communication between the processors is required because the solutions on the subdo-
mains depend on each other. Here the algorithms required forthe parallelization of the solver
are described. In the description variable names are used tomake references to the data as
simple as possible. Variable names are typeset in a style like var. The notation of structures
are used like they are defined in the C programming language for containers of data. The nota-
tion iscontainervar.contentsvar, wherecontainervar is a variable of container type (C struct)
containing several variablescontentsvar. Note thatcontentsvaralone is not defined.

Furthermore the convention that arrays are indexed from 0 todim−1 is used like in C and that
we can assign complete arrays (what we cannot in C).

6.2 Specification of the domain decomposition

The solver operates in different ways on two in principle different kinds of data types:

1. Operations that compute point variables directly from one or more point variables. For
these operations no data of other points is required to compute on one point.

2. Operations that need data of someneighboringpoints to compute the result for one point.
For these operations connectivity information is required. The main kind of connectivity
data used in the solver are the edges. Other connectivity data is given by the bound-
ary faces where a near point is connected to a boundary point.More connectivity data
is defined by the grid to grid connections of the different gridlevels from the multigrid
algorithm.

As much as possible of these operations should be performed on one subdomain of the grid
without communication. Furthermore the required communication interface should be clear and
simple to ensure that further development of the flow-solverkeeps as easy as possible without
re-investigating parallelization.

6.2.1 Assignment to the subdomains

The data is assigned as follows to the subdomains:

134
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1. Each point of the full grid is assigned uniquely to one subdomain. We say that these
points are owned by the corresponding subdomains.

2. All connectivity data that is required to compute a sub-result for the own points is assigned
to the subdomains.

3. All points referenced by the connectivity data on a subdomain that are not owned by it
are also assigned to the subdomain. These points are called additional points.

Example

The following example helps to make the assignment clearer.

4

109
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6

8

Domain 1Domain 0

Figure 6.1: Triangulation, sub-divided into two subdomains

The Figure 6.1 illustrates: the triangulation is built from11 points from which 8 are located on
the boundary, the connectivity is given by 22 edges. In the first step five points (0, 3, 4, 7 and 8)
are assigned to domain 0, the remaining six points (1, 2, 5, 6,9 and 10) are assigned to domain
1.

The connectivity data for the five own points of domain 0 is given by the following 14 edges:
0-1, 0-3, 0-4, 1-4, 3-4, 3-7, 4-5, 4-7, 4-8, 5-8, 7-8, 7-9, 8-9and 8-10. When inspecting these
edges one finds that in addition to the five own points (0, 3, 4, 7and 8) also four additional
points (1, 5, 9 and 10) are referenced. These additional points are also needed on domain 0.

On domain 1 15 edges are needed: 0-1, 1-2, 1-4, 1-5, 2-5, 2-6, 4-5, 5-6, 5-8, 5-10, 6-10, 7-9,
8-9, 8-10 and 9-10. These require also four additional points (0, 4, 7 and 8).

Remarks

The described assignment introduces some memory overhead compared to a single domain
storage. Parts of the connectivity data will be stored on more than one domain. Furthermore the
additional points increase the memory requirement for point variables and geometry data.
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The relative amount of memory overhead depends on the numberof points and edges on the
domain interfaces compared to the total number of points.

The overhead in the example above is very large because the grid is so small. On grids with
several thousands of points the relative overhead is much smaller even if the number of domains
grows.

The computation of the edge cuts is performed by the grid partitioning algorithm. The resulting
overhead depend on its quality.

6.3 Algorithmic description of the domain decomposition

The description is closely related to the datastructures used in the code. It should directly apply
to any code using anedge-based datastructureand with some modification also to more general
codes on unstructured grids.

First the description is restricted to the singlegrid case.The extension to multigrid is discussed
later.

The algorithms are described in the sequence that corresponds to the data flow of the running
program.

6.3.1 Required data

The whole grid in edge based form is required. This is given bythe following data:

1. nfaces, npoints(integer): Grid dimensions, number of faces and number of points.

2. fpoint[nfaces][2] (integer): For each face the indices of the two points / control volumes
which this face separates. These faces are associated to edges of the primary grid.

3. fnormal[nfaces][3] (double): For each face the face vector (area times normal vector
pointing from first to second control volume).

4. pcoord[npoints][3] (double): Spatial coordinates of the points.

5. pvolume[npoints] (double): Volumes of the control volumes associated to the points.

6. bdrypart : A linked list of boundary partsbp containing the following data:

(a) bp.nfaces(integer): Number of boundary faces of this treatment type.

(b) bp.treatment (integer): Treatment type of this part of the boundary.

(c) bp.fpoint[bp.nfaces] (integer): Indices of the points associated to the faces. Note
that inside one boundary part a point is referenced at most once, but a boundary
point can be referenced from multiple boundary parts.

(d) bp.npoint[bp.nfaces] (integer): Indices ofnearpoints of the face points. For each
boundary face this is a point connected to the correspondingface point by a face
(edge)1.

(e) bp.fnormal[bp.nfaces][3] (double): For each boundary face the face vector (area
times normal vector pointing out of the computational domain).

1One should note that there are two types of faces: First the faces that are associated to edges for the primary
grid and second the boundary faces that describe the boundary of the computational domain.
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All this data is computed from the primary grid in the first level of the pre-processing algorithm.
Here it is simply assumed that the data is available.

6.3.2 Grid partitioning

The grid partitioning is an independent part that can be realized in very different ways without
effecting the other algorithms. For grid partitioning sophisticated public domain software is
available, which can easily be coupled with the existing sources. The coupling is performed for
the public domain grid partitioning software packagemetis. A simple self-coded partitioning
algorithm is implemented in addition (used by default). More information about the partitioning
algorithms is given in the chapterGrid partitioners . Here we restrict to give the input/output
specifications.

Input

The grid partitioning algorithm in principle can take the whole grid data available plus some
weighting information (see below). Of coarse also the number of sub-domainsndomains that
will be created has to be specified.

For each point of the grid a weightpointweight[npoints] (integer) is given, specifying the
relative computational costs for each node. These are currently defined for a pointP by the
number of edges that end inP. The weights are solver dependent and will have to be changedif
the main work of the solver is no longer dominated by the loopsover the edges (faces).

Output

The only output of the grid partitioning algorithm is the domain number (integer) for each
point P, specifying which domain ownsP. These numbers are stored in the fieldpointdo-
main[npoints] (integer).

Interface for external grid partitioning

In order to allow the use of external grid partitioners writing ’partitioning input data’ or reading
’partitioning output data’ can be invoked by using the appropriate parameter settings. The
interface files are ascii files. The formats are suitable for usingmetis in stand alone mode (there
are also other public domain partitioners using the same format, e.g.chaco).

6.3.3 Sub-grid definition

Input

For the sub-grid definition the whole data available at this stage is required.

Output

ndomainssubgridssubgrid[ndomains] (structures). Each subgridsg=subgrid[i], i from 0 to
ndomains−1 contains the following data which is very similar to the original edge based data
from the whole grid (see section 6.3.1).
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1. sg.nownpoints, sg.naddpoints, sg.nallpoints, sg.nfaces(integer): Sub-grid dimensions,
number of points owned by this domain, number of additional points, number of own
points plus number of additional points, number of faces.

2. sg.ncommdomains(integer): Number of domains this domain needs to communicate
with. This number is in any case less thanndomains.

3. sg.globalidx[sg.nownpoints](integer): For each own point the index this point has in the
original full grid. These indices are not required by the flowsolver but by post-processing
tools to gather the solver’s output data.

4. sg.addpoint owner[sg.naddpoints](integer): Domain numbers of the additional points’
owners.

5. sg.addpoint idx[sg.naddpoints] (integer): Point indices on the owner’s domain.

6. sg.sendcount[ndomains](integer): Number of points that are needed by the other do-
mains and must be sent at communication events.

7. sg.recvcount[ndomains](integer): Number of (additional) points that this domain needs
from the other domains and must be received at communicationevents.

8. sg.commpartner[sg.ncommdomains](integer): Sequence which this domain uses when
communicating with the others. This array contains the domain numbers. If between two
domains information needs to be exchanged in both direction(this is the usual case!) then
the domain with the lower number sends first.

9. sg.fpoint[sg.nfaces][2](integer): See Part 6.3.1.

10. sg.fnormal[sg.nfaces][3](double): See Part 6.3.1.

11. sg.pcoord[sg.nallpoints][3](double): See Part 6.3.1.

12. sg.pvolume[sg.nallpoints](double): See Part 6.3.1.

13. sg.bdrypart: Linked list of boundary parts like in Part 6.3.1.

sg.fpoint[sg.nfaces][2], sg.fnormal[sg.nfaces]are face data of all faces from the whole grid
that have at least one point owned by the domain stored insg.

sg.pcoord[sg.nallpoints][3], sg.pvolume[sg.nallpoints]are point data of the own and the ad-
ditional points.

sg.bdrypart are those boundary faces from the whole grid that have a boundary face point
which is owned by the domain stored insg.

Computation of the output data

For the computation of the subgrid data we need two additional integer arrayspointidx[npoints] ,
allpointidx[npoints] and integer variablesi, j, k, kk, n, nn, n1, n2, nown, k1, k2, nmin.
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1. Init thesendcountandrecvcount arrays:

for k=0,. . . ,ndomains−1 do
for kk=0,. . . ,ndomains−1 do

subgrid[k].sendcount[kk] := 0
subgrid[k].recvcount[kk] := 0

done
done

2. Count number of points owned by each subgrid:

for k=0,. . . ,ndomains−1 do
subgrid[k].nownpoints := 0

done
for i=0,. . . ,npoints−1 do

k := pointdomain[i]
subgrid[k].nownpoints := subgrid[k].nownpoints+1

done

3. Allocate the arraysglobalidx and reset thenownpoints variables:

for k=0,. . . ,ndomains−1 do
allocate(subgrid[k].globalidx, subgrid[k].nownpoints )
subgrid[k].nownpoints := 0

done

4. Assign the global indices and recompute thenownpoints variables:

for i=0,. . . ,npoints−1 do
k := pointdomain[i]
subgrid[k].globalidx[subgrid[k].nownpoints] := i
allpointidx[i] := subgrid[k].nownpoints
subgrid[k].nownpoints := subgrid[k].nownpoints+1

done

5. Now loop over the subgrids and compute the remaining data.This is a quite long loop
containing some sub-loops. Most of the data is computed here.

for k=0,. . . ,ndomains−1 do

(a) Shortcuts:

nown := subgrid[k].nownpoints

(b) Init local indices:

for i=0,. . . ,npoints−1 do
pointidx[i] := npoints

done
for i=0,. . . ,nown−1 do

pointidx[subgrid[k].globalidx[i]] := i
done
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(c) Count faces, find and count additional points.
Additional points are required for several reasons. The first additional points are
introduced due to faces that connect own points with points owned by other domains.
More additional points may be introduced due to the boundaryfaces: There may be
near points on other domains while the face point is on domaink.2

The faces counted for domaink are those with at least one point owned by domain
k. For the additional points due to boundary faces we inspect the near points of
boundary faces with a facepoint owned by domaink:

subgrid[k].naddpoints := 0
subgrid[k].nfaces := 0
for j=0,. . . ,nfaces−1 do

if pointidx[fpoint[j][0]] < nown or pointidx[fpoint[j][1]] < nown then
subgrid[k].nfaces := subgrid[k].nfaces+1
for i=0,1 do

if pointidx[fpoint[j][i]] = npoints then
pointidx[fpoint[j][i]] := nown+subgrid[k].naddpoints
subgrid[k].naddpoints := subgrid[k].naddpoints+1

endif
done

endif
done
for eachbp of the original whole griddo

for j=0,. . . ,bp.nfaces−1 do
if pointidx[bp.fpoint[j]] < nown
and pointidx[bp.npoint[j]] = npoints then

pointidx[bp.npoint[j]] := nown+subgrid[k].naddpoints
subgrid[k].naddpoints := subgrid[k].naddpoints+1

endif
done

done

(d) Allocate remaining point and face variables:

subgrid[k].nallpoints := nown+subgrid[k].naddpoints
allocate(subgrid[k].addpoint owner, subgrid[k].naddpoints)
allocate(subgrid[k].addpoint idx, subgrid[k].naddpoints)
allocate(subgrid[k].fpoint, subgrid[k].nfaces)
allocate(subgrid[k].fnormal, subgrid[k].nfaces)
allocate(subgrid[k].pcoord, subgrid[k].nallpoints )
allocate(subgrid[k].pvolume, subgrid[k].nallpoints )

(e) Copy the pointdata and set the additional point’s references. Furthermore thesend-
count andrecvcount are updated:

for i=0,. . . ,npoints−1 do
n := pointidx[i]
if n < npoints then

subgrid[k].pcoord[n] := pcoord[i]
subgrid[k].pvolume[n] := pvolume[i]
if n ≥ nown then

2More reasons for additional points are given by the multigrid related datastructures, see section 6.4.
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n := n−nown
kk := pointdomain[i]
subgrid[k].addpoint owner[n] := kk
subgrid[k].addpoint idx[n] := allpointidx[i]
subgrid[k].recvcount[kk] := subgrid[k].recvcount[kk] +1
subgrid[kk].sendcount[k] := subgrid[kk].sendcount[k]+1

endif
endif

done

(f) Copy the face data:

subgrid[k].nfaces := 0
for j=0,. . . ,nfaces−1 do

if pointidx[fpoint[j][0]] < nown or pointidx[fpoint[j][1]] < nown then
subgrid[k].fpoint[subgrid[k].nfaces][0] := pointidx[fpoint[j][0]]
subgrid[k].fpoint[subgrid[k].nfaces][1] := pointidx[fpoint[j][1]]
subgrid[k].fnormal[subgrid[k].nfaces] := fnormal[j]
subgrid[k].nfaces := subgrid[k].nfaces+1

endif
done

(g) Compute the boundary parts of the subgrid. After the computation the list of bound-
ary parts has to be cleaned up in the sense that empty parts have to be removed from
the list (simple implementation, not described here.).

for eachbp of the original whole grid computesbp of the subgrid;do

i. Treatment is the same:

sbp.treatment := bp.treatment

ii. Count the faces that are to be copied:

sbp.nfaces:= 0
for j=0,. . . ,bp.nfaces−1 do

if pointidx[bp.fpoint[j]] < nown then
sbp.nfaces:= sbp.nfaces+1

endif
done

iii. Allocate thesbp data:

allocate(sbp.fpoint, sbp.nfaces)
allocate(sbp.npoint, sbp.nfaces)
allocate(sbp.fnormal, sbp.nfaces)

iv. Copy the data:

sbp.nfaces:= 0
for j=0,. . . ,bp.nfaces−1 do

if pointidx[bp.fpoint[j]] < nown then
sbp.fpoint[sbp.nfaces]:= pointidx[bp.fpoint[j]]
sbp.npoint[sbp.nfaces]:= pointidx[bp.npoint[j]]
sbp.fnormal[sbp.nfaces]:= bp.fnormal[j]
sbp.nfaces:= sbp.nfaces+1

endif
done
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done

done

This ends the long loop over the subgrids.

6. Count the domains each domain has to communicate with. A pair of communication is
only counted once. We negate thesendcountandrecvcount values in this part to flag
those communication pairs that were already counted. Laterthey will be negated again.

n := 0
for k=0,. . . ,ndomains−1 do

subgrid[k].ncommdomains := 0
done
for k=0,. . . ,ndomains−2 do

for kk=k+1,. . . ,ndomains−1 do
if subgrid[k].sendcount[kk]+subgrid[k].recvcount[kk] > 0 then

subgrid[k].ncommdomains := subgrid[k].ncommdomains+1
subgrid[kk].ncommdomains := subgrid[kk].ncommdomains+1
n := n+1
subgrid[k].sendcount[kk] := −subgrid[k].sendcount[kk]
subgrid[k].recvcount[kk] := −subgrid[k].recvcount[kk]

endif
done

done

7. Now allocate the communication sequence arrays and resetthe counts:

for k=0,. . . ,ndomains−1 do
allocate(subgrid[k].commpartner, subgrid[k].ncommdomains)
subgrid[k].ncommdomains := 0

done

8. Last define the communication sequences. The communication sequences are important
from two different points of view. First, dead looks have to be prevented. Second, the
full bandwidth of a parallel computer should be used to keep communication as cheap as
possible.

for i=0,. . . ,n−1 do

(a) Init the count limit such that each communication pair will be lower counted:

nmin := ndomains · ndomains
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(b) Loop over the possible communication pairs and find that non-counted one with the
lowest communication sequence length:

for k=0,. . . ,ndomains−2 do
for kk=k+1,. . . ,ndomains−1 do

if subgrid[k].sendcount[kk]+subgrid[k].recvcount[kk] < 0 then
n1 := max(subgrid[k].ncommdomains, subgrid[kk].ncommdomains)
n2 := min(subgrid[k].ncommdomains, subgrid[kk].ncommdomains)
nn := ndomains · n1+n2
if nn < nmin then

k1 := k
k2 := kk
nmin := nn

endif
endif

done
done

(c) Set the communication (k1, k2):

subgrid[k1].sendcount[k2] := −subgrid[k1].sendcount[k2]
subgrid[k1].recvcount[k2] := −subgrid[k1].recvcount[k2]
subgrid[k1].commpartner[subgrid[k1].ncommdomains] := k2
subgrid[k2].commpartner[subgrid[k2].ncommdomains] := k1
subgrid[k1].ncommdomains:= subgrid[k1].ncommdomains+1
subgrid[k2].ncommdomains:= subgrid[k2].ncommdomains+1

done

6.4 Extension to the multigrid case

6.4.1 Additional grid and sub-grid data

For the connection between the gridlevels three datafields are added to the grid as well as to
the sub-grid container3. Because we have more than one whole grid in the multigrid case (fine
grid and coarse grids) we use containers for the whole grids too. There is one grid-container for
each gridlevel.

Assume, we have two consecutive gridlevels (a fine gridfgrid and a coarse gridcgrid). On the
fine grid we store for each point the index of the corresponding point on the coarse grid (the
coarse grid controlvolume into which the fine grid controlvolume is fused). On the whole grid
this is stored in the array
fgrid.parent pnt[fgrid.npoints] (integer)
On the coarse grid we store for each point the indices of the child-points on the fine grid (the
fine grid controlvolumes that were fused into the coarse gridcontrolvolume). There are variable
counts of fine grid controlvolumes fused into the coarse gridcontrolvolumes so the indices are
stored into two arrays:
cgrid.child pnt[fgrid.npoints] (integer),
cgrid.child pntidx[cgrid.npoints+1] (integer).

3The number three is not true for the finest and the coarsest gridlevel. On the the finest gridlevel thechild pnt
andchild pntidx fields are not required while on the coarsest grid theparent pnt field is not required.
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The first array contains the fine grid point indices while the second contains indices into the first
to locate the child point indices for specific coarse grid points. That means the fine grid point
indices for a specific coarse grid pointcp are stored in
cgrid.child pnt[cgrid.child pntidx[cp]]
to cgrid.child pnt[cgrid.child pntidx[cp+1]−1].

On the subgrids the variables are named identically. Assumenow that we have a subgridfsg
from fgrid and a subgridcsgfrom cgrid, both with the same domain index. The fields are here
fsg.parent pnt[fsg.nownpoints] (integer) and
csg.child pnt[???] (integer),
csg.child pntidx[csg.nownpoints+1] (integer).
The childpoints from the own points oncsgare the same as the childpoints of these points on
the whole coarse gridcgrid. This defines the dimension ofcsg.child pnt as the sum of the own
point’s children count.

6.4.2 Moreadditional points on the subgrids

The parent pnt andchild pnt indices define some connectivity between points (on different
gridlevels). This may require additional points on the subgrids. If againfsg is a subgrid of the
fine gridfgrid andcsgis a subgrid of the coarse gridcgrid, both with the same domain index (on
the same processor), then we require that all coarse grid points referenced byfsg.parent pnt[]
are available oncsgand all fine grid points referenced bycsg.child pnt[] are available onfsg.
This extends the part where the additional points are definedand counted (see section 6.3.3,
item 5c on page 140).

6.5 Communication interface

The domain decomposition described so far can or should be contained in an external pre-
processing program. For the flow-solver itself also a small additional pre-processing step has to
be added to obtain some index fields.

Assume now, we have the data for thek-th subgridsg= subgrid[k] available (see Part 6.3.3).

At several stages of a flow computation different pointdata values of the additional points are
required. Therefore a communication interface is constructed.

6.5.1 Communication index fields

In principle the references to the additional points are stored in the fieldssg.addpoint owner
andsg.addpoint idx. For efficiency reasons the message passing between two domains has to
be performed in one block. To achieve this, additional indexfields are stored. Furthermore other
domains also need data that is owned by domaink. The indices of these points are currently only
known by the other domains. Fromsg.sendcountonly the counts of these points are known.

The indices are stored in the following two (two-dimensional) arrays:
sendindex[ndomains][](integer)
recvindex[ndomains][] (integer)
The second dimensions depend from the first indexkk and are given bysg.sendcount[kk]and
sg.recvcount[kk].

The fieldrecvindexcan be computed from the fieldssg.addpoint owner andsg.addpoint idx:



6. Parallelization 145

for i=0,. . . ,sg.ncommdomainsdo
kk := sg.commpartner[i]
n := 0
for j=0,. . . ,sg.naddpoints−1 do

if sg.addpoint owner[j] =kk then
recvindex[kk][n] := sg.nownpoints+j
n := n+1

endif
done

done

The fieldsendindexcan not be computed locally but from the other domains. The message
passing facility is already used for this task. On domaink the already computed index field
recvindex is used to pass thesendindexfield of the communication partners to those. We
therefor use a communication buffer (see below):
commbuffer[] (variable type)
This buffer is completely hidden by the message passing interface and is used as container for
different kinds of data.

The index fields are exchanged as follows with the communication partners:

for i=0,. . . ,sg.ncommdomainsdo
kk := sg.commpartner[i]
if kk > k then (first send)

for j=0,. . . ,sg.recvcount[kk]−1 do
commbuffer[j] := sg.addpoint idx[recvindex[kk][j]-sg.nownpoints]

done
senddata(commbuffer, sg.recvcount[kk], kk)
recvdata(commbuffer, sg.sendcount[kk], kk)
for j=0,. . . ,sg.sendcount[kk]−1 do

sendindex[kk][j] := commbuffer[j]
done

else (first receive)
recvdata(commbuffer, sg.sendcount[kk], kk)
for j=0,. . . ,sg.sendcount[kk]−1 do

sendindex[kk][j] := commbuffer[j]
done
for j=0,. . . ,sg.recvcount[kk]−1 do

commbuffer[j] := sg.addpoint idx[recvindex[kk][j]-sg.nownpoints]
done
senddata(commbuffer, sg.recvcount[kk], kk)

endif
done

The sending and receiving protocol that is used here is the same that will be used below for
sending and receiving the pointdata.

Remarks

It is assumed here that functionssenddata() andrecvdata() for sending data to another task and
for receiving data from another task are available. These functions are taken from a message
passing library likeMPI.
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The communication buffercommbuffer that is shared for all sends and receives is allocated
with a sufficient size earlier.

6.5.2 Communication routine

For the regular communication calls of the solver only one routine is provided. It is named
exchange pointdata(). It performs the whole data exchange for one (two-dimensional) point-
data array. The two-dimensional array is passed as an one-dimensional array and the index
computation is done internally.

For this routine thesendindexandrecvindex arrays are required (see above).

Communication is required if updated values of the additional points are needed for a calcu-
lation. Each domain has to send parts of its own data to other domains using thesendindex
information and to receive the additional data using therecvindex information.

Algorithm for blocking sends and receives

The used communication protocol ensures that no dead-lockscan happen. Furthermore, if
the number of domains is large then a large number of communication calls can be executed
independently from each other in parallel, utilising the ability of independent communication
calls on a powerful parallel computer.

The protocol uses thesg.commpartnerfield and the rule that if with one communication partner
a send and a receive is required, then the domain with the lower index first sends and then
receives while the domain with the higher index first receives and then sends.

The algorithm then looks as follows:

The parameters are the dimensiondim2 and a pointdata array:
pointdata[dim2 * sg.nallpoints] (double). The domain index ofsg is k.

for kk=0,. . . ,sg.ncommdomainsdo
n := sg.commpartner[kk]
if n > k then (first send)

for i=0,. . . ,sg.sendcount[n]−1 do
for j=0,. . . ,dim2−1 do

n1 := i·dim2+j
n2 := sendindex[n][i]·dim2+j
commbuffer[n1] := pointdata[n2]

done
done
senddata(commbuffer, dim2·sg.sendcount[n], n)
recvdata(commbuffer, dim2·sg.recvcount[n], n)
for i=0,. . . ,sg.recvcount[n]−1 do

for j=0,. . . ,dim2−1 do
n1 := i·dim2+j
n2 := recvindex[n][i] ·dim2+j
pointdata[n2] := commbuffer[n1]

done
done

else (first receive)
recvdata(commbuffer, dim2·sg.recvcount[n], n)
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for i=0,. . . ,sg.recvcount[n]−1 do
for j=0,. . . ,dim2−1 do

n1 := i·dim2+j
n2 := recvindex[n][i] ·dim2+j
pointdata[n2] := commbuffer[n1]

done
done
for i=0,. . . ,sg.sendcount[n]−1 do

for j=0,. . . ,dim2−1 do
n1 := i·dim2+j
n2 := sendindex[n][i]·dim2+j
commbuffer[n1] := pointdata[n2]

done
done
senddata(commbuffer, dim2·sg.sendcount[n], n)

endif
done

Algorithm for non-blocking sends and receives

If the message passing interface supports non-blocking sends and receives (MPI does!) then a
simpler algorithm can be used. Note that the use of non-blocking sends and receives usually
reduces the communication time. So this version should be preferred4.

To use this alternative an own communication buffer for eachsend and receive call is required.
Assume we have an array of sendbufferssndbuf[sg.ncommdomains][]and of receivebuffers
rcvbuf[sg.ncommdomains][], all of sufficient size.

The prototype of this routine is exactly the same as for the blocking case. The parameters are
the dimensiondim2 and a pointdata array:
pointdata[dim2 * sg.nallpoints] (double). The domain index ofsg is k.

First all receives are started. Then the data to be sent is copied into the send buffers and the
sends are started. After this all domains have to wait until the sends and receives are finished.
Finally the received data is copied from the communication buffers to the additional points’
memory:

for kk=0,. . . ,sg.ncommdomainsdo
n := sg.commpartner[kk]
start recvdata(rcvbuf[kk], dim2·sg.recvcount[n], n)

done
for kk=0,. . . ,sg.ncommdomainsdo

n := sg.commpartner[kk]
for i=0,. . . ,sg.sendcount[n]−1 do

for j=0,. . . ,dim2−1 do
n1 := i·dim2+j
n2 := sendindex[n][i]·dim2+j
sndbuf[kk][n1] := pointdata[n2]

done
done

4When compiling the code it is currently a compile time optionto choose either the blocking or non-blocking
routine
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start senddata(sndbuf[kk], dim2·sg.sendcount[n], n)
done
wait sends recvs finished()
for kk=0,. . . ,sg.ncommdomainsdo

n := sg.commpartner[kk]
for i=0,. . . ,sg.recvcount[n]−1 do

for j=0,. . . ,dim2−1 do
n1 := i·dim2+j
n2 := recvindex[n][i] ·dim2+j
pointdata[n2] := rcvbuf[kk][n1]

done
done

done

6.6 Modifications of the flow solver

The algorithms described so far are modifications that should not effect the further development
of the flow solver.

Of course, also the flow solver itself has to be modified. The whole concept is designed to keep
the amount of changes low and to make them as simple as possible.

6.6.1 Loops over all points or only over the own points?

One part of modifications is introduced by the two different number of point dimension. One
has to decide if a loop over the points of a domain has to include all points or only the own
points.

6.6.2 Addingexchange pointdata() calls

For efficiency reasons the use of communication calls usingexchange pointdata() is not such
simple like it could be in principle. In principle after eachloop that computed some values for
the own points but not correctly for all points a call toexchange pointdata() should be done.

Loops over the faces but also loops over the boundary faces usually compute the data for the
own points but not completely for the additional points because not all faces connecting the
additional points are given on a domain.

Often it is possible to postpone a communication call to savecomputation time or even avoid
some communication calls. Especially the possibility to avoid a communication call should be
considered very carefully because communication usually is the main reason for pure parallel
performance.

A typical example where communication calls can be avoided is the flux computation of the
flow solver. It starts with the computation of the convectivefluxes which first needs a loop over
the edges and second over the boundary faces. In the viscous case another loop over the edges
has to be performed to compute the viscous fluxes. These threeloops all add values to theflux
variables of the points. There is only one communication call required after all these sums are
computed.
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6.6.3 Using global reduction operations

For the current flow solver reduction operations are not essentially required, but it is a nice
feature of the solver that it prints some integral numbers (residual, lift, drag and others) after
each multigrid cycle.

To compute these numbers correctly more or less effort has tobe spent. Powerful communi-
cation interfaces likeMPI provide global reduction operations like sums. For residual, lift and
drag only sums are required. For the residual one has to compute the sum over all domains be-
fore computing the square root of the sum. For drag and lift the boundary integrals and also the
area (length) of the body have to be computed as global sums before the integrals are divided
by the area.

6.7 Grid partitioners

The grid partitioners currently implemented are a simple self-coded partitioner and the public
domain software packagemetis. The simple partitioner can not achieve the partitioning quality
of sophisticated methods, such that more communication overhead decrease the parallel per-
formance. When using only a small number of processors (letssay 2 or 4) the effect remains
negligible. In such a case it is of advantage that the partitioning itself is much faster. Going to
massive parallel computations the use of other partitioners is recommended.

6.7.1 Simple partitioner

The default partitioner computes the edgecuts according tocoordinates. If two partitions have
to be computed it is compared if the partitioning atx = const (x is the position on half the way
betweenx-max andx-min) requires less cuts of edges than a cut aty = const orz = const.
The best of the three cuts is used. If three domains have to be computed the partitioning is
performed by dividing first in 2 subdomains weighted with 1/3and 2/3. The second subdomain
is then divided again in 2 partitions with equal weights. Allother numbers of subdomains are
computed using the same algorithm recursively, e.g 7 subdomains are obtained by dividing first
in 2 domains weighted with 3/7 and 4/7. The first is then partitioned in 3, the second is two
times divided in 2 partitions.

6.7.2 Metis partitioner

The metis partitioner is a public domain software package. Sources orfurther information
can be obtained from the web pagehttp://www.cs.umn.edu/˜karypis . The sources are
coupled with the code without performing modifications (except in the Makefiles) such that
a substitution of the current version by a later update is as simple as possible. Only the old
sources have to be replaced and the object lists in the Makefiles have to be adapted. Metis
has been selected for the coupling to the code byIBK within the FASTFLO project. A more
detailed documentation ofmetishas been prepared byIBK and can be found in the annex.



7 Unsteady

7.1 Deforming mesh without GCL

The pseudo temporal change of the conservative variables~W for the physical timeτ can be
derived for a deforming mesh as:

∂
∂t

~W = − 1
V
·
Z Z

∂V

¯̄F ·~ndS− ∂
∂τ

~W− ~W · ∂V
∂τ

(7.1)

The time derivative of the conservative variables∂
∂τ

~W and of the control volumes∂V
∂τ are com-

puted by a finite difference in physical timeτ.

7.2 Deforming mesh with GCL

With the geometric conservation law GCL,
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(7.2)

the pseudo temporal change of the conservative variables~W for the physical timeτ can be
derived as:
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Where the time derivative of the conservative variables∂
∂τ

~W and of the grid coordinates~U are
computed by a finite difference in physical timeτ. The Integral

RR

∂V

~U ·~ndSis only evaluated

once for every physical time step.
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8 Grid-Adaptation Indicator

8.1 Introduction

Automatic grid adaptation is an essential task for a fully automatic CFD system. It is composed
of two parts: a strategy how to refine the given grid and the detection of the locations and
the strengths of the refinement. One classical approach for adaptation indicators is the use
of gradients or undivided differences of any suitable flow variable. This approach can detect
flow phenomena, when taking for instance the primitive variables into account (e.g. shocks are
detected because of large gradients) and is followed by the gradient-based indicator described
below. Alternatively one can reconstruct the flow values on the edge midpoints from both sides,
just like it is done within the solver, and then take the difference of the two obtained values.
This leads to an indication of the curvature, but it might as well be interpreted as the gradient-
based indicator added to the difference of gradients. We call this method reconstruction-based.
Another approach is to formulate directly an indication forthe local discretization error. This
strategy is followed by the residual-based indicator described below.

Each of these indicators can be applied depending on the parameter settings. We decided to
provide each type of indicator, because it is not clear up to now which strategy will be of
advantage in future applications. The fact that the residual-based indicator can be interpreted
as a real measure for the discretization error seems to be of advantage on the one hand. On the
other hand it provides no directional information as the gradient-based and the reconstruction-
based indicator do (which is the gradient in the direction ofan edge).

8.1.1 Gradient-Based Indicator

A classical approach for adaptation indicators is the use ofgradients or differences of any suit-
able flow variable. The approximated gradientG(V) of a variableV in discrete form is∆V/h,
with ∆V = Vp1 −Vp2 i.e. the difference between the point values of the two points p1 and p2

connected by one edge, whereh is the length of the edge. We write the gradient-based indicator
as:

I = ∆Vhα (8.1)

A widely used formulation isα = 1, i.e.: G(V)h
2. The advantage of scaling the indicator with

a positive value ofα is that the adaptation stops automatically in the corresponding area after
several cycles also when discontinuities are present in theflow field. Our three-dimensional
numerical tests have shown that values ofα < 1 may be of advantage in order to strengthen
the grid refinement near surfaces where the cell sizes are typically some orders less than in the
farfield region. We useα = 0.5 as default value. Our choice of∆V is:

∆V = MAX

(

Cφi

∆φi

(∆φi)re f

)

(8.2)
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with 0 <= i < N andN being the number of different variables considered. The current imple-
mentation is:

φi = {ρ, |~v|,Pt ,Ht} (8.3)

Pt is the total pressure,Ht is the total enthalpy.|~v| is defined as

|~v| =
√

(u(p1)−u(p2))
2+(v(p1)−v(p2))

2+(w(p1)−w(p2))
2

The weightsCφi are parameters enabling to choose different combinations of the single parts of
the indicator (to be set to zero in order to turn offφi).

The reference values(∆φi)re f are for an equilibrated scaling of each part of the indicatorwith

(∆φi)re f = MAX((∆φi) j), (for all grid points j).

The above described indicator refines the grid in the whole flowfield with equal weights. Be-
cause it can be very expensive to refine e.g. the whole shock region with the same weight as the
leading edge, we introduced surface weights. They allow to strengthen the refinement near the
surface such that e.g the pressure loss around a leading edgedecreases without obtaining too
small cells farer away.

The modification reads as:

I = ∆Vhα(1+Cww) (8.4)

with w = 0 for all inner edges,w = 1 for edges having one surface point andw = 2 for edges
having two surface points. Good results have been obtained when setting the parameterCw to
Cw = 1. WithCw = 0 (default) the surface weights are disabled.

8.1.2 Residual-Based Indicator

A residual based indicator developed at the DLR has been successfully used for two dimensional
computations. Thus it has been extended to the following three-dimensional formulation. We
write the steady state Euler equations for compressible flows in the form:

3

∑
i=1

∂xi fi(u) = 0

with u being the vector of the conserved variables. Then we define the residualrh by insert-
ing the solution vectoruh, which is an approximation of the exact solutionu, into the above
equation:

rh =
3

∑
i=1

∂xi fi(uh)

It can be shown (see [65]) that under smoothness assumptionsthe local error on a cellΩ can
be bounded from below and above by||hrh||L2(Ω). Although, the smoothness assumption is
violated when discontinuities are present,||hrh||L2(Ω) behaves well, as two-dimensional test
cases have shown. From an engineering point of view it is quite useless to know that the error
of the approximative solution will tend to zero if the mesh size tends to zero (due to the scaling
with h) because of limited computer resources. Thus, a change of the scaling factorh can be
considered tohα and 0≤ α ≤ 1. In three-dimensional numerical tests it turned out thatα = 0
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is the best choice. The computation of the residual is performed on the primary grid cells. It
would not make sense to compute it on the auxiliary grid cellsbecause the solver is constructed
to converge the residual on these cells to zero. Linear fluxesare assumed over the primary cells
Ω. Thusrh is constant overΩ and the residual based indicatorI is computed as:

I(Ω) = ||rh||L2(Ω)

=
√

|Ω|
√

n

∑
i=0

(rh)
2
i

(8.5)

wheren = 5 is the number of equations and|Ω| is the volume ofΩ. The values of the flux
functions at the 4 points of a tetrahedra are computed from the givenuh of the flow variables.
Thus the remaining step for the computation ofrh is to compute the partial derivatives of the
flux functions resulting in a linear system of equations. Forthe computation of the residuals on
prisms the same procedure is used by subdividing first each prism into three tetrahedra.

The indicator values are related to the volume elements. Allvalues of elements connected by a
single grid point are averaged and stored as point value. Thesum of the indicator values of two
points connected by an edge builds the indicator edge value used by the edge-based adaptation
algorithm.

8.1.3 Reconstruction-Based Indicator

Since the solver is second order accurate with the aid of gradients, we want to calculate the
differences of reconstructed values. Therefore we need thespatial gradient on each point for
each flow value. For their calculation see below.

Let theφi be the different flow values, then the indicator on the edgee with the pointsp1, p2 is
defined as:

I(e) = max
i

|(φi(xp1)+
1
2

xe ·grad(φi(xp1)))− (φi(xp2)−
1
2

xe ·grad(φi(xp2)))| · |xe|α,

wherexe = xp2−xp1 andα is a userdefined exponent.

8.1.4 Calculation of Gradients on the Primary Grid

The information about the dual cells and their volumes or faces is not available within the
adaptation module, therefore we cannot use theGreen-Gaussformula as in the solver. We use
instead aleast-squareapproach, where we only need distances between neighboringpoints. For
a functionφ : ℜ3 7→ℜ we calculate the gradient at the pointx0 with the set of neighboring points
{x1, ...,xNp} by:

grad(φ(x0)) =
Np

∑
j=1

M−1
0 w j ,0(φ(x j)−φ(x0))(x j −x0), (8.6)

wherew j ,0 := 1
‖x j−x0‖2 and the weighting matrix is defined by

M0 :=
Np

∑
j=1

w j ,0(x j −x0)
T(x j −x0). (8.7)
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8.1.5 Calculation ofy+ Values

With the aid of the gradient of the velocity vectorV we can calculate the vorticity:

ω(x) =
√

(∂2V1(x)−∂1V2(x))2+(∂3V2(x)−∂2V3(x))2+(∂1V3(x)−∂3V1(x))2 (8.8)

Now letxW be a point on a solid wall,n the corresponding surface normal andxN the near point
of xW. Theny+ is defined by:

y+ :=
√

ρ(xW)µ(xW)ω(xW) · n(xW −xN)

|n| (8.9)

8.1.6 Application of Adaptation Indicators for Local Grid R efinement

Applying the adaptation indicators for local grid refinement an additional parameter and its
influence has to be discussed. For the local grid refinement ithas to be decided which edges
have to be bisected. It is natural to select the edges with large indicator values. In order to refine
a certain number of edges a threshold has to be chosen (which is in the current implementation
a selection of the percentage of enlarging the grid dimensions). Different indicators can lead to
the same grid refinement for one threshold and to a different refinement for an other threshold.
This becomes obvious when considering the example that the distribution of two indicators is
very similar except for local maxima occurring on differentpositions. A high threshold leads
to the selection of some maximum values at different grid positions. For a low threshold much
more edges are selected, which may lead to an identical refinement (the limiting case is that
all edges will be bisected). This tendency can be observed employing the above described
indicators. Enlarging a grid in a single adaptation step of more than the double size can lead to
similar results. Enlarging a grid over several steps only by, lets say, 40% per step the different
indicator characteristics become visible. Considering the example of a transonic flow past a
wing the residual-based indicator leads to a strong refinement of the leading edge region and
a weak refinement of the shock region. Using the gradient-based indicator a stronger shock
refinement is obtained. The reconstruction-based indicator is somewhere inbetween.



9 Grid-Adaptation Algorithm

9.1 Introduction

The aim of this algorithm is to build, given a mesh and a solution on it, a new conforming mesh
as a result of certain element refinements and in case of a viscous calculation on a hybrid mesh
as a result of redistribution of points on wall normal rays depending on the given solution and
the corresponding refinement-indicator. For the refinementof the different types of elements,
the primary grid is composed of, it is also referred to e.g. [48].

The grid refinement is performed by calculating the list of edges of the mesh and then marking
edges to be bisected depending on the refinement-indicator strategy. In the next step by several
loops over the elements additional edges are marked considering only allowable refinement
cases (for details see below) in order to get a conforming mesh.

Afterwards the point-coordinates and the interpolated solution values on the new points are cal-
culated and the new elements are constructed, thereby storing the ’critical’-refinement cases,
such that in a next adaptation step these ’critical’-elements can be treated separately. These
’critical’-elements are new elements that come from non-isotropic refinement cases. The rea-
son why these elements have to be treated separately is that otherwise there might occur new
elements with very small angles.

On hybrid grids the wall normal pointdistribution can be changed, such that a userdefinedy+

value is reached all over the solid wall and the intersectionof prismatic and tetrahedral (or
prismatic and hexahedral in quasi two-dimensional grids) elements can be improved in regard
of the corresponding dual grid.

All the used files, apart from the parameter file and the selected-elements file are in theNetCDF-
format. Therefore the implementation is influenced by the capabilities and restrictions of this
library.

9.2 Basic Ideas

The following points are the basic ideas of what is done in thetool. A detailed description of
the different modules is given in the implementation part ofthis description later on.

1. There are some informations about the grid and its edges weneed. First of all this is the
list of edges containing the two point numbers. With this we get element-edge lists of the
elements, containing the edges that form the element.

2. Now we have to judge with a refinement-indicator and a strategy, which edges are to be
bisected. If the mesh has been adapted before we have to consider the ‘critical’-elements
and treat them by different methods, which means that there are edges which are not
allowed to be bisected.

155



9. Grid-Adaptation Algorithm 156

3. Several loops over the prismatic elements are made in thisstep. If a prism has marked
edges mark other edges of the prism such that the corresponding refinement is allowable
and store the number of marked edges in each prism. This has tobe done until no further
edges are marked in a whole loop.

4. Step 3. is done with all tetrahedral elements.

5. Since step 4. might have caused new marked edges on the boundary shared by tetrahedra
and prisms, steps 3 and 4 have to be repeated until no new additional edges are marked.

6. After step 5. the marking of edges is conforming in the sense that the following cor-
responding construction of the elements leads to a conforming mesh. However, before
we can start this construction, we have to run one loop over all elements, that is prisms,
tetrahedra, triangles and quadrilaterals and count the number of new elements in order to
allocate the arrays needed.

7. By a loop over the edges the new point-coordinates and the interpolated solution values
on the new points are calculated and the new point-numbers are stored in an edge-flag. If
interpolation of the new surface points or redistribution of points in the boundary layer
is required, wall normal rays have to be extracted and the translation is prolongated over
these rays. With the same datastructures the fixing ofy+ is performed.

8. This is the last step, where the new elements are constructed and stored in arrays. If
’critical’-refinement cases emerge the involved element- and point-numbers are stored in
the new grid-file.

9.2.1 Allowable Refinement Cases

Since we do not want the adapted mesh to get much worse, according to the quality of elements,
than the initial mesh, we only allow certain refinement caseson elements.

We start by describing the refinement-cases on tetrahedra since these are the only real 3D-
elements so far supported. The refinement cases for prisms, triangles, hexahedra and quadrilat-
erals are then just projections of the tetrahedra refinement-cases.

• There are ten different cases of tetrahedra refinement on initial meshes (that means,
meshes that have not been adapted before and therefore determine the quality of all the
following resulting meshes).

– critical-refinement

* (1 : 2.1)-refinement: One edge of the tetrahedron is marked and the oldtetra-
hedron is split into two new ones.

* (1 : 3.2)-refinement: Two edges are marked and these edges are connected by
one point. The old tetrahedron is split into three new ones.
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* (1 : 4.2)-refinement: Two edges are marked and these edges are not connected.
The old tetrahedron is split into four new ones.

* (1 : 4.3 f ace)-refinement: Three edges are marked and these edges build a tri-
angle. The old tetrahedron is split into four new ones.

* (1 : 4.3)-refinement: Three edges are marked and these edges are connected by
one point. The old tetrahedron is split into four new ones.

* (1 : 5.3)-refinement: Three edges are marked and these edges are neither con-
nected nor adjacent. The old tetrahedron is split into five new ones.

* (1 : 6.4 f ace)-refinement: Four edges are marked and three of these edges build
a triangle. The old tetrahedron is split into six new ones.

* (1 : 6.4)-refinement: Four edges are marked and these are pairwise opposite.
The old tetrahedron is split into six new ones.
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* (1 : 7.5)-refinement: Five edges are marked. The old tetrahedron is split into
seven new ones.

– isotropic-refinement

* (1 : 8.6)-refinement: All edges (that is six) are marked. The old tetrahedron is
split into eight new ones.

Since this splitting is not unique, we have to set a rule how toconstruct the new
tetrahedra. 24 new edges are determined by the midpoints of the old edges. For
the 25-th edge (that is the inner edge) the choice is free. We get ’best’ new
tetrahedra by choosing the smallest inner diagonal of the old tetrahedron and
then constructing the new ones along this line.

• Consequently there are three different cases of triangle and two cases of prism refinement
on initial meshes. (We only describe the refinement on triangles because refinement on
prisms just means the same procedure done on both triangles of the prism.)

– critical-refinement

* (1 : 2)-refinement: One edge is marked and we get two triangles out ofone.

* (1 : 3)-refinement: Two edges are marked and we get three triangles out of one.

– isotropic-refinement

* (1 : 4)-refinement: All edges (that is three) are marked and we get four triangles
out of one.

• On quadrilaterals the situation is straightforward, because either they are refined or they
are not.

• On hexahedra the situation is the same as on quadrilaterals.

On meshes that have been adapted before there is a list of elements that are obtained from
’critical’-refinement cases. These are all critical cases for tetrahedra,(1 : 2) and (1 : 3) for
triangles and(1 : 2) for prisms.

If an element is in the list of ’critical’-elements and has marked edges, there are the following
steps to refine it. (Note that there are edges which are not allowed to be marked at all.)
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• On all elements:

1. We reconstruct the ’parent’-element with its old edge-connectivity (that is the ele-
ment this one comes from).

2. All edges in the ’parent’-element that are needed to construct all current ’child’-
elements are marked.

3. Now the edges in all current ’child’-elements that connect two points in the cor-
responding ’parent’-element are checked for being bisected in all current ’child’-
elements and the same edges are marked in the ’parent’-element, such that we get
allowable refinement cases.

4. If other edges are bisected in the ’child’-elements as described above, we have to
perform further refinements and we must mark all edges in the ’parent’-element
and therefore the corresponding edges in the ’child’-elements. (Note that the only
possible refinement case is an isotropic one for the parent).

5. We construct the new elements depending on the refinement case of the ’parent’-
element.

• Further refinement on critical elements:

1. A subgrid is build of the new isotropic refined elements with the same edge-connectivity
as an initial mesh would have.

2. We search in all old ’child’-elements for bisected edges and store the information in
the subgrid, too (only if the edges are the same !).

3. At last we treat this subgrid as if it was an initial grid andthen we can construct all
possible refinement cases in this further refinement.

9.2.2 The List of ’Critical’ Elements

After constructing a non-isotropic element (’critical’) we store the following data:

• The refinement case of the element.

• Four (tetrahedron), six (prism) or three (triangle) point-numbers of the ’parent’-element.

• An offset number, which points to the beginning of the ’child’-elements (e.g. a tetrahe-
dron has been refined(1 : 3.2) and the new tetrahedra are stored at position 201, 202 and
203, than the offset is set to 201).

Starting an adaptation on an previously adapted mesh, this information is read and stored in
suitable arrays, as the new refinement depends on this information.

9.2.3 Dealing with Semi-Structured Parts

Adaptation on hybrid grids, which are usually used for viscous calculations, does need some
further considerations. Simply bisecting edges in the semi-structured parts (prisms in three-
dimensional grids and hexahedra in two-dimensional grids)cannot be desirable. If we want to
conserve the element types, which we do in the boundary layerfor instance, an edge in wall
normal direction that is bisected would imply a whole new layer of elements. Instead of adding
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points in this direction we move the available points depending on they+ value of the first field
point and the average length of the surrounding edges of the last point. That means we deter-
mine the first and the last point distance on each wall normal ray and then redistribute the points
according to the solution of the resulting one-dimensionalboundary value problem. The new
values are then projected to the quadratic spline of the initial distribution. In order to achieve
a certain smoothness of the grid, the first and last distancesare smoothed by averaging of the
values of the neighbors.
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9.3 Implementation

The following steps have to be done. The order corresponds tothe implementation and is chosen
in order to save memory. Each point is explained in detail below:

• read the parameters

• read the grid and the point-coordinates

• orientate surface normals on surface elements and calculate the missing grid information

• read the curve information (only on meshes with defined bar2 elements)

• read the critical-elements lists (only on adapted meshes)

• indicate edges which are not allowed to be bisected (only onadapted meshes)

• calculate the value of the chosen indicator on each edge

• mark edges to be bisected depending on the refinement-indicator strategy

• mark additional edges until the corresponding grid is conforming

• count the number of new elements and elements involved in critical-refinement cases

• calculate the new point-coordinates and -numbers

• distribute the translation of new surface points along thepiles (on hybrid grids only)

• adapt the wall normal point distribution to the wanted values (on hybrid grids only)

• update curves (only on meshes with defined bar2 elements)
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• interpolate the solution onto the new points and write the new restart solution for the
adapted grid

• write the new curve information (only on meshes with bar2 elements)

• construct the new tetrahedra thereby writing the tetrahedra blockwise; count and write the
critical tetrahedra blockwise

• construct the new prisms; count and write the critical prisms blockwise

• construct the new hexahedra

• construct the new triangles and quadrilaterals; count andwrite the critical triangles block-
wise

• write the point-coordinates; write all remaining elements and surfmarkers where neces-
sary

9.3.1 Reading the Grid and the Point-Coordinates

The primary grid file is read and the following structure is built:

typedef struct
{

int ntetra, nprism, nhexa, nstri, nsquad;
int (*tetrapnt)[4];
int (*prismpnt)[6];
int (*hexapnt)[8];
int (*stripnt)[3];
int (*squadpnt)[4];
int *surfmarker;

} VolumeGridConnectivity;

The point-coordinates are stored in:

double *xc[3];

(Note that the casenhexa> 0 is currently only supported in 2D grids.)

9.3.2 Calculating the Missing Grid Information

The edge based grid is stored in the following structure:

typedef struct
{

int nedges;
int **edge_pnt;

int **tetra_edge;
int **prism_edge;
int **hexa_edge;
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int **tri_edge;
int **quad_edge;

int **cri_tetra;
int **cri_prism;
int **cri_tri;

} EdgeBasedGrid;

For the calculation of these arrays the point to element connectivity is needed. Since the num-
bers of elements surrounding a point can differ in an unstructured mesh and we do not want to
waste memory, this information is stored in two one-dimensional arrays. One of them contain-
ing the indexes and the other one containing the actual element numbers.

Example for the calculation of the point surfaceelement connectivity:

After these connectivity lists are available (the above hasto be done for volumeelements as
well) we can compute the array (∗∗edgepnt) of all edges of the grid, containing the two point-
numbers and two flags.edgepnt[edge][0] indicates whether the edge has to be bisected or not
(set to 0),edgepnt[edge][1..2] are the point-numbers andedgepnt[edge][3] indicates whether
the edge is allowed to be bisected or not (set to 0).

Then we need the element-edge connectivity, containing thenumbers of the edges of the element
and a flag.

(Note that we do not store all edges of hexahedra, prisms and quadrilaterals, but only the ones
that form a triangle in a prism or the ones that are not in the predefined offset direction in a hex-
ahedra, respectively.) In theseedge[elem][0] is a symbolic constant that indicates the current
refinement case in dependence to the number of marked edges (set to 0). And edge[elem][1..x]
are the numbers of the edges that form the element (e. g. a tetrahedron has 6 edges and a
triangle 3).

In prisms the edges are ordered. That meansprism edge[edge][1] connects point 0 and 1,
prism edge[2] connects point 1 and 2,prism edge[3] connects point 2 and 0,prism edge[4]
connects point 3 and 4 and so on.

In hexahedra we only need four edges and a normal vector to determine which square lies in the
plane (Note that refinements on hexahedra are supported onlyin 2D-meshes).

9.3.3 Reading the Curve Information

If there is a list of pairs of pointnumbers, which indicates curve edges, in the grid-file, this list
is stored in the following structure:

typedef struct
{

int nbar_2;
int (*barpnt)[2];
int ncurves;
int *curveidx;

} CurveEdge;

ncurvesdefines the number of different surface curves.curve idx stores the start and end index
of each curve (ifncurves> 1).
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9.3.4 Reading the Critical Elements Lists

If the grid has been adapted before and there are elements coming from critical-refinement
cases, there are the mentioned lists in the grid-file. In order to store these we allocate the
different arrays of pointers, which are in the edge based datastructure.

int *cri_tetra[ntetra];
int *cri_prism[nprism];
int *cri_tri[nstri];

Now if an element is in the list of criticals, the corresponding pointer has to point to an allocated
array such that we can put the needed information in it. As mentioned above the size of these
arrays depends on the element type.

The first entry of these arrays is always the refinement case ofthe ’parent’- element (e.g.
REF 1 2 for (1 : 2.1)-refinement andREF 1 3 for (1 : 3.2)-refinement). The next ones are
the point-numbers of the ’parent’-element and the following one is the offset number of the
’child’-elements (this means that all elements coming froma critical refinement are stored in
one block).

• int[5] for triangles

• int[6] for tetrahedra

• int[8] for prisms

9.3.5 Indicating Edges Which are not Allowed to be Bisected

If there are critical elements in the grid certain edges are not allowed to be bisected, because if
one of these elements has to be refined these edges will vanish.

In critical triangles and prisms there are one or two such edges, respectively. In critical tetrahe-
dra there are more than one edge that is not allowed to be bisected and these edges are always
depending on the refinement case of the ’parent’-element.

Here is an example for a(2 : 4)-refinement on a triangle. The dotted edge is the one that vanishes
after the refinement.

Figure 9.1: (2 : 4) refinement case

We indicate these edges by settingedgepnt[3] to 1.

9.3.6 Calculating the Values of the Chosen Indicator on EachEdge

Since we now have access to the list of edges, we can apply the indicator function to the two
points of each edge and store the results in an array:
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double edge_ind_vals[nedges];

9.3.7 Marking Edges to be Bisected

If a selected-elements filename is given in the input-file, which is an ASCII-file containing the
number of elements and their element-numbers which have to be refined, the element-numbers
are read and all old edges of the element (that means edges that existed in the previous grid if
there was one) are marked.

Otherwise, after the calculation of the indicator value foreach edge, the average of the minimum
and the maximum of these values is taken as thresholds and each edge with an indicator value
above this average is marked. Afterwards the additional edges are computed (see below) and
the resulting number of new points is compared to the userdefined number of new points. If it
is to small or high the threshold is decreased or increased respectively.

9.3.8 Marking Additional Edges

Since after the previous step the bisection of edges will usually not lead to a conforming mesh,
we have to bisect additional edges. This has to be done first ofall for the prisms, afterwards for
the tetrahedra and then be repeated until no additional edgemarking occurs in a whole loop.

Marking Additional Edges in Prisms

In prisms the marking of additional edges is straightforward. As we have sorted the edges in
prisms, we can run over the prisms and mark the edges on the opposite triangular side of marked
edges in each prism. Only in the case that two edges (in a prismtriangle) are marked, we have to
mark the third one (and the opposite one of course). We then store a symbolic flag that indicates
the refinement case (that isNO REF, REF 1 2 orREF 1 4) of the prism.

If the grid has been adapted before there might be critical prisms and they have to be treated
separately in the following way:

If one or more of the edges of a critical prism is marked we build a temporary prism and
reconstruct the parents edge connectivity (and so the old refinement case). Then we mark all
edges which have been in the parent-element and still exist in the ’child’-elements (the points
of the parent element are in the critical-list). Furthermore we have to mark the same edges in
the temporary prism that represents the ’parent’-element with its current refinement status and
check this prism for an allowable refinement case (Note, it ispossible to mark some additional
edges to get an allowable refinement case). If edges are marked that have not been in the
parent element, we have to mark all edges in the temporary prism and we have to set the flag
to REF 2 4 PLUSin all ’child’-elements to indicate that further refinementis necessary on the
elements.

We run loops over the prisms until no prism-flag changes. Since there is a finite number of
edges only, this procedure will terminate and moreover the resulting prism refinement will be
conforming.

Marking Additional Edges in Tetrahedra

In tetrahedra the same procedure is more sophisticated, because it means real 3D-refinement
and therefore there are more allowable refinement cases. We run loops over all tetrahedra and
check the number of marked edges and whether they are connected by each other or not.
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• One edge is marked and we have a(1 : 2.1)-refinement so the flag is set toREF 1 2.

• Two edges are marked so we have to look whether they are connected(1 : 3.2) or not
(1 : 4.2) and set the flag toREF 1 3 orREF 1 2TWO.

• Three edges are marked and three different cases are possible. The edges form a triangle
(1 : 4.3 f ace) or are all connected by one point(1 : 4.3) or form a chain(1 : 5.3). The
flags to be set areREF 1 4FACE, REF 1 4, REF 1 5.

• Four edges are marked and three of them form a triangle(1 : 6.4 f ace) or their are pairwise
opposite(1 : 6.4). Here the flags areREF 1 6FACE or REF 1 6.

• Five edges are marked and we get a(1 : 7.5)-refinement with the flagREF 1 7 to be set.

• All edges are marked and we get a(1 : 8.6)-refinement with the flagREF 1 8.

With each refinement status we have the number of marked edges, so if the number of marked
edges is changed, we must change the flag depending on the new refinement case.

If the grid has been adapted before there might be critical tetrahedra and they have to be treated
separately in the following way:

As described above we reconstruct for each tetrahedron the ’parent’-element with the old edge-
connectivity (this means we store the new points that are calculated in the adapted mesh before
in the same edges they are coming from) so we can construct thecritical-elements immediately
(the flag -tetra edge[elem][0] - is set to the first value in the criticallist - cri tetra[elem][0]).
After this we have to check if edges in critical-elements (’child’-elements) are marked that have
not been in the ’parent’-element. If one of those edges is marked we have to mark all edges in
the ’parent’-element (and therefore all ’old’ edges in the critical-/’child’-elements) and set the
flag toREF 1 8PLUSwhich means that further refinement is necessary on the new elements.
If only edges are marked that have been in the ’parent’-element we can easily determine what
refinement case is necessary to get a conforming mesh, by marking these edges in the ’parent’-
element, too. At last we have to check the current refinement status of the ’parent’-element.

We run loops over the tetrahedra until no tetrahedron-flag changes. For the same reason as
for the prisms this procedure will terminate and the resulting tetrahedra refinement will be
conforming.

Here is an example for three critical-tetrahedra obtained by a (1 : 3.2)-refinement and one ’old’
edge is marked. The ’parent’-element is reconstructed and the edge informations are stored in
the ’parent’-element. Then a(1 : 4.3)-refinement is performed on the ’parent’-element. Thereby
the three dotted edges vanish due to the refinement.

9.3.9 Counting the Number of New Elements

In order to allocate the memory needed and to define the variables of the new grid file we have
to know how many elements of each type will be in the new grid. We also must know how
many ’critical’-elements of each type we will have to write.

In order to get these values we run a loop over each element type (except the tetrahedra) and
by looking at the flag we find out how many new elements there will be. For the surface-
elements (triangles and quadrilaterals) we have to count the number of marked edges and store
the refinement case in the flag (which depends on the number of marked edges), in order to
calculate the needed values as described above.
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Figure 9.2: (3.2 : 4.3) refinement case

Note that in the all further-refinement cases for tetrahedrawe do not know at that time how
many new tetrahedra will be constructed, because this depends on along which diagonal we
refine. Therefore we cannot calculate the number of new tetrahedra elements and criticals (This
is done in the construction routines).

9.3.10 Calculating the New Points

Now we count the number of marked edges and allocate the memory for the new point-coordinates,
since a marked edge means a new point. So far quasi-quadradicspline interpolation of the new
points on surfaces is supported. While calculating the new point-coordinates we store the new
point-number (always added to the number of old points) inedgepnt[0].

Interpolation of New Points on Surfaces

The interpolation of a new point between two old points is based on Bézier-spline interpolation
and therefore requires the two old point-coordinates and the normals on the old points depending
on the surrounding surface-elements.

The surface normal on a pointp is calculated through

np =
1

‖∑
Np
i=1

αei
|aei +bei |

nei‖
·

Np

∑
i=1

αei

|aei +bei |
nei ,

whereNp is the number of neighboring surface-elementsei of p, αei is the angle atp of ei , nei

is the unit normal onei andaei , bei are the edge-vectors ofei from p.

If there is no information about curve edges available, while these sums are calculated we look
at the angle between two normals on elements with a common edge and count how often it is
greater than our maximum-surface-angle. If there is a curveedge list, we run a loop over these
curve edges and count how often a point appears. If more than one curve is defined, we expect
each curve to have unique start- and endpoints. After that weset this number to 1 if it was 0
and to 3 if it was 1.

In both cases we interpret this number as the number of surface patches at pointp. This means
in particular, if this number differs from 1, we do not have a unique normal on pointp.
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This number is stored for each surface point in the arrayint no_norms[snpoints] ; where
snpointsdenotes the number of surface points. The normals are only stored for points with one
unique normal in double *dxc[3] ;

After this we run a loop over all edges thereby looking at the two pointsp1 andp2 of marked
ones. We now interpret the valuesno norms[p1] andno norms[p2] in the following way:

1. no norms[p1] = no norms[p2] = 1 :

both points are on the same smooth surface patch

2. (no norms[p1] > 1 andno norms[p2] = 1) or
(no norms[p1] = 1 andno norms[p2] > 1) :

both points are on the same smooth surface patch but one pointis also a curve point

3. no norms[p1] = no norms[p2] = 2 :

both points are on the same smooth curve

4. (no norms[p1] > 2 andno norms[p2] = 2) or
(no norms[p1] = 2 andno norms[p2] > 2) :

both points are on the same smooth curve but one point is an endpoint of this curve

5. no norms[p1] > 2 andno norms[p2] > 2 :

the edge between these two points builds a whole curve

In all cases apart from 1 we do not have a normal on the involvedpoint. The calculation of
course depends on the case.

In case 3 and 4 the two points are interpreted as curve points.So in order to calculate their nor-
mals, we look at the neighboring points and if there is one unique neighboring point (otherwise
linear interpolation is performed), which is not the other edge point, we are able to calculate a
normal on the point with two neighbor points. In order to do sowe restrict the case to the plane
through these three points and then calculate the normal in the usual two-dimensional way.

In case 2 and 4 only one normal is given, so that we have to set anappropriate boundary
condition in order to calculate the other one. We chose constant curvature as the boundary
condition. That is, we reflect the given normal at the plane through the midpoint of the two
points with the vector from one point to the other as the normal.

In case 5 no normal information is available, so that we perform a linear interpolation in this
case.

Now either we have performed the interpolation (linear) already, or we do have two normals
for each edge. We now calculate the intersection of the two planes on these normals fixed
at the corresponding point. If the intersection differs from a line (which means the normals
were colinear), we perform linear interpolation again. Otherwise we project the midpoint of
the regarded edge onto the line. We now have three points for each edge. These three points
are now the control points of our Bézier-spline. The new point is now the intersection of this
function with the plane through the midpoint of the edge withthe vector from one edge point to
another as normal.

However, the translation of a new linear point on the surfaceto the splined one can damage the
grid. If we think of stretched tetrahedra or prisms with highaspect ratios, this damage is very
likely. Therefore we check if the translation shifts the newpoint outside adjacent elements. In
case these are tetrahedra, we set the point coordinate back to the linear one. In case of prisms
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we translate all the new points in the corresponding pile andcheck the resulting elements. If
these are damaged, we take the linear point.

There are two values to be set. One isMAX ANGLEwhich is the angle between two normals
from which on linear interpolation is performed. The other one isEPSwhich should be the
accuracy of the surface points in the given mesh.

9.3.11 Adapting the Wall Normal Pointdistribution

In order to redistribute points along a wall normal ray, we need these rays in an ordered sense.
We decided to store these rays edgewise. That means, for eachedge lying on a solid wall we
have an ordered list of the corresponding edges in the same ray. We store these like e.g. the
point to element connectivity. So we have an array with the indexes

int layer_listidx[nedges + 1];

and a two-dimensional array with the actual data

int (*layer_list)[3];

where the first entity is the number of the edge and the second and fourth are the pointnumbers of
the adjacent points (this holds only for three-dimensionalgrids, where each edge in a prismatic
layer is connected to four prisms and therefore has two unique neighbor points). However,
since we want to extract lines, the edgenumbers are signed. Apositive number means that
the corresponding points are on the same line as the underlying point and vice versa. The
computation of this information is done by looping over the prisms. First of all we flag all
edges on the wall and then we run loops over the prisms flaggingthe unflagged edges with the
bottom edgenumber and the actual layer number (wall points have layernumber 0. These loops
are repeated until no edge is flagged. After that the filling ofthe layer list is straightforward.

As soon as we have computed these arrays, we have access to each ray. Now we can calculate
y+ on the first field point and the desired distance on the last point. After this is done, these
two values for each ray are limited and smoothed. With the resulting values we redistribute the
points and project them onto the curve spline. The same method is applied to each solution
variable in order to save computational time for the restartprocess.

9.3.12 Interpolating the Solution

The interpolation of the solution values at the new points works as for the point-coordinates.
So far only linear interpolation is supported. All conserved quantities given in the file are
interpolated.

9.3.13 Constructing and Writing the Tetrahedra and the Critical Tetra-
hedra

Now we run a loop over each element-type looking at the flag in the element-edge array and
construct the resulting elements.

• all elements:
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– flag REF 1 2 (re f ine tetra 1)

– flag REF 1 3 (re f ine tetra 2)

– flag REF 1 4TWO(re f ine tetra 4 TWO)

– flag REF 1 4FACE (re f ine tetra 4 FACE)

– flag REF 1 4 (re f ine tetra 4)

– flag REF 1 5 (re f ine tetra 5)

– flag REF 1 6FACE (re f ine tetra 6 FACE)

– flag REF 1 6 (re f ine tetra 6)

– flag REF 1 7 (re f ine tetra 7)

– flag REF 1 8 (re f ine tetra 8)

In this case we have to find the shortest inner diagonal and then refine along this
line.

• critical elements (reconstruction):

– all flags (constructtmp tetra)

– flag REF 1 2 (restoreold 1 2 connect)

– flag REF 1 3 (restoreold 1 3 connect)

– flag REF 1 4TWO(restoreold 1 4 TWO connect)

– flag REF 1 4FACE (restoreold 1 4 FACE connect)

– flag REF 1 4 (restoreold 1 4 connect)

– flag REF 1 5 (restoreold 1 5 connect)

– flag REF 1 6FACE (restoreold 1 6 FACE connect)

– flag REF 1 6 (restoreold 1 6 connect)

– flag REF 1 7 (restoreold 1 7 connect)

• further refinements on critical elements:

– flag REF 1 8 PLUS

In this case we have to perform first an isotropic refinement (re f ine tetra 8), then
we construct a temporary grid of new elements (build subgrid), search all the edges
that were not in the ’parent’-element and copy the information into the temporary
grid (searchplus cases) and at last check and construct all tetrahedra as described
above (constructall plus cases).

Since we did not know the number of tetrahedral elements before their construction, we define
the correspondingnetcd f-variable toNC UNLIMITED and write each tetrahedron after its
construction to a queue (and then blockwise to the grid-file).
For the same reason we cannot determine the exact number of critical tetrahedra, so we build a
linear list and store the needed information (case, points and offset) for each critical-refinement-
case. After the construction of the tetrahedra we count all critical-elements, define the corre-
spondingnetcd f-variable and write the list blockwise to the critical-grid-file.
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9.3.14 Constructing and Writing the Remaining New and Critical Ele-
ments

We run a loop over each element-type looking at the flag in the element-edge array and construct
the resulting elements. If critical cases occur or critical-elements from a previous adaptation are
not changed the involved critical information has to be written to the grid file. Then these
new elements have to be stored in theVolumeGridConnectivity-array considering the element
numbers.

• The construction routines for prismatic elements:

– non-critical elements:

* flag REF 1 2 (re f ine prism 2)

* flag REF 1 4 (re f ine prism 4)

– critical elements:

* flag REF 2 4 (re f ine prism 2 4)

– further refinements on critical elements:

* flag REF 2 4 PLUS(re f ine prism 2 p)

• The construction/reconstruction routines for triangular elements:

– all elements:

* flag REF 1 2 (re f ine tri 2)

* flag REF 1 3 (re f ine tri 3)

* flag REF 1 4 (re f ine tri 4)

– critical elements (reconstruction):

* all flags (constructtmp tri )

* flag REF 1 2 (restoretri f rom 1 2)

* flag REF 1 3 (restoretri f rom 1 3)

– further refinements on critical elements:

* flag REF 1 4 PLUS
In this case we construct the elements in the same way as described in the
tetrahedra section (re f ine tri 4), (build subtri grid), (searchplus cases) and
(construct plus cases).

• The construction routines for hexahedral elements:

– There only is one case for these elements, as they either are split into two new ones
or not. Consequently there are no critical cases.

* flag REF 1 2 (re f ine hexa1 2)

• The construction routines for quadrilateral elements:

– There only is one case for these elements, as they either are split into two new ones
or they are not. Consequently there are no critical cases.

* flag REF 1 2 (re f ine quad)

In any critical case (that means a new one or one that still exists from a previous adaptation)
the involved elements and the parent-element points are stored blockwise and written to the
grid-file.
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9.3.15 Writing the Elements, Curve Edges and Point-Coordinates

Since after the construction of the tetrahedra the point-coordinates are not needed anymore we
write them before constructing and writing the remaining element-types.

For surface-elements we also have to consider the surface-marker, that means the child-elements
have to have the same marker as their parent-element had.



10 Periodic Boundaries and Actuator
Disks in the Primary Grid of TAU

10.1 Introduction

The actuator disk in the TAU-Code represents the classical model of momentum theory of a zero
thickness surface which increases the momentum and the energy of the flow. The application
of an external force via a zero thickness surface leads to jump discontinuities in the state of the
flow. The fluxes are conservative through the disk. The discretization should maintain these
properties, a sharp rendering of jump discontinuities and aconservative balancing of fluxes.

10.2 Grid Topology

To render jump discontinuities the grid needs two points at the same geometric position. Be-
cause zero edges between a point and its copy do not exist these points define the surface of
an inner periodic boundary with the identity as transformation. Figure 10.2 shows the topol-
ogy of the grid. The points on the periodic and the shadow halfare geometrical identical but
topological different. At the boundary of the disk the periodic halves are closed by a fix point
line similar to the rotation axis of a rotary periodic boundary. Periodic pairs of fix point lines
are geometrical and topological identical. Figure 10.4 shows the dual grid cells of a cut section
through the disk. Due to the periodicity two boundary cells complete each other to an inner cell
with two points. This enables a conservative balancing of fluxes through the disk and a sharp
rendering of jump discontinuities. Actuator disks intersecting with walls double the points at
the intersection line. Free boundaries are closed by fix point lines. Figure 10.3 shows the grid
topology of an actuator disk intersecting with a wall and onewith a free inner boundary as it is
used for helicopter rotors.

10.3 CAD Model

Before the grid generation starts boundary groups have to bedefined for the surface panels of
the CAD model. If an actuator disk would be constructed as a watertight domain the unique
identification of the periodic and the shadow half would not be possible because they are geo-
metrical identical. To get a unique identification the actuator disk has to be constructed as single
panel for which an orientation has to be specified. With the CAD interface of the grid generator
a special actuator group has to be defined which doubles the surface during the grid generation.
By convention the doubling takes place to the opposite of theorientation. As a preprequisite the
grid generator has to accept a CAD model with a non watertightdomain. Figure 10.1 shows the
CAD model of an actuator disk with oriented surface.

172



10. Periodic Boundaries and Actuator Disks in the Primary Grid of TAU 173

10.4 NetCDF Format for Periodic Boundaries

Actuator disks represent a new type of periodic boundary with the identity as transformation.
Information is stored in the same format as for rotatory or translatory periodic boundaries. The
format of periodic information is described at the example of a small grid partitioned into two
domains with a translatory and rotatory periodic boundary.Figure 10.7 shows the domains of
the grid. The overlapping zone is one element layer. The points are printed with the local point
number. The global point number of the non partitioned grid has been printed as subscript. The
points which are not part of the overlapping zone are own points of the domain and are marked
red. The points of the overlapping zone are denotiated as addpoints and are marked magenta.
For add points there is a distinction if they are connected toown points by edges or elements.
Add points which are connected by elements and not by edges are denotiated external points.
But for the periodic format this is not of importance. The total number of points in the grid,
the sum of nown plus nadd points, is denotiated as nall points. When periodic boundaries are
partitioned periodic pairs may be subdivided so that a periodic point is part of the domain but its
periodic partner does not belong to the domain. Points whichare connected to the domain only
by periodicity and not by overlapping are denotiated as per points and are marked orange. For
these points there exist parallel extensions similar to theextensions for points in the overlapping
zone. The NetCDF format of periodic information can store multiple periodic boundaries of
translatory, rotatory or actuator disk type and has the following form:

dimensions:
two;
eight;
no_of_perbdryidx;
no_of_perbdry ;
no_of_perpairidx ;
no_of_perpair ;
no_of_perpoints ;

variables:
int perbdryidx(no_of_perbdryidx) ;
double perinfo(no_of_perbdry, eight) ;
int permarker(no_of_perbdry, two) ;
int perpairidx(no_of_perpairidx) ;
int perpair(no_of_perpair, two) ;
int perpoint_owner(no_of_perpoints);
int perpoint_id(no_of_perpoints);

The lists and the dependencies between the lists are shown infigure 10.8 and figure 10.9 for both
domains of the grid in in figure 10.7. Periodic boundaries arestored in series ordered according
to their periodic type. The order of periodic types is fixed totranslation, rotation and actuator
disk. The index list perbdryidx stores the start index of theperiodic boundaries of each periodic
type. The dimension of an index list is one more than the number of start indices to calculate
the number of elements for each start index by subtracting itfrom its successor. So the last
entry contains a virtual start index of a not existing following periodic type. The list permarker
contains the marker pairs of all periodic boundaries ordered periodic - shadow. The list perinfo
stores geometric information of each periodic boundary as tuples of eight doubles. The entries
depend of the periodic type and are shown in figure 10.6. Translatoric periodic boundaries
store the translation vector oriented periodic - shadow. Rotatory periodic boundaries store the
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Figure 10.1: CAD model with single oriented panel.

unit axis of rotation, oriented mathematical positive for the rotation periodic - shadow, an axis
point and the number of periodic sections. The number of sections as integral value is preferred
instead of the periodic angle to avoid round off errors. Actuator disks store the unit axis of
rotation by doubling oriented inside to the grid, the centerand the outer and inner radius of
the disk. The index list perpairidx stores the start index ofthe periodic pairs for each periodic
boundary. The list perpair stores the points ids of the periodic pairs ordered periodic - shadow.
Fix points are stored as periodic pair with identical point id.

For partitioned periodic pairs there exist the additional lists perpointowner and perpointid.
These lists refer to points which are connected by periodicity but not by overlapping to points
on the domain. These points get virtual point ids in the list perpairs which count up from nall.
The offset in the list perpointowner and perpointid is calculated by subtracting nall from the
point id. The list perpointowner stores the owner domain in which the point is own point and
the list perpointid the local point id in the owner domain. These lists correspond to the lists
addpointowner and addpointid for points of the overlapping zone. As shown in figure 10.5
actuator disks do not need parallel extensions because of the geometrical identity periodic pairs
can always be shifted to the same domain.

For the TAU-Code the list perpairs includes points of the overlapping zone. The lists perbdryidx,
perinfo and permarker are global. They store information ofall periodic boundaries of the non
partitioned grid. The list perpairidx has the dimension of all periodic boundaries but refers to
the periodic pairs locally existing on the domain. If a periodic boundary in the grid does not
exist on the domain the difference of the start index and its successor is zero.
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Figure 10.2: Grid topology of actuator disk periodic boundaries.

Figure 10.3: Actuator disks with inner hole and intersecting with wall.
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Figure 10.4: Dualgrid cells of a cut section through the disk.

Figure 10.5: Partitioning of actuator disk periodic boundary.
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Figure 10.6: Geometry data of periodic types.
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11 Intermesh

11.1 Preface

This document provides detailed information about the implementation of the addon tool inter-
mesh. For general information about features and usage the TAU user guide should be read.

11.2 Blockwise interpolation of point coordinates

The addon tool intermesh treats each chimera block of the grid on its own to provide the pos-
sibility of independent interpolation settings. Therefore it is possible to set up several chimera
blocks for each flap/slat of a wing in the pregenerated grids and interpolate the new grid with
independent settings of the flaps/slats while the main wing remains its shape. If more pre-
generated grids are available for interpolation, only the most appropriate grids (i.e. smallest
differences of the motion state parameter) are selected forthe interpolation process. For differ-
ent settings of the grid blocks the set of most appropriate grids may be different. Therefore the
set of pregenerated grids is separately chosen for the interpolation process of each block .
However, the first given pregenerated grid is used as a template of the grid data for the pre-
liminary setup of the new grid. To interpolate the points coordinates for each chimera block
independently, it is necessary to loop over the blocks of thegrid.

11.3 Parallelization

General aspects about the parallelization of intermesh In the process of subdividing a grid
into several partitions for a parallel execution of the flow solver every partition needs additional
points besides the distributed original grid points. Theseoriginal points are the so-called own-
points of the domain. The additional consist of the addpoints, extpoints and parpoints of the
domain and are generally called remotepoints from now on. These points are also sorted ac-
cording to their membership to the chimera blocks and have tobe considered in the process of
generating the new grid, too. Two examples of small partitioned grids and their corresponding
sequence of global ids int the primgrid structure are shown in Figure 11.1.

The general sequence of entries in the primgrid arrayglobal id and therefore the sequence of
point coordinates is shown in Figure 11.2.
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Figure 11.2: Sequence of global ids corresponding to block membership
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11.3.1 Similar domain boundaries in all pregenerated grids

Interpolation of ownpoints

In the case of equally subdivided pregenerated grids the coordinate interpolation of the own-
points is quite simple. The chimera block limits are given bythe values of the arrayblockownpointindex
and these limits are valid for all pregenerated grid domainsassigned to a process. Therefore the
interpolation process performs an outer loop over the present local blocks and an inner loop
over the local points of the current block. Since there is no communication to other domains,
each domain can be processed in parallel.

Interpolation of remotepoints

The interpolation of the remotepoints is almost as simple asthe interpolation of the ownpoints
for equal domain boundaries. Actually this means that the coordinates of the remotepoints
are interpolated twice, since these coordinates have already been interpolated on the processes
where they reside as ownpoints. Therefore it would be an alternative to update the coordi-
nates of the remotepoints by communication rather than interpolating them again. However,
communication is more expensive in terms of wall time, so theamount of communication is
minimized. The only necessary communication left is to determine the block limits within the
groups of remotepoints. This is done by searching the lowestand highest value of global ids in
the current block throughout all domains. After this procedure, the process of interpolation can
run in parallel without communication as well.

Interpolation of both ownpoints and remotepoints are performed in the outer loop to avoid
unnecessary reading of grid files.

11.3.2 Different domain boundaries in pregenerated grids

Interpolation of ownpoints

In the case of different domain boundaries throughout the pregenerated grids, the process of
interpolation cannot be accomplished in parallel, becausecorresponding grid points may belong
to grid domains that are not assigned to the same process. Therefore it is necessary to loop over
all points of a certain chimera block and gather the coordinates of the corresponding points from
all pregenerated grids. In this case the grids are distributed to the number of precesses but the
process of interpolation itself is performed sequentially.

Update of remotepoints

In this case the amount of communication needed to gather thenecessary coordinates for the
interpolation of one point is even larger than it is to updatethe coordinates from the process that
owns that point. Therefore the coordinates of the remotepoints are updated instead of interpo-
lated again.

Since the update process is independent from the pregenerated grids and the calculation of the
block-dependent motion state parameter, it is performed after the outer loop over the chimera
blocks.



12 Grid Quality Improvement

12.1 SmoothTaugrid

The programsmoothtaugrid is developed to improve the quality of the unstructured partof a
hybrid mesh. The main features are

• repairing of negative elements,

• to improve the quality of elements,

• to create anisotropic meshes.

The modifications are always lomathcally and the surface is untouched (except symmetry planes
which are optionally allowed). The modified elements are prisms for 2D meshes and tetraeder
and pyramids for 3D meshes.

12.1.1 Quality measures

For optimizing a mesh a quality measure for its elements has to be defined. The properties of
the quality function should be that the measure is unity for an equilateral element and zero for
a degenerated element. Values between zero and unity indicates valid non equilateral elements.
Higher quality values should indicates a better quality of the element. Negative values appears
if the volume (3D) or the surface (2D) of the element is negative in sense of the grid definition.

The used quality measure in the programsmoothtaugridbased on the so mathcalledmean ratio

qi =







4
√

3· Ai

∑3
j=1 l2

i j

for 2D (triangles)

12·sign(Vi) ·
3
√

(3Vi)
2

∑6
j=1 l2

i j

for 3D (tetrahedron)

, (12.1)

whereAi is the area,Vi the volume andl i j the edge lengths of the elementi (see Figure 12.1a).
Basically the measure is a ratio between the volume (3D) or area (2D) and the edge lengths.

Regarding [17] the mean measure is an effective measure in the sense of grid quality and com-
putational effort. More quality measures can be found in [64]. At least one should note that the
size of an element is not included in this measure.

The implementation of the mean measure allows also to use lomathcal anisotropic metrics. This
can be helpful if more information about the flow e.g. a preliminary solution is available. In
this case the orientation of the elements to the lomathcal flow is considered. Due to this new
metric the edge lengths, area and volume is measured in the space of the new metricM . The
size functions in the new metric are than given by

184
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lMi j =
√

(~xi −~x j)T ·M · (~xi −~x j), (12.2)

AMi =
√

det(M ) ·Ai , (12.3)

VMi =
√

det(M ) ·Vi . (12.4)

A reasonable metric can be extracted of the Hessian of the lomathcal Mach number Malocal

H =
∂

∂xi∂x j
Malocal (12.5)

or the pressure

H =
∂

∂xi∂x j
p. (12.6)

A valid metric must be positive definite. Therefore the new lomathcal metric is given by

M = R ·





|λ1| 0 0
0 |λ2| 0
0 0 |λ3|



 ·R (12.7)

with the eigenvalue decomposition

H = R ·





λ1 0 0
0 λ2 0
0 0 λ3



 ·R. (12.8)

It should be noted that the isotropic and anisotropic quality differs. The isotropic quality is the

P1

P4

P3

P2

P5

P3
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1P

P4

Figure 12.1: (a) Nomenclature of variables on a tetrahedral element i. (b) Sketch of the
splitting method for pyramids.

best measure if no information about the flow is given and alsoif the mesh should be deformed.
The anisotropic measure is useful if a solution is given.
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As a second mesh quality indicator the minimal dihedral angle

ξi = min
j

(φi j ,180◦−φi j ) (12.9)

of tetrahedral elements (3D) and triangles (2D) is measured. Lower values are a potential risk
for CFD computations and especially for deformation tools.The dihedral angle is always mea-
sured in the physimathcal space.

There exists also a quality measure for pyramids which is optional usable. The quality measure
based of the definition for tetraeders. The pyramid will be split into four tetraeders (Figure12.1b)
from which the qualityqi (i ∈ 1,2,3,4) will be mathcalculated. The quality measure of the pyra-
mid is the defined as

qi,pyramid= const.· min
j∈1,2,3,4

q j (12.10)

The inserted midpoint of the base area is mathcalculated by aweightened method, similar to
the method in the TAU code.

12.1.2 Goal functions

For pointwise optimization due to movement of a node a goal function has to be defined which
combines the quality of surrounding elementsSi of a nodePi . In the programsmoothtaugrid
three different goal functions are defined

1. least squaregoal function

ḡ(Si) =
1
N

√

∑
j∈Si

q2
j

2. inverse least squaregoal function

ḡ(Si) =
N

√

∑ j∈Si
q−2

j

3. minimal qualitygoal function
ḡ(Si) = min

j∈Si
q j

The first two goal functions are continuously differentiable. The third one is only continuous
but not continuously differentiable.

12.2 Methods for grid improvement

To improve the quality of a three-dimensional mesh four different methods are implemented
which are described in the following subsections. For a two-dimensional grid only edge swap-
ping and the movement of nodes are implemented.

12.2.1 Edge swapping

The edge swapping method changes the topology of the mesh dueto deleting and inserting
edges see [34, 25, 81, 27, 11, 12, 58]. In two-dimensional grids the edge swapping is imple-
mented as shown in Figure 12.2(a). Here the edge between two triangles is deleted and inserted
at the former unconnected points.
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Figure 12.2: Examples for edge swapping for 2d (a) and 3d (b) meshes.

In three dimensions the algorithm is more complex and the possibilities of reconnecting the
nodes are larger. An example is shown Figure 12.2(b). Here the edge in the middle (dotted line
in the left mesh) is deleted and two new edges are inserted (dotted lines in right mesh). This
example shows that due to this manipulation the number of tetrahedrons is changing. Although
there exist several possibilities to insert the new edges toget a valid mesh.

The implemented algorithm for three dimensional meshes based on the idea of the so called
equatorial edge swapping. Outgoing from an edge surrounded byNt tetrahedrons the edge
swapping algorithm deletes this edge. After deleting the edge only a hull survives. In this
hull new edges are inserted to make a valid grid of tetrahedrons within the hull. The number
of possible combinations, edges and resulting tetrahedrons depends on the initial number of
surrounding tetrahedronsNt .

The general principle is shown in Figure 12.3(a). Here an example forNt = 4 is sketched but
the principle holds also forNt ≥ 3. To apply the edge swapping the algorithm needs an edge
which is surrounded only by tetrahedrons. In this case the outgoing edge connects the point 0
and 1. This edge will be removed in the first step of the algorithm. In the second step new edges
will be placed on the pseudo equatorial plane, here spanned by the points 2–5. The number of
inserted edges is given byNt −3.

In a projected view on the pseudo plane spanned by the points 2–5 one can schematically reduce
the possibilities to the two-dimensional Figure 12.3(b). Without swapping (left square) the
polar edge between point 0 and 1 foraminate through the projected equatorial plane. All edges
inserted by the swapping process are laying in this plane (middle squares in Figure 12.3b).
In this example only one edge has to be inserted as a diagonal of the square. So they are
only two different configurations possible. Both possible configurations are in principle the
same and have the same pattern. They differ formally only by arotation of the point indices.
For convenience and for a general view this case reduces to a picture which is a square with
a diagonal (right square in Figure 12.3b). This Figurerepresents then two combinations by
rotation of the indices(Cr = 2). Because the number of combinations increases dramatically
with the number of surroundingsNt these simplified diagrams are necessary to get a better
overview over all possible configurations for higherNt . The number of combinations is given
by

Ctotal =
(2Nt −4)!

(Nt −1)!(Nt −2)!
(12.11)

[58]. The possible combinations of the equatorial swappingare shown in the Chapter 12.3
(Figure 12.7, 12.9) for 3≥ Nt ≥ 8. The possible variations due to rotation is given by the
variableCr for each pattern. Because of the increasing number of combinations only cases for
Nt ≤ 8 are implemented. In the case ofNt = 8 this leads toCtotal = 132 combinations.

12.2.2 Face swapping

The face swapping is the reverse of the edge swapping forNT = 3. The method is shown in
Figure 12.4. Here the face between two tetrahedrons is deleted and three new faces and one new
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Figure 12.3: Principle of equatorial edge swapping for NT = 4. (a) Three-dimensional view.
(b) View of the projected pseudo plane spanned by the points 2−5.

edge are inserted, respectively. Due to the manipulation the number of tetrahedrons increases
by one. Although the implemented algorithm has the capability to do the face swapping on
elements which are laying on the symmetry plane of a mesh. Theface swapping is implemented



12. Grid Quality Improvement 189

Figure 12.4: Schematic plot of a face swapping step.

Pi

Pj

Ei j

Figure 12.5: The edge collapsing degenerates the edge Ei j = PiPj and its surrounding
elements.

only for 3D meshes.

12.2.3 Edge collapsing

The edge collapsing [40] changes the topology of a mesh by deleting an edge and a point,
respectively. Figure 12.5 sketches the method. Starting from a pointPi which is surrounded of
tetrahedrons the algorithm try to degenerate the edgeEi j = PiPj and its surrounding tetrahedrons
and checks if the resulting mesh is improved. Due to this method the number of tetrahedrons
decreases. The number of points decreases by one.

Additionally the algorithm is able to make an edge collapsing if the surrounding elements of
pointPi are a mixture between tetrahedrons and pyramids. Note that the edge collapsing is only
implemented for 3D meshes.
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replacements
Pi

Pi Pi
Pi

Figure 12.6: Sketch of the movement of a node in two (a) and three (b) dimensions.

12.2.4 Movement of nodes

The last strategy to improve a mesh is the movement of nodes. It pursue the strategy of the point-
wise movement of nodes [25, 12]1. A sketch of the method is shown in Figure 12.6. For finding
the new position of a node a so calledcombined methodis used [63, 12, 26]. This method
combines the Laplacian smoothing and gradient based optimization methods. The Laplacian
smoothing sets the new position of the node in the geometrical mean of its surrounding nodes.
If this setting is not valid in the sense of quality improvement an gradient based optimizer tries
to find a new position for the node. The choose of the gradient based optimization algorithm
depends on the selected goal function. For a continuously differentiable goal function a con-
jugate gradient based method from the is used. For goal functions that are not continuously
differentiable a so calledmaxminoptimizer was used. This algorithm is described in [25, 27]
and [28]. Further information about this optimization algorithm can be found in [29] and [14].

The main reason for this combination is that the Laplacian smoothing is cheap in the sense
of computational costs but very ineffective in three dimensions [25]. The computational cost
of gradient based optimization methods are relatively expensive in comparison to the Lapla-
cian smoothing. So this combination is a compromise betweenspeed and improvement of the
quality.

The combined algorithm is implemented for two- and three-dimensional grids. For three-
dimensional grids it is also possible to move points on a symmetry plane and to move points
which are connected to pinnacle of the pyramids.

12.2.5 Decisions for modifications

A modification of the grid is tried if it is geometrically possible and if the quality at least of one
of the considered triangles (2d)/tetrahedrons and pyramids (3d) is less than the limit

q < qlim. (12.12)

Otherwise an optimization of these triangles (2d)/tetrahedrons and pyramids (3d) is skipped. If
this criterion is fulfilled the modifications will be checked. To check if a change in the grid is
valid several requirements has to be satisfied. The following demands has to be always fulfilled
to accept a modification step:

• the minimal quality is larger than zero (to avoid inverted elements)

• the minimal quality is larger than the global minimal quality

• the goal function has to be improved (in the case of node movement)

• number of negative elements has to be decreased

1Another concept is the global optimization strategy which optimizes all points simultaneously [53, 54].
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Additionally more restrictions can be selected optionally. The additional implemented restric-
tions are

• improve the most worse dihedral angle

ξ = min
i

(min(φi ,180◦−φi)) ,

whereφi (i = 1, . . . ,4) are the dihedral angles of a tetrahedron

• improve the mean quality (and therefore the global qualityof the mesh)

• the worst dihedral angleξ should not be lower than a given limitξlim

One should note that more restrictions defines higher demands on the quality but also reduces
the possibility to repair worse elements. At least the restriction to improve always the dihedral
is not useful for anisotropic grids because here stretched elements are wanted.

12.2.6 General algorithm

The general optimization is done by sequentially applying edge swapping, edge collapsing, face
swapping and at least nodal optimization. This sequence canrepeated several times due to an
outer iteration loop. The main procedure is given by

1. evaluate the command line

2. read the grid

3. read the hessian from the solution file (in the case of anisotropic quality measures)

4. coarse check of the prisms (2d) and tetrahedrons (3d), respectively

5. initialisation tasks
(e.g. computing the anisotropic metric and the initial quality, marking of movable points,
additional output etc.)

6. outer optimization loop

(a) loop of edge swapping

(b) loop of edge collapsing

(c) loop face swapping

(d) loop of movement of nodes

7. store the optimized grid

8. reading the solution (if given)

9. interpolate the solution on the optimized grid

10. store the solution for the optimized grid
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If the option --force is used to enable the repairing of negative elements the inner loop is
modified. In this case the first three modifications (edge/face swapping, edge collapsing) are
skipped for the first iteration so that the loops begins with amovement of nodes. This setting
comes from first experiences of repairing meshes with negative elements.

Additionally some output of the statistic of the grid can be given optionally.

To improve the performance ofsmoothtaugrid the program uses intensively lists. These lists
are containing information about edges, faces, surrounding elements of a point, changes in the
grid, etc.

12.3 Configurations of equatorial edge swapping

Following pictures shows the possible configuration for thenew edges in the equatorial plane.
Nt denotes the number of surrounding tetrahedrons of the initial edge. The number of possible
variations of a pattern by rotation is specified by the variable Cr .

2 3

4

(a) Nt = 3 Cr = 1

2 3

45

(b) Nt = 4 Cr = 2
2 3

4

5

6

(c) Nt = 5 Cr = 5

Figure 12.7: Equatorial edge swapping for Nt = 3, Nt = 4 and Nt = 5.
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Figure 12.8: Equatorial edge swapping for Nt = 6 and Nt = 7.
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Figure 12.9: Equatorial edge swapping for Nt = 8.
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