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Abstract

The DLR TAU-Code is a development of the DLR-Institute of &gynamic and Flow Technol-
ogy at Gottingen and Braunschweig. This document gives/arveew about technical aspects.
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1 Preprocessing

1.1 Introduction

Important grid dependent information required by the solvebtained using the preprocessing
code module. Preprocessing is completed before the sal\wtaited, since the preprocessing
routines are too expensive to compute during the iteratieutation of the flow field'. The
primary grid data (which must be generated through a thandygppackage) is used by the pre-
processor to generate all other grid data necessary forawestilver, for example information
about the control volumes and their connectivity. In thisort the algorithms used in the pre-
processing module are grouped according to the type ofifumtitey provide:

generation of derived primary grid data for use in otheppoeessing functions,

generation of secondary grid data

generation of multilevel grids for the multigrid algonitt?,

assortment (coloring) of data for efficient vectorized patation,

domain decompositioning for parallel computation

1.2 The Primary Grid

The initial grid consists of polyhedral elements with tgaiar and quadrilateral surfaces. The
quadrilateral surfaces are not always planar, howeverekatedral, prismatic and pyramidal
elements will be called hexahedra, prisms and pyramidsaalsof more formal mathematical
definitions. A fourth element type, tetrahedra, is allowethie initial grid. The philosophy be-
hind this choice of fundamental control volume elementslmsummarized by the following:

» Tetrahedra enable local adaptation and are useful inmegidnere the flow field should
be isotropically resolved.

» Prisms are useful in regions where two directions shoulebelved isotropically, but the
third direction should be resolved in a different lengthlsca

» Hexahedra are useful in regions where all three spacetidinscshould be resolved ac-
cording to different length scales.

1Some grid dependent quantities, for example the norm ofea\sctor, are not calculated during preprocess-
ing as the resulting memory overhead is sufficiently larggistify the addition of a small amount of extra work
into the solver.

see Part 2.5.7

3see Part 6
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» Pyramids are useful to bridge between the different elesiested above.

An essential feature of the primary grid is regularity, whamonempty intersection of two ele-
ments can be characterized as only one of the following castsno other type of intersection
being allowed:

» Two elements may share one common corner point.
» Two elements may share a common edge, or

* two elements may share a common face.

Primary grid control volume elements are described by tberner points given in a fixed
order as seen in the figures below. The orientation of points dasic surface is initially
chosen so that a curve joining the points is positive in tmss®f the right-hand rule. As will
be seen later, the point order is not fixed but may be changedtisfy other criterion. The
choice of the basic surface is a triangle for a tetrahedrialme element. For prism volume
elements quadrilateral surfaces are chosen. Each surfaae element located inside the

P, P
P, 6

P, P,
Figure 1.1: Tetrahedron; = {Py,P,, P, P} Figure 1.2: Prism; = {Py,P,, P5, P4, Ps5, Ps}

computational domain belongs to exactly two different edats, while a surface which is part
of the computational domain boundary belongs to one eleor@wpt To identify these boundary
surfaces, and connect them to different boundary markeegimary grid provides triangular
and quadrilateral surface elements. These elements arglssby the surface corner points
and a marker for the kind of boundary. Boundary markers aeudised in Part 1.3.3.

The information provided by the primary grid is summarizedalows:

the total numbers of points and of each volume and surfaseesit type,

the coordinates of each point,

the number of points belonging to each element,

for each surface element a boundary marker to show the fltwersavhich boundary
condition should be satisfied on this surface.
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P,
Figure 1.3: Pyramid; = {P;,P,,P3,P,,Ps}  Figure 1.4: Hexahedron; =
{P1, Py, Ps, Py, P5,Ps, P7, Ps}
P.
3 P4
P
Py
Ps
P, P,

Figure 1.5: Surface triangle; = {P,,P,,P;} Figure 1.6: Surface quadrilateral; =
{P1,P2, Ps, Py}

Each pointP of the grid is identified by a number, which is used as a poidexa The con-
nectivity between elements is provided by their common {soiihe physical coordinates of a
pointX(R) are defined by the s&&(P) = (x(P),y(P),z(P))".

1.2.1 Check of the Volume Element Orientations

As the correct orientation of the volume elements cannot derapteed the orientation is
checked and corrected if necessary. This check is done stéayelement. For the tetrahedyen
{P1,P2,P3,P4}, presented Figure 1.1, the normal vectof the triangle{P;, P>, Ps} is computed
by taking the following cross product:

=2 (X(P) ~X(Py)) = (X(Ps) - X(P).
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If the point P, is not located on the side of the plane of the triangle to whiehcomputed
normal vectof is pointing and the condition- <)?(P4) — )?(Pl)) < Ois true, the orientation of

the tetrahedron is reversed by changing the sequence afthergoints; for example the order
of points for the tetrahedron becomg®, P1, Ps, P }.

A comparable correction is not possible for the other vol@heenents. The only further check
implemented is a test for the orientation of the basic triedeach

prism = {Py, P>, P53, P4, P5,Ps} (see Figure 1.2). The normal vectidof the basic triangle is
calculated as above and compared with the mean value of ttersgointing from a point of
the basic triangle to the related point of the other surfdaegle. If the condition

A (X (Pe) = X (Py) + X (Ps) — X(P2) + X(Ps) ~ X(Ps) ) < 0.
is true, the order of the points defining the prism is chang€dps, Py, Ps, Ps, P4, Ps}.

1.2.2 Check of the Surface Element Orientations

The orientation of a surface elemeff®;,P,,Ps,...} is determined by the definition that the

normal vector L

=5 (X(P2) =R (Py)) x (R(Py) =X (P))
should pointoutsidethe computational domain. The orientation of the surfaegneht is
checked by examining the attached volume element. The \whklement can be detected em-
ploying the point to volume element connectivity describeéart 1.3.1. If the normal vector
points towards the interior the volume element, the firstthimd points forming the corners of
the surface element are reverséBi, P, Ps, ...} — {P3, P>, Py, ...}.

1.3 Primary Grid Data structures

The data structure of the primary grid offers the opporguiit easily loop over all volume
elements. For efficient calculations structures which Enabcess to all points, and hence
access to the volume elements or to the edges sharing tlentpuoint, are used.

1.3.1 The Point to Element Connectivity

The point to volume element connectivity is stored in twotees. The first vector contains an
index (for each point) which gives the starting locationtod point element list in the second
vector. The element list of a point ends at the starting eairyhe list of the next point. Each

different volume element gets a unique number by addingataénumber of tetrahedra to each
number of a prism, the sum of the total numbers of tetraheddapaisms to each number of
a hexahedra, and by an analog incrementing of the numbecbfmwaamid. The structures may

indeX| = {indeXPy],indeXPy], ...,indeXPyo.of pointg,Ng‘e‘"j‘én}
| | |
be written as: pelem] = {1stelem(Py), ..., lastelem(Py), 1stelem(P»),...,lastelem(Po,of points) }-

The total number of point to element relations can be expregy the total numbers of the
volume elements as:

Noelem = 4xNo.oftetrahedrai-6xNo.of prisms
+ 8=xNo.of hexahedra-5+«No.of pyramids
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1.3.2 The Point to Face Connectivity

The data structure of the point to face connectivity is santib the data structure of the point to
volume element connectivity described in Part 1.3.1. Itststs of two vectors:

index] = {indexXP],indexPy],...,indeXPo.of pointd, Np¥ace!

| |
! !
pfacg]| = {1st facgP,),...,last facgPy), 1st facgP»),...,last facePno.of points) }

The total number of point to face relatioN§ 5. is equal to twice the total number of faces.

1.3.3 Mapping of the Boundary Marker

The flow solver handles differebbundary typesfor examplesymmetry plandarfield bound-
ary, or Euler wall boundary types may be implemented in the solver. Sincerdiffecomputa-
tional simulations may require different boundary coruis (on the same grid), a mapping is
used between the boundary markers of the primary grid andhadary types. A boundary
marker is a number that defines all surface elements lyingraspective region of the grid.
Consider the example depicted in Figure 1.7, depictingiptessboundary marker types for a
generic aircraft grid. Let surface ~'-~--*- -~ *=- -1y flawdoundary markef;, elements

Figure 1.7: Boundary markers for a grid around an aircraft

on the symmetry plane the boundary markgrelements on the wing the markéy, elements
on the nacelle surface the markfgr and the elements on the nacelle inflow plane the mdkker
The information relating boundary markers to boundary $yiseprovided to the preprocessor
by a user defined mapping file. This information is passeabtteay with the boundary informa-
tion stored in the primary grid data, into the preprocessilggrithm. For example, all control
volume faces on the symmetry plane are given a boundary mgrk€&his marker is an integer,
of value 3 for example. This information is found in the primgrid data. The user must then
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code a mapping file in order to associate the mafkevith the related boundary condition. The
format and the usage of the mapping file is described in mdesl die the User Guide.

Note that surface elements with different boundary mar&arsbe of the same boundary type,
e.g. if different markers are defined on a wing surface. Ihscase, different markers can
be assigned to a single family 'wing’ which formsbaundary part The boundary faces of
the secondary grid (which are computed in the preprocessem) are stored boundary part by
boundary part.

1.3.4 The Edge/Face to Point Connectivity

All volume elements sharing a poiRtcan be identified employing the point to element connec-
tivity. For each element the local position Bfcan be determined and the neighboring points
and edges belonging to the element are then known. To avaiolelcounting of edges an edge
is only considered iP;j is a point with a higher index number th&h (recall the orientation

of points noted in Part 1.2), so thBf > F. As a consequence the first point in the edge, or
respectively the face, data structure is always repreddnte lower point index than that for
the second point.

In general each edge of the primary grid is shared by severabpy grid volume elements,
so that each edgfR, P;} is found more than once employing this algorithm. Hencetélis
used, initialized for all points with the integer valud.. If, during a search, a neighboring point
P; has not yet been found f& thenL(Pj) # B. When a new face is stored, the list is updated
so thatL(P;) = B.

1.3.5 The Boundary Face to Point Connectivity

For each boundary part one boundary face is generated aeagidpoint belonging to this

boundary part. The data structure used to describe thiemaftbon consists, for each boundary
part, of the total number of boundary faces belonging to piaig and a list of the attached
boundary points. Calculating this data employing the srfalement to point connectivity

requires a marker to prohibit multiple counting of points.

1.4 The Secondary Grid

The secondary grid contains all grid data necessary for tiwedblver. It is constructed from
the primary grid data. Depending on the choice of grid metre secondary grid differ in
arrangement of control volumes and update points for the Viaables. A Cell Vertex and a
Cell Centered grid metric are realized.

Note that the primary grid is required during adaptive greshgration processes and for the
visualization of the data.

Cell Vertex Grid Metric

The Cell Vertex grid metric associates the flow variabledlie vertices of elements of the
primary mesh. Thus the primary and the secondary grid slmresame points in physical
space, however the secondary grid consists of control vedusarrounding each grid point. As
noted in Part 1.2, the primary grid points define verticeshefprimary grid control volumes.
The surfaces of the primary grid control volumes are compagehe secondary grithces
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which are attached to each edge of the primary grid. On thedeny of the computational
domain the control volumes are closed with respect to thextbay surfaces of the primary
grid. The following data, which may be determined from thienary grid, is used to construct
the secondary grid.

* the total number of points,

the locations of the points in physical space,

the sizes of the control volumes attached to each point,

the total number of inner faces,

the edge or face connectivity, i.e. the two points beloggmeach edge,

the size and the normal direction of the face attached tb edge,

total numbers of boundary parts and of faces belongingch part,

the boundary face to point connectivity,

the sizes and normal directions of the boundary faces.

Cell Centered Grid Metric

The Cell Centered grid metric associates the flow variabligis @ell centers of the control
volumes of the secondary grid. The control volumes are defayehe elements of the primary
grid. The cell centers are the barycenters of the contraimek. Thus the primary and the
secondary grid share the same volumes in physical space.

1.4.1 Definition of the Secondary Grid Control Volumes

Cell Vertex The elements which determine the secondary grid contraimelstructure are
described below.

* Grid Points
Each grid poin®, is attached to one control volume. Hence the control volyrzed all
data attached to them, may be uniquely referred tB by

* Edges
For each edg¢Py, P} the separation poir® between the two control volumes is given
by bisection;
- 1 /5 .
X = > <X(P1) -i-X(Pz)) .
» Triangles

For each trianglg Py, P, P3} the definition of the poin§ inside the triangle is sufficient
to separate the control volumes by the lif€s Si},{S, S} and{S,S5}. DefiningS as
the barycenter of the triangle guarantees s located inside the triangle.

1

Xs = 5 - (X(P1) + X(Po) + X(Py))
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As seen in Figure 1.8, this configuration may result in poaliggicontrol volumes for
stretched triangles: The normal vector of the control vauoundary parfS, S} be-
comes more normal to the edge directid®, Ps}. As the control volume quality deteri-
orates an accompanying loss of numerical precision can jpecéad. Different methods
of defining the secondary control volumes may be of advantagech situations.

S

Ps

Figure 1.8: Control volume borders on a triangle

e Quadrilaterals
A typical quadrilatera{ Py, P>, P53, P4} is shown in Figure 1.9. A poir# is defined by the
barycenter of the quadrilateral, given by

. 1 /- . . .

Ko1= 7 <X(P1) FX(Po) +X(Ps) +X(P4)) .
Even if the quadrilateral does not lie in a plane, the barigreis the cross point of the
side bisection lines. The same problem, as noted for the afagehighly anisotropic
triangle, will occur when the angles between connectedstgee significant departure
from orthogonality.

» Tetrahedra
For each tetrahedrofiP;, P,, P, P4}, for example that shown in Figure 1.10, the point
ge"ajnside the tetrahedron is used to subdivide the controlnaek! In this example the
control volumes aroung; andP; have the triangle$S® S, S} and {S*"2 S, S, } in
common. Definings®!"@ as the barycenter of the tetrahedron gives

R (P1) +X(Py) + X (Py) + X (Py))
4 )
and guarantees th&€!"2is located inside the tetrahedron and that the trianglestdakcat

one edge are coplanar. Similar problems, as in the case wdtalstd triangle, will occur
for an anisotropic tetrahedron.

)_()getra —
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Figure 1.9: Control volume borders on aFigure 1.10: Control volume borders in a
quadrilateral tetrahedron

* Prisms
For each prisn{ Py, P2, P3, P4, Ps, Ps} the definition of one poing®sMinside the prism is
enough to separate the control volumes. The choice of thedater of the prism to be
SPSMresults in the following formula

(X(Pl) +X(P2) +X(P3) + X (Ps) + X (Ps) +>?(Pe))

6
If the prism is convex the barycenter lies inside the volume.

)_{SDrism -

Figure 1.11: Control volume borders in a prism
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» Pyramids
For each pyramid Py, P>, P3, Py, Ps} the definition of one poing”' inside the pyramid
is enough to separate the control volumes. The choice ofahgbnter of the pyramid to
be S?Y"@ provides the formula

(X(Py) + X (P2) + X(Pg) + X(Pa) + X(Ps))

5
If the pyramid is convex, the barycenter lies inside the nadu

)_ispyra =

Figure 1.12: Control volume borders in a pyramid

» Hexahedra
For each hexahedrofPy, P>, Ps, P4, Ps} the definition of one poing™®@inside the hex-
ahedron is enough to separate the control volumes. Theelbbithe barycenter of the
hexahedron to b&'®*@gives the following formula

(R(Py) + X(Po) + X(Pa) + X (Pa) + X (Ps) + X (Pe) + X (Py) + X (Py)

8
If the hexahedron is convex, the barycenter lies inside tihamwe.

ngexa -

From these definitions all areas on a surface element attaohee control volume, as well as
all attached surfaces inside a volume element, consisiasfgular elements. Consequently
the control volume consists of tetrahedra created by thieseemts connected with the point
attached to the control volume.

Cell Centered The components which determine the secondary grid voluroetste are the
primary elements and their cell centers. Each elemeithe primary grid defines a control
volumeV; of the secondary grid. A cell center is attached to each obntdumeV;. The cell
center is defined as barycenter of the primary element detedhoyN primary grid pointsP,

—

>_<i: Pj

1 N
N 2,
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Figure 1.13: Control volume borders in a Figure 1.14: A face of the secondary grid
hexahedron

A cell center is called a point of the secondary grid. Thuscthrtrol volumes of the secondary
grid, and all data attached to them, are uniquely referrdxy tthe secondary grid poing.

1.4.2 Inner Faces

Cell Vertex Each edge of the primary grid connects two poiRfsand P,. The attached
control volumes share some triangles on their common seidacording to the definitions of
the secondary grid, as depicted in Figure 1.14. All thesasasge summed for the fade
attached to the edgB;,P,} by adding the area vectors with respect to the orientatiothef
edge fromPy to P,.

Cell Centered An inner face of the primary grid connects two elemenéhd j. The sec-
ondary grid points? and P; of these elements define the corresponding {fB¢®;} of the
secondary grid. Thus an inner fa¢s P; } of the secondary grid is equal to the common inner
face of the primary grid elemenitsnd j.

1.4.3 Boundary Faces

Cell Vertex All parts of surface elements belonging to one boundary gngecollected to-
gether for each control volume as one boundary face. For pbearirigure 1.15 shows the
control volume around a poifg which is located on the boundary of the grid. Two different
boundary types come together in poitt represented by the light and the dark gray shading.
Hence, two different boundary faces each with one normabvege required to properly de-
scribe the control volume surroundifRy

Cell Centered The boundary faces of the secondary grid are equal to thedaoyelements
of the primary mesh. Thus the boundary types of the primaiy lgoundary elements are
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Figure 1.15: Contributions of boundary elements to the boundary faces of point R

assigned to the corresponding boundary faces of the segogidd.

1.4.4 Computation of Face Normals and Control Volumes

Cell Vertex As noted above each control volume consists of some tetratvath triangular
surface elements. The corner points of these tetrahedriangles are given by the secondary
grid data. The area vectdy of a given triangleé; = {X;, X, X3} can be written a$:

m:%(xz_xl)x(xg_zl).

Normally each triangléy occurs together with a second triantgde= { X3, X2, X4}. The vectorial
sum of the area vectors for both triangles is given by:

M= (X %) x (X %)
The volumeV; of a tetrahedrof Xy, Xz, X, X4} is given by:
Vi= g (Ra %) (%o %) x (X~ %)

The number of operations required to calculate the totaimel can be reduced if the neighbored
tetrahedron{ X1, X3, Xs, X4} is taken into account:

1 = = = — — —
VitV =2 (Ka=%a) - (Yo —%6) x (Ka—%a).
The sign of the calculated volume should be positive, if

« the orientations of the tetrahedra are correct in the sehBart 1.2.1 and

* the involved elements of the primary grid are convex eng@ghthe definitions of the
control volumes provide points located inside the respealement.

4The sign can be chosen according to the defined directioredatte
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Cell Centered The computation of face normals and of volumes of controlinas follows
the same principles as the Cell Vertex Computation.

1.5 Minor Additional information

1.5.1 Determination of the Neighboring Point

For some boundary types it is essential to involve infororattoming from the flow field.
Therefore itis necessary to determine, for each boundang,mme point that is located normal
to the boundary. The alignment of a boundary face related goimt P, is described by its
normal vectorri;. Employing the point to face connectivity it is possible demtify all faces?,

is related to and by that all neighboring points. For eacgmgoring pointP; the cosine of the
anglea, between the face normal and eddg®, P; } is given by:

(X(P) —X(R)) -1i
X(P) = X(R)|- |

COSOp =

The point that is located most normal to the boundary can esetified by the smallest value
of cosa. In Figure 1.16 the determination of the reference pointafdsoundary poin® is

Figure 1.16: Neighboring points of a boundary point R,

illustrated. The poinP;y is the point that is located most normal to the boundary.

1.5.2 Computation of the Fan Area

In order to compute the flow through a nacelle correctly, tiea ®f the fan inflow face and the
direction of the nacelle axis are required. The nacelle @xéssumed to be normal to the fan
inflow face. The vectorial sum of all area vectors of the bamdaces belonging to boundary
partnacelle inflowprovides the area of the fan inflow face. Note that if the camfitjon has
more than one nacelle the axes are assumed to be paralléleaactt relations are assumed to
be identical.
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1.6 Vectorization Concerns

The scheme described here is based on the faces of the secgnida Therefore, a major
part of the calculations in the flow solver is performed by sidaring the grid faces one by
one, while the computed values (e.g. fluxes over the faceadjmened to the respective points
on both sides of the face. The architecture of modern vedwopaiters is designed such that
lvec Operations can be done at the same time, Withbeing thevector lengthof the respective
computer. So the fluxes ovkkc faces can be computed and adjoined to the related points at
the same time. If one grid point is related to more than onéelt faces, the association of
the computed values cannot be done correctly. Hence, nglofithe inner faces is necessary
to exploit the capabilities of modern vector computers hyidwng such conditions. Only faces

of identical color are allowed to be considered at the same.ti

1.6.1 Coloring of the Inner Faces

The coloring is performed by considering all fadé%iart, - - - Fno.of faceg Of the grid that have
not been colored yet. The varialitga is pointing to the first face that is not colored. Before
the coloring,Fstart is pointing to the first grid face. Whenever a new face is @doFsiat IS
incremented . The coloring process is finished wkggt equals the total number of faces.
When no face is found that can be colored with the currentraplout not all faces are colored,
the colorc is incremented and the remaining faces are again examined.

{pZ*(m)[m=1,...N%}

and
{pSoP(m) |m=1,...N%}

are generated witN® being the total number of colorga(c) is pointing to the first face of
the colorc. Whenevec has to be incremented, the current valuegf is assigned t@g2"(c).
When all faces are examined and the color is to be incremeg@id, the current value &4t

is assigned tggz °P(c). Hence,pa°”(c) is pointingbehind the last face of the colar.

As the purpose of the coloring is to avoid equal colors ondabe same point is related to,
for each new fac& = {P1,P,} the end points of the face are examined to see if one of them is
related to a face of the current colorThis is checked by employing a helping Hdts(m) | m=
1,...No.of pointg. This listis initialized with—1 for each element. If5(P;) = c then a face
point P; is colored withc. Hence, ifLg(P1) = c or Li(P2) = ¢, the current facé is not suited
to be colored witlc and the next fac&;, 1 is examined. If for facds it is found that none of
the related points is related to another face of the cgldt is colored withc. In this case,
c is assigned td.;(P1) andLp(P2). If one of these points is examined again, the entrign
indicates that the respective face is not suited to be cdhrth c. Then the number of the face
F and all data related t is exchanged with the first face in the list of faces that hasecdly
not been reordered. The index of this face is currently dtor€&s;a;. After the data exchange,
Fstart is incremented and the search continues.

When the examination is finished for the cotpithe number of faces{ (c) of the colorc can
be computed as:
ne (c) = pg °(c) — pZ*(c).

For performance reasons the number of faces should beldesisy the vector length of the

computerlyee, andnf (c) is chosen to be the next smaller multiplel@f; (whennt (c) > lyed

and pa°P(c) andFar are changed respectively.
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After the coloring has been performed, the faces of eachr cofwe ordered employing a re-
cursive ordering algorithm. Ordering criterium is the irdd the first pointP; of each face
{P1,P,} (note thatP; < P, see Part 1.3.2). The sorting gives an improved memoryilolision.
The recursive sorting is described in the next Part 1.6.2.

1.6.2 Recursive Ordering

A recursive ordering is required at several times in the seheThe employed algorithm is
described in this section.

A vector {A(m)|m= a,,...by} is to be ordered based on a certain criteriglB(m)|m =
o, - .-bo} such that

B(i—1) <B(i)<B(i+1) for i=ap,+1,...bg— 1.

The vectorA has to be considered agparent partof the levell = 1. Firstly, the entire vector
A is split into two child partsof the levell = 2 with desirably the same siz§A;(m)|m=

ant,...bn1} and{Ax(m),|i = anp,... by} with
an1 =8, and by =int(0.5-by)

and

Two child parts with the same parent are cal®ster parts These child parts are ordered
separately employing the algorithm described here (r@®iegpproach), which means that the
splitting continues with increasing levels until less thiaree elements ok are to be considered
in all child parts of the level = I nax

bhi—an <2 and by —ap < 2.

These elements are now ordered in the vecdomadB based on the entries By such that:
B(an) < B(bn1) and B(anz) < B(bn2).

After both sister parts are ordered, they are merged togétbasideringB). The parent part
{A(m)|m= ay,...by} of the next lower level = Iax— 1 is obtained in the right order. The
obtained parent part is now to be considered as a child pdiisanerged together with its (also
ordered) sister part to obtain the parent part of the nexetdevell = |nax— 2. When the level

| = 1is reached again, the vectlis ordered as desired.

Note that in order to sort a vector witth elementsjnt(log(N)/log(2)) levels will be created.
The number of children parts increases by a factor of 2 with éavel.

Care has to be taken if any data is adjoined to the elemer{sAd the indices of the elements
may change, the adjoined data has to be changed as well.

1.7 Multigrid Concerns

The multigrid algorithm used in the code is based on an upaxi®, hence control volumes are

fused together to form a coarser grid. The secondary gridcrideed in the Part 1.4, forms the

fine grid from which the agglomeration procedure is commdn@ée coarser grid contains all

information for the flow solver in a data structure similatie data structure of the secondary
grid. In addition the connectivity between the control \aks respectively the points of both

grids is provided by the following structures:



Preprocessing 16

» For each control volume of the fine grid the control volumeha coarse grid to which
the fine grid cell is fused (the coarse grid control volumesifemed to as thearen) is
stored in a vector.

» For each control volume of the coarse grid the subset of filecgntrol volumes, called
children, of which the coarse grid cell consists, are stored in twdarsc One vector
contains all children of the coarse grid, the other vectowres the starting address of
the child subset belonging to each parent.

The coarse grid may be coarsened again, using the same raeliggatibed above. The agglom-
eration of the control volumes is performed until the dabitearsening level is achieved. To

avoid poor multigrid performance the fusing procedure npusserve some topological aspects
of the finest grid:

» Depending on the implementations in the flow solver diffiétgoundary conditions must
not occur for the same control volume.

» The use of prisms and hexahedra in a primary grid normathpduces directions with
different spatial resolutions. The desired decouplinghelse flow directions present in
the finest grid should not be disturbed on the coarser level.

* When the flow field around a body is computed, the farfieldréiszation can be quite
coarse on the initial grid. Nevertheless the flow of inforimafrom farfield cells should
be controlled so that the information between upstream amahsgtream control volumes
is still passed in a physically consistent manner duringuipward part of the multigrid
cycle.

The multigrid procedure can be regarded to be composed opasts. In the upward cycle,
or topological fusing partthe parent of each fine grid control volume is determinedthin
downward cycle the children of each parent are determinadthe physical fusing pargall
the secondary grid information, like location, size andfaes of the control volumes, are
calculated by using the fine grid information and the infotiota known about the children.
The coarse grids have to be checked as to whether the taasizthe integrals of the surfaces
of each control volume are correct. The sum of all controliveé sizes has to remain constant.
This check is done by adding up all control volume sizes. Harrhore, the boundaries of the
control volumes have to be closed. In a loop over all facehefdurrent secondary grid the
components of the normal vector related to the current fae@dded to the surface integrals
of the two respective endpoints. This is also done for thendaty faces. Then the maximal
integral of the surface boundary is determined and printgdfar the inner points and the
boundary points.

1.7.1 Topological Fusing Part

The topological fusing is performed using an advancingtfroathod. It consists of a queuing
system to find the next fine grid control volume, called seddme, on the front and some
routines to determine the subset of neighbored controlmetiwhich will be fused with the
seed volume. Each fused coarse grid control volume is athoh the total number of all
coarse grid control volumes previously fused.

In order to topologically characterize the different setany grid parts arising from tetrahedral,
prismatic or hexahedral parts of the primary grid the follogwdefinitions are useful:
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Two control volumes sharing a common face are catliegict neighborf each other.

A control volumeP; is called anindirect neighborof a control volume if they are not
direct neighbors but have a direct neighbor in common.

All control volumes sharing at least one point with a cohtrelume P; are called the
neighborhoof P;.

A single connected neighba a direct neighbor of a control voluni®, which does not
share any direct neighbors wil.

Based on these definitions the parts of the secondary gridedescribed with:

» Tetrahedral connectivity:
The connectivity of a control volume is called tetrahedrahmectivity if no indirect
neighbor is part of the neighborhood. In this case the nurmbgingle connected neigh-
bors equals zero.

* Prismatic connectivity:
A neighborhood of a control volume with a prismatic connatticonsists only of some
direct and some indirect neighbors. Away from the boundahere are exactly two sin-
gle connected neighbors in this case. If the prisms of thmamy grid include boundary
surface triangles the number of single connected neighieoitsces to one. In the nor-
mally avoided case of prisms with boundary surface quadriéds the number of single
connected neighbors can increase at configurations likarg $tailing edge of a wing.

» Hexahedral connectivity:

A control volume with a hexahedral connectivity possessesighborhood containing
direct neighbors, indirect neighbors and indirect neighbaf direct neighbors. Being
connected via hexahedra in all directions a control voluaee éxactly six direct neigh-
bors all single connected. The number of single connectaghbers varies in cases of
boundary contacts from at least three to more than six. Ittrgrol volume is located
on the border between a hexahedral and for example a tetedlpadt of the grid (with

some pyramids in between) the number of single connectedgoan decrease to zero.

During the topological fusing the connectivity of each cohvolume is described by the num-
ber of single connected neighbors. Ignoring some specsdsca tetrahedral connectivity is
assumed if the number is zero and a prismatic connectiviagssimed if the number is one or
two. A higher number is assumed to indicate a hexahedralewstivity.

The Queuing System

The advancing front should start on special boundary plmtgxample on fixed walls but not
on the farfield. Within the set of volumes with the same boupgbart priority, the volumes
should be preferred which are located on an edge or in a cofriee computational domain.
The determination of these priorities is described in Partll

The selection of the next seed volume within each priorityiseontrolled by subsets, called
queues, in which they are grouped according to criterioerifesd in Part 1.7.1 and Part 1.7.1.
The search for the next seed volume starts in the queue vétlotrest queue number. Within
each queue the volume, which has been touched by the frantdiedected to be the next seed
volume.
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Volume Priorities  All volumes connected to walls of a body, to inlet or outlesqéds of an
engine or to a symmetry axis are given a boundary part pyifsppp= 1). All other boundary
volumes as well as all inner volumes have no special bourqktypriority pp= 0).

In a second step some geometric aspects separate betweeniuthmes of the same bound-
ary part priority ppp> 0). Those volumes belonging to different planes like edgeooner
volumes get a higher priority. To determine the number ofi@éfiyaned Vi) @ volumeV is con-
nected to, knowledge of the primary grid is needed, becadusda@mation about the surfaces
belonging to the same boundary part are summarized in sesiogial vector of the secondary
grid. Therefore the volume priorities can only be calcudata the mesh of the finest multigrid
level and are handed on from children to parents during tbergénation of the coarser, sec-
ondary grids of the higher multigrid levels. Two surfacenedmts of a volume are thought to
represent different planes if the angle between their nbvewors is greater than 45

The volume priorityPr (V) is defined as:

Pr(Vi) = Nianes* (BPP(VE) — 1) + NplanedVi) — 1 bpp(Vi) >0

planes

Pr(vi) =0 bpp(Vi) =0

with the maximal occurring number of plane§3” cattached to one volume.

Initialization of the Queues Initially the volumes of each priority are sorted into dittat
queues according to their connectivity to agglomerate Ihedial parts of the mesh previous
to prismatic parts and at last the tetrahedral parts. Thieehithe number of single connected
neighbors of a given volume is, the lower is the number of teug the volume is attached to.
The current implementation uses eight queues from whiclotliest four can only be reached
by volumes lying at the advancing front, see Part 1.7.1. thtewh the queue, to which a volume
belongs, is stored for every volume because a rearrangeshéme queues during the update
procedure is computationally too expensive.

Update of the Queues After each agglomeration step all agglomerated volumessaneved
from the queues by setting the queue number of the volume twbef the range of allowed
queue numbers. The first time a volume is hit by the fusingtftbea number of the coarse
grid volume is stored. Each time a volundeis touched by the front via a new coarse volume
agglomerating a direct neighbor gfthe queue number afis decremented by one till zero
andV; is added to the queue respectively. Therefore the voMngets closer to become the
next seed volume. Between several volumes neighbored tsatime coarse grid volume the
neighbors of the seed volume will be queued previous to tighbers of the direct neighbors
of the seed volume and at last the neighbors of indirect meighof the seed volume.

As an example the queue numbers of some hexahedra in froné @gglomeration front are
depicted in Figure 1.17. The queue number of a hexahegitbaway from the front is provided
by the initialization, Part 1.7.1. As a result of the queuihg advancing front tries to grow in
closed layers from the initially touched boundary at leastyibrid grids.

Maximal Set of Fusible Volumes

In principal a seed volume is allowed to be agglomerated ustiwhole neighborhood. That
means, for a seed volume in a tetrahedral part of the grid,etvery direct neighbor - given
by the point to face connectivity - is a candidate for the mealiset of fusible volumes. In

5To date no advantage in this approach has been observed.



Preprocessing

19

gnh-1 | gnh-1

gnh-1

gnh-1

gnh gnh gnh gnh
gnh-1 gnh gnh gnh
gnh - 2 gnh-1| gnh-1| gnh-1

Figure 1.17: Queuing of hexahedra near the agglomeration front.

a prismatic part indirect neighbors, who have only an edgswsmmon with the seed volume,
have to be added, see Figure 1.18. They can be describedeas mighbors of the single
connected neighbors which have another direct neighbar dttan the seed volume or the
single connected neighbor in common with the seed volume.

e

Figure 1.18: Prismatic neighborhood: seed volume and direct neighbors (left), direct and

indirect neighbors (right)

In a hexahedral part additional neighbors, who only shaespmint with the seed volume, have
to be found. They are direct neighbors of more than one intireighbor, who have a common
edge with the seed volume. The hexahedral situation is tépin Figure 1.19.

B

— |

Figure 1.19: Hexahedral neighborhood: direct neighbors sharing faces (left), indirect
neighbors sharing edges (middle) and neighbors sharing points (right) with the seed vol-

ume
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Restrictions to the Fusible Set of Volumes

Atypical coarsening rate in a structured multigrid code &far three dimensional applications.
The maximal set of volumes for this case shown in Figure 1ffE3a coarsening rate of 1:27.
Therefore it is sufficient to use only a subset of the maxinetidsiring the agglomeration to
provide good coarser grids. The most obvious restrictiathédfusible set is that volumes can
not be agglomerated to more than one seed volume. While tjleragration front advances,
the next seed volume is found in the neighborhood of an ajr&eskd volume.

Consider a simple structured grid over a flat plate. The #lyorstarts in every corner of the

plate and finds 7 neighbors for every seed point. Runninggetiom edges of the plate the situa-
tion for the seed volume will always be the same, becausedtedaries of the computational

domain create again, together with the already fused vadumeorner situation. If the number
of volumes along the edges of the plate is a multiplier of 8, abmplete boundary of the plate
is coarsed with a 1:8 rate. Being touched by two fused neighthee next seed volumes on
the plate will be fused in the same way. After fusing all vokson the flat plate the agglom-
eration front will start the next layer again in the corndrscause the underlying coarse grid
volumes have the lowest numbers. As long as the grid is coadsi this structured manner,

this algorithm will provide an equivalent grid.

Incompatible Boundaries Depending on the treatment of a boundary it can be important t
two different boundary types do not occur at the same volufoepreserve this kind of topo-

logical information during the agglomeration proceduhes boundary types of the initial grid

are investigated. Only if a volume exists in the initial mestich is attached to two bound-

ary types, is the agglomeration procedure is allowed to fiodemes of these boundary types
together. Therefore, during picking up the neighbors ofgbed volume to get the maximal
fusible set, the compatibility of the boundary types betwdee already found neighborhood
(including the seed volume) and the next neighbor is checked

Cutting the Structure of an Underlying Layer In a prismatic or hexahedral region of the
grid the algorithm tries to grow layer by layer over the boarydsurface. A new coarse grid
volume is only allowed to be on top of more than one coarse \gyidme of the underlying
layer if this underlying or old volume is covered completblythe new volume.

Figure 1.20: Allowed fusing: new volume covers old volumes completely (left), new vol-
ume covers exactly one old volume (middle) and new volume lies inside the cover of one
old volume

The allowed fusing, simplified in two dimensions, are deggan Figure 1.20 and a typical cut
situation in Figure 1.21.
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Figure 1.21: The parts of the new volume divided by the broken line are not allowed to
be fused together due to the structure of the underlying layer

Fusing to Coarse Grid Volume In addition to the cutting described above, and to prohibit
hardly fused volumes, an agglomeration with an alreadydussghbor is allowed in special
situations® One situation occurs when different parts of the agglonmrdtont reach each
other and some seed volumes are left without or with only asiofe neighbor. The other case,
shown in Figure 1.22, is a result of a cutting to preserve theire of an underlying layer.

Figure 1.22: After cutting the new fusible set, some volumes are agglomerated to a pre-
viously fused cell.

Semi Coarsening In highly stretched parts of a hybrid grid it is possible thiawe smaller
aspect ratios for the coarser volumes than on the initia. gfihis is done be selecting only
those volumes, which are connected to the seed volume \aa farger than a given fraction of
the largest surface area of the seed volume, for fusing. ™aldantages of semi coarsening
in this way are the small coarsening ratio (more volumes lkcutate) and the corruption of the
initial grid structure. Whether convergence is improvedugently not clear.

Unstructured Grid Improvement In a tetrahedral part of a grid a subset of fusible volumes
can be chosen to minimize the ratio of the surface to the velofa coarse grid cell. To become

5This fusing can be the origin of coarse grid cells consistihgore volumes than the complete neighborhood
of any attached volume.
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Figure 1.23: Semi coarsening with a fraction factor of 0.5

independent from the scaling units the minimizing functfois given by:

_ surfacé?
~ volume ’

Starting from the seed volume the algorithm searches fonéxé volume which provides the
smallest value off when being fused to the already determined subset. Thistkropinates

with a subseg, having an optimal valué, for each possible numberof neighbors out of the
neighborhood of the seed volume. The choice of which sub#ldbefused is influenced by a
parameter called the point fusing rewaréir € [1.0, ] according to the expression:

. fn
(i)

The sense of the fr parameter is to decrease the influence @nd allow more volumes to
be fused. In practice values pffr between 1.0 and 1.2 result in semi-coarsening behavior,
while values above 1.6 result in minimal changes compardid ai agglomeration for which
no selection according to a penalty function has been paddr

Limiting the coarse grid volume size To avoid grids which are too coarse to get any multi-
grid improvements, the maximal size of a fusible volume sdrieted to a fraction of the size of

, : . o 1 ,
the complete computational domain. This fraction is ch , which stops the agglomer-

ation on the coarsest level for typical three dimensionsésavith about five volumes in every
direction.

1.7.2 Fusing Part
The fusing part includes:

» determination of the physical coordinates of the coars# gontrol volumes and their
sizes,
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 determination of the relationship between the volumeb®tbarse grid and the fine grid,
« calculation the inner faces,

» computation of the boundary faces.

Physical Coordinates and Control Volume Sizes

From the topological fusing part the parent volume in thersegrid are known for each fine
grid volume. Hence, within a loop over all fine grid volumes #izes of the volumes with
the same parent can be added up. The result yields the sizbe abntrol volumes of the
coarse grid. The physical coordinates of the points atth¢tbehe coarse grid volumes can
be determined in two different ways, which are shown in Feglir24. In the first case, the
coordinates of a coarse grid volume is set equal to the coatel of the seed volume in the
fine grid. In the second case, the volume weighted averagé olfildren volumes is used.
The second approach can provide some advantage for thpotggon of the corrections, but
only in the first case will the coordinates belong always tamiinside the control volume.
Nevertheless the influence of the choice is small due to fidgraapproximations made on the

coarser multigrid levels.

Figure 1.24: Coarse grid coordinates remaining in seed volume position and shifted to
averaged position
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Relationship between Coarse Grid and Fine Grid Volumes

The information about the parent of every fine grid volumedsesl in a vector. The opposite
information about the children belonging to each coarsd golume needs a data structure
similar to the structure described in Part 1.3.1.

indeX] = {indexXVi],indexVy], ...,indeXVno.of coarsegrid vall, NO. O f finegrid vol }

| |
! }
Chlld[] — {1St Chlld(V]_), ceey |aSt Chlld(V]_), 1St Chlld(VZ), ceey |aSt Chlld(VNoof Coarsegrid VO')}'

Computation of the Faces

If a child of volumeV, has a face to a child of volum§, thenV; andV; have a common face. If
two volumes are connected by more than one face betweercthikeiren, the normal vectors of
the fine grid are added up with respect to the orientationefdabe on the coarse grid. A typical
situation is depicted in Figure 1.25. The fine grid boundaget belonging to the children of

Figure 1.25: Determination of coarse grid face vectors

one coarse grid volume are also agglomerated separatetadhrboundary part. Identically to
the interior faces, the normal vector of a coarse boundaxy ¢an be calculated by adding the
normal vectors of the respective fine grid faces. The ortemtaf the normal vectors does not
have to be considered, since these vectors always pointledkse domain.

1.8 Chimera method

1.8.1 Introduction

The overset grids method is originally introduced to dedhwicomplicated configuration with
structured meshes. The method subdivides the computation®in into simpler subdomains
which admit a more easily constructed mesh. The technigquetieequire common boundaries
between subdomains, but rather, a common or overlap regigguired to provide the means
of matching the solutions across boundary interfaces. Bo@lyprocedure uses interpolation
of embedded boundaries to provide the necessary commiamcanong the computational
meshes and hole-cutting of the mesh becomes out of the catignal region. Steger et al.
[68], Benek et al. [7] developed overset grids method in twd three dimensions for Euler
Equations. Dougherty [18] and Dougherty et al. [19] extehties technique to allow move-
ment of embedded meshes. This method is quite powerful @irdewith the moving bodies
because remeshing is not required. However, this methadhals several shortcoming; such
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as a loss of conservation, extra cost due to interpolatiahl@rally reduced accuracy due to
mismatched cell sizes between the computational meshes.

To apply this method to the unstructured mesh, three magpssire needed:

1. The creation of the overlapping region, this step is parhe grid generator, the user
should specify the analytic shapes, such as cubes,splkeress, etc. as hole cutting geome-
tries.Automatic approach for unstructured grid was inticetl by Nakahashi [55].

2. The cell surrounding each interpolation point is seatdihemn the other grids, using Alter-
nating Digital Tree ADT [8].

3. The conservative variables are transferred by lineailorear interpolation [42].

Unsteady prediction of viscous flows with relative movenisgitveen component parts remains
an extremely challenging problem facing CFD. There are abmrrof difficult problems for
which dynamic overset grid schemes have been exclusivedieal including space shuttle
booster separation [49], helicopter with moving rotor lelgb0], and manoeuvring aircraft by
CFD aerodynamic and flight mechanic coupling [42]. Naviek8s calculations with these
methods require high computational resources. Paraltapating offers a very effective way
to improve the productivity in doing CFD. Therefore the pagp of this study is to develop
an efficient parallel computation algorithm for analyzihg flowfield of complex geometries
using overset unstructured grids technique [43, 44].

1.8.2 Stencil search

To exchange the information between the grids, an efficiedtraliable search algorithm must
be developed. Alternating Digital Tree is efficiently wtéd in the present method. The steps
involved in generating an ADT and searching are outlined#s\frs:

1Ststep: Determine the bounding boxX€Smin, Ymin, Zmin}, { Xmax Ymax Zmax} ) (Figure 1.26) of
all the elements in each grid of the overset mesh syst@n‘i’stép: Build the ADT for each grid,

(X2 e Yonar Zonar)

z "
1 1 P
(x min ! er;lin’ Ziin) V
-
y 2 2 2
(X min’ ymin’ Zmin)

(0] X

Figure 1.26: Cartesian bounding boxes of tetrahedra and pyramid

the dataset used for building the tree comprises the bogrtir coordinates of the grid cells.

3rdstep: Search in the tree for a given target point. The algorisearches the ADT of the
given grid and creates a list of cells whose bounding boxeslaw for a given target poing
see Figure 1.27. To identify the cell that contains the tgoget, the following criterion

min(Ni,1—N;) >0, Vi (1.1)

must be satisfied\; are the shape functions well known from finite element meslj8fi They
are computed using the formula(P;) = &ij, whereg;j is the Kronecker’s symbol. Other types
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of elements are split into tetrahedrons and the shape ansxare computed for each of the
subelements. Once a donor cell is identified, linearly pu&ate the solution at the nodes of the
donor cellea to the target pointg see figure 1.27 as follows :

flg = z fia- [NipJig  with z Ni,=1 (1.2)

wheref;, represents the solution at the corner nodes of the elegaamtd[N;, ]|, represents the
shape function of the elemeey evaluated at the target poikat.

Figure 1.27: Overlapping bounding boxes

1.8.3 Calculations of shape functions.
Linear case :

The interpolation is based on linear shape functions wedvkn from finite element meth-
ods. For tetrahedral cells, the linear shape functions aengoy the following formulas;
N1 =1-&—n—-¢ N2=¢&, N3 =n andNg = ¢, where §,n,() represent the coordinates
in the parametric space see figure 1.28. For other types ofesits, hexahedron, prism and

Figure 1.28: Parametric space

pyramid , the interpolation is also based on linear shapetimms by splitting those elements
into tetrahedrons (see Figures 1.29, 1.30 and 1.31) . Tablgi\les all possible subdivisions of
the hexahedromp; to pg into five or six tetrahedra as a function of the numbef diagonals
through the vertexsy.
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Figure 1.29: The six ways to split the quadrilateral faces of the prism such that it can be
subdivided into three tetrahedra

n Al Az A3 AA A5 A6

0| 1236 1386 | 1,348 | 1,6,85 | 3,86,7 Nil

1] 1685] 1286|2786 | 1,834 | 1,823 | 2,8,7,3
1,6,85 | 1,2,7,6 | 1,7,8,6 | 1,8,3,4 | 1,8,7.3 | 2,1,7.3

2| 1567|1487 ] 1857 | 1,236 | 1,47,3 | 1,7,6,3
1,347 | 1,57.8 | 1,7,4,8 | 1,23,6 | 1,7,56 | 1,3,7,6

31347 1487 ] 1857 | 16,75 | 26,7,1 | 27,31
1,276 | 1,7,85 | 1.6,7,5 | 1,7.2.3 | 1,8,7.4 | 1,7,3,4
1,276 | 1,2,3,7 | 1,347 | 16,75 | 1,7,48 | 1,7,8,5

Table 1.1: All possible subdivision of the hexahedrons into six tetrahedrons.

Nonlinear case :

This subsection describes a method developed for funatitamgolation within different ele-
ment types, which is based on the finite element interpaiatieory [3].
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P

1

P

Figure 1.30: First configuration with no diagonal that goes through vertex p; (a), second
configuration with one diagonal that goes through vertex p; (b), third configuration with

two diagonals that go through vertex p; (c) and fourth configuration with three diagonals
that go through vertex p7 (d)

Figure 1.31: The two ways to split the quadrilateral face of the pyramid and to subdivide
the pyramid into two tetrahedra

Following this theory, a functiof is approximated as :

FEN.0) =3 Ni(En.OF

where §,n, () represent the coordinates in the parametric sgade shape functions associ-
ated to the nodeof the element an&; the value of the function at this node.

Let denoteH = (Py, P2, P3, P4, P, Ps, Pz, Pg) denote a hexahedron, ami a point, we obtain
F (M) by the following formula:

8
F(M) =3 Ni(&m,nm.{m)F (1.3)

where
N1 =0.1251-&)(1-n)(1-7), N2=0.1251+¢&)(1-n)(1-)

N3 =0.1251+¢&)(1+n)(1-¢), Ng=0.1251-¢)(1+n)(1-{)
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Ns =0.1251-&)(1—-n)(1+¢), Ne=0.1251+¢)(1—n)(1+{)
N7 =0.1251+&)(1+n)(1+¢), Ng=0.1251—-¢)(14n)(1+{)

To determine the coefficient§w,nm,{m), we set- (M) = W to (1.3), and we obtain:

PIM = NoPP>+NaPiPs + NyPPs + NsPyPs +
NeP1Ps + N7P1P7 + NgP1Pg (1.4)

Using (1.4), the following function can be built:

G(&m,NM,lm) = NoP1P2+ N3PiP3+ N4P1Ps +
N5P1Ps + NP1 Ps + N7P P7 +
NgPPs — PM (1.5)

The coefficientg&m, nm,{m) are solution ofG(Ev,Nm,{m) = 3, which is solved using New-
ton method, i.e.

E_lG (1.6)

whereG; is the Jacobian matrix of the functi@ Then, the interpolation weights are computed
—

asNi(Em).

A similar procedure is applied to prisms and pyramids, with¢orresponding shape functions

.
Gi-g-c

Ny =05(1-Q)(1—&-n), Np=05(1—)§ Ng=0.5(1—)n

N =0.5(1+2)(1~&-n), Ns=05(1+2)E Ng=0.5(1+)n
for prisms and

Ny =0.25(1-&)(1—n)—{], N2=025(1+¢)(1-n)—{

N =0.25/(1+&)(1+n) -], Na=0.25(1-&)(1+n)—-{], Ns=¢
for pyramids.

1.8.4 Parallel implementation of overset unstructured grids method

For the parallel implementation of chimera method, a dongi@oomposion is adopted. At
the beginning we have several grid blocks where each grickiba physical grid with own
volume triangulation and boundary description. These bhlittks are not connected in any
way. The only communication between these blocks is done dyraera interpolation. The
grid blocks are written into one data structure and aftedwainese data structure is partitioned
see Figure 1.32. Each partition may have a different numbétoaks. There exists a local
numbering of the grid blocks within one partition and a maggirom the local block number
to the global block number of the non partitioned grid. Onéhefbest domain decomposition
for overset grid selected from several cases of divisioltustrated in Figure 1.34. The parallel
algorithm is explained for a rotating profile is embedded baakground mesh which is shown
in Figure 1.34. The grid consists of two blocks and four piarts. The algorithm is explained
being on partition 0. This partition is denotiated as owrtipan. Each partition contains a
list of chimera boundaries. Each chimera boundary has &lsqmartition list and a search
block list. The lists are shown in Figure 1.33. If no knowledand no further algorithm is
provided the list of search partitions contains all pastii and the list of search blocks contains
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all blocks excluding the block of the chimera boundary. Touee the search effort a global
alternating digital tree of the grid partitions can be inwoed. With this tree intersections can
be detected between a bounding box of a chimera boundanharmbtinding boxes of the grid

partitions see Figure 1.35. The list of search block shoalgdecified by user input. It has to be
determined only once at the beginning whereas the list athqzartitiones should be updated
each physical time step.For the explanation of the algordind the implementation of parallel

chimera that has been developed for the DLR TAU-Code seel#]3,
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Figure 1.32: Partitioned overset unstructured grids
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Figure 1.33: Input lists for Chimera search
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Figure 1.34: Overset grid system and parti- Figure 1.35: A global ADT
tioned grid



2 Flow Solver

2.1 Introduction

The flow solver is a three-dimensional, parallel, hybridJtigtid code. It implemented a finite
volume scheme for solving the Reynolds-averaged NavigkeSt(RANS) equations. The flow
variables are stored on the vertices of the initial grid.sTtiipe of spatial discretization is called
cell vertex with a dual metric which is computed during thegpcessing step. The code uses
explicit time stepping, the multistep Runge-Kutta scheme @ptionally implicit time stepping
with a LU-time scheme. For accelerating the convergencestly state a local time-stepping
concept, different residual smoothing algorithm and a getaical multigrid method is imple-
mented.

The computation of the fluxes can be performed with eithemavind or a central scheme. The
flux discretization in an upwind scheme can be chosen fromraedifferent functions:

e Van_Leer,

AUSMDV,

AUSMP,

* Roe,

AUSM _Van_Leer,
« EFM,

MAPS+,
The central method is available with two different dissipaimodels:

* scalar dissipation,

* matrix dissipation,

The viscous fluxes for the one equation turbulence modelsaeihtral schemes are discretized
using central differences. For two equation models therakstheme uses an upwind type
discretization for their viscous fluxes.

The coarse dual grids provided by the preprocessor haveathe properties as the fine dual
grid. Hence the governing equations can be discretizedendarse grids employing the iden-
tical algorithms as on the fine grid. The only difference iatttihe discretization is switched
to first order on the coarse grids when employing an upwineémmeh Furthermore the source

31
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terms of the turbulence model are only calculated on the fiftkagnd injected onto the coarse
grids.

The turbulence model implemented in the solver is the onggon transport model according
to Spalart and Allmaras (SA). The model uses only local qgtiestfor calculating turbulent
transport which makes it suitable for unstructured methods

In order to provide control over laminar regions a modificatf the source terms is employed,
which ensures that; = 0 (v; is the eddy viscosity) is a stable solution. For transitmtutbu-
lent flow the modification of the source-term is switched aoffpmints near no-slip walls where
turbulent flow is prescribed, whereas it is switched on fanfsonear "laminar walls”.

The data structure provided by the preprocessor allowsrining the solver in several sub-
domains in parallel. The only work to be performed in mubhigessor mode additional is the
communication required to update the point-data for thditeahal points’. This communica-
tion between the different concurrent processes is domg tise communication tables and the
MPI-library. Since this library supports non-blocking gerand receives, all data to be send is
copied into send buffers and all receive/sends are startgtiier. The communication is hidden
by an interface routine, such that inside the solver onlisa#lthis interface appear.

For time-accurate solutions a global as well as a dual titeppéng scheme are implemented.
The dual time stepping scheme follows the approach of Jam{82), where the Runge-Kutta
scheme is slightly changed in order to avoid instabilitiédedealing with small physical time-
steps. The time using dual-time discretization can be ehtsée first, second or third order
(where a higher order implies increased overhead).

2.2 Governing Equations

The Navier-Stokes equations for the three dimensionalc@sée written in conservative form

as P B
E///dez—//lz_-ﬁds 2.1)
Vv ov
where
P
pu
W=| pv
pw
pE

is the vector of the conserved quantitigsdenotes an arbitrary control volume with the bound-
ary oV and the outer norma. The flux density tensoff is composed of the flux vectors in the
three coordinate directions:

F=(RC+FS) &+ (G +GS) 8+ (H +HS) - & (2.2)

with e, & ande, being unit vectors in the coordinate directions. The inglicandv denote
the inviscid and the viscous contributions, respectivEhe viscous contributions are neglected
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when considering the Euler equations. The viscous and tecid fluxes are

pu 0
. pu2 +p Txx
Fe=| puv , FS=—| Ty , (2.3)
puw Txz
pHuU UTyx + Vixy + Wi + Ki 3
pv 0
puv Txy
Gi=| pv+p |, Gi=—| Ty , (2.4)
pvw Tyz
pHv UTxy + VIyy +WEyz+ K 55
pw 0
puw Txz
|:}|iC =1 pvw , Fig =—| Tyz . (2.5)
pW2 +p Txx
pHwW UTxz+ VTyz + Wiz + K 5

The pressure is calculated by the equation of state

2 2
p= (y—Dp(E - L) (2.6

From equation 2.1 the temporal change of the conservativablas\W can be derived as:
[[F-RdS

0= v
" =TV
V

2.7)

The change of the flow conditions in a control volumes given by the flux over the control
volume boundaryV related to the size df. For a control volume fixed in time and space,

equation 2.7 can be written as:

d.- 1 .

“W=_-.0F 2.

dt V Q (2:8)
with QF representing the fluxes over the boundaries of the contiahwe. If the boundary is

divided inton faces,QF is given by:

n

-3 & - 3-8

Where(ﬁr’C denote the inviscid fluxes over the respective face. Hemcerder to determine
the temporal change of the flow quantities in a control voluthe convective fluxes over the
control volume boundaries have to be determined. For upwsimemes the dissipative terms
f),- are zero, but for central schemes additional dissipativegdnave to be computed.
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2.3 Upwind Schemes - Spatial Discretization

The approximation of the governing equations can be dorefimite-difference quotients. The
partial differential equations involves a number of diffiet partial derivative terms which can
be replaced by finite differences. The resulting formulaaked a difference equation. This
difference equation is an algebraic representation of énkgb differential equation. To explain
this in more detail we consider the continuity equation:

op d(pu)
T ox

If we apply the velocityu as constant, equation 2.3 takes the typical form of a lineavection
equation:

=0.

op 0p _
i + u& 0 orthe shorthand p; + upx = 0,

describing the transport of magsdy a flow of velocityu.

We study the flux balance for the dual cell around pairitet a superscript denote the time

step. Applying a forward difference scheme in time, the egponding finite volume scheme

reads PR

pl p' _ _i n _ An
A A (pi+% pi%) (2.9)

As u > 0 and constant we may use a simple upwind scheme, i.e. thetflux %andi - % is

approximated by; andp;_1 resp. The discrete formulation then reads:

n+1
_ pl u

Lol I o B n _ N
p|n+:2L pirl%

This is afirst-order upwindscheme.
Now we show that this simple upwind scheme can be writtentifiaal viscosity form, i.e., as
a central scheme with artificial dissipation. If the use am@@scheme for the flux at+% and

i — 1, then (2.9) becomes

ppt— o’ u.l 1
T —&[é(pi“rP&Q—é(plﬁp{‘ﬁ (2.11)
pin+:2L pin,%

which is of second order accuracy. Subtracting the upwirgbse (2.10) from the central
scheme (2.11), we obtain

1 1 1 1
(O~ B00)~ |3 (B4 0a) = 3 (OTa-+0) | = =500 o)+ (67— P10

Thus the upwind scheme can be written as

pln+l pn B u

1 1 1
At AX { (P +pfe) — (pinfl +pf") - é(pp+1 —p") + é(pp —piq)
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Hence the upwind scheme can be writtemitificial viscosity formas

pn+1 pn u l
'T = Ax[{ (p, + p,+1) (pin+1 - pin)};
pin+%
1 1
—{5 (1 +p) = 5P =)}
o,

In order to calculate the inviscid fluxes over a control votuface, the Riemann problem has
to be solved for the face. In this section the determinatiotih® convective terms employing

different types of Riemann solvers is described. The fluxmated over a face (Figure 2.1) can
be expressed as:

Figure 2.1: Face for an upwind flux computation

Eface _ <F|+Fr>__ |A(W| W, 1 r) | (W — W), (2.12)

1
2

with F = F-n+G-ny+H -ny
E.

and Ifr - nx+Gr ny+ Hr nz,

The vectorF fa°€ represents the flux density vector normal to the cell interfiface in Fig-
ure 2.1),A is the corresponding flux Jacobian. The lower indic@gsdenote variables to the
right and left of the cell face.

For the first order upwind scheme in 2.10 and 2.13 the soluiaonstant over the control
volume. To achieve second order accuracy. the solutiorsignasd to be piecewise linear over
the control volume. Therefor we use a higher order recoastm for the primitive variables
p,u,V,W, p. The extrapolation to all faces of the control volume is tentas a Taylor expansion

(explanatory fop):

1 d - —
Pfacer = Pnoder + éllJDpr ('I —|r> , and

1 = - —
Pfacel = Pnodel + éLprl <|r - II) ) (2.13)
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I'is the location vector of the corresponding poiftsqeis the value one time step ago and the
limiter @ (see also Part 2.3.5, as proposed by Venkatakrishnan ptjces the scheme to first
order at discontinuities to avoid oscillations of the geadi The only unknowns in formula 2.13
are the gradient@p. The computation of the gradients is explained in Part 2.3.3

2.3.1 AUSM-Scheme

The advection upstream splitting method AUSM was devisef4y. The DLR TAU-Code
implements a modified AUSM scheme proposed by [36]. The aif86f is to construct a
hybrid scheme which has the robustness of the van Leer scimetne vicinity of shocks and
the low diffusive properties in smooth regions of the AUSMeame [41].

Let the pointsP(j1) andP(j2) be separated by the faégi): P(j1) = CE(i,1) andP(j2) =
CE(i,2). The convective fluxes have to be considered as fluxes betthieerontrol volumes
surrounding the pointB(j1) andP(j2). The size and orientation of the face is described by
the face normal vectdt (i), see Figure 2.10. The normalized components of the facenect

derived by: 0
n*(i
. 1 .
F(i) = Y (i =——-F(i).
. (243) Fo

For first order accurate calculations the flow conditionstmnleft\W and the righWR hand
side of faceF (i) can be taken directly from the respective points, since tive €onditions in
this case are assumed to be constant over the control volume:

WL =W(j),

and
Wk =W(j2).
For a second order accurate calculation the flow conditiane o be extrapolated to the face

employing the gradients of the flow variables and the veatortpng from the points to the face.
As the face crosses the edge between the two pBirjts) andP(j2) halfway, the vector

d=0.5-(P(j2) - P(j1))

is pointing fromP(j1) to the faceF (i) and the vectof—d) from P(j2) to the face.

The gradients
Ux(j1)
Ou(jy) = | w(jl)

Uz(J1)

with {Od(m)|m=1,...NP} of a flow variableu for P(j1) have to be scaled by a limiting
factor ©y(j1) with {@y(m)|m=1,...NP} in order to enforce a monotone behavior of the
reconstructed values. The evaluation of this factor istilesd in Part 2.3.5.

A variableu can now be reconstructed on the left hand side of F@gas

u. = u(j1)+d- Od(i) - 0y(j1). (2.14)
The extrapolation results in two vectors of primitive vates
p p
u u
U=| vV andUr= 1] Vv ,
w w
P /L P/ r
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for the left and for the right hand side of the face. From thealde vectors additional values
are computed for the left and the right side. The contraméiidach number for the left hand
side can be computed as:

M, = IL (2.15)
with
(i)
vn = | and a_ = y p|_
, pL
The enthalpyH, can be determlned as:
HL = pL-Y UF +VE +wp (2.16)
pL-(y—1) 2 '

The respective values for the right hand side are compuisat@diagly.

From the contravariant Mach numbéis andMg on both sides of the face the advection Mach
numberMg at the cell face is calculated as:

Mg =M +MPE (2.17)

where the split Mach numbelP/™ are defined as

M it M > 1
MP = {1(M+1)2 it M| < 1,
0 it M < -1
0 if M > 1
MM = {i(Ml)z it M| < 1
M it M < -1

HereinM denotes the Mach number of the flow normal to the cell faée ¢r MR).
The pressur@g at the cell face is calculated in a similar way as

pr =Pl + PR (2.18)
wherepP/™ denote the split pressure
p if M > 1
pP =< T-p-(M+1)2.(2-M) if M| < 1,
0 if M < -1
0 if M > 1
p" =<{ z-p-(M=1)2.(2+M) if M| < 1.
P if M < -1

The dissipation of the scheme is controlled by the coefficign. In the original scheme of
Liou, ®f is set to
P = |ME|

The aim of [36] was to combine the van Leer scheme and the AUSidrae of Liou and Steffen
using the hybrid form
q)F — (1_w)¢\léL+mr£OdAUSM .
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with
IME| it Mg| > 1
oflt = |MF|+%(MR—1)2 if 0O<Mg < 1,
IME |+ 3(M +1)2 if —1<Mg < O
HMOdAUSM_ M| it [Mg| > deu
F e P e if Me| < dout

wheredgy: is a small parameter € dcyt < 0.5, which is introduced to ensure a non-vanishing
artificial dissipation ifMg becomes small. In order to switch between the robust van Leer
scheme in the vicinity of shocks and the AUSM scheme withatg diffusive properties in
smooth regions, the following shock-switahis used

W= min(v.,VR)
The shock-switchw is based on the second difference of the pressure by

|pLL —2pL + PR 0 )
|pLL+2pL+ PRl
|pL — 2pr+ PRR 0 )
|pL+2pr+ PRR) '

VL= max(l— a

VR = max(l— a

The value ofw is one in smooth regions and switches to zero in the vicifishocks.
From the obtained information, the inviscid fI@E’C over Facd- (i) can now be calculated as:

pa pa
e 1 - pa-u pa-u
GF=3-FM)I- [Me- || pav | +| pav | |-
pa-w pa-w
paH /| paH /o
pa pa 0
pa-u pa-u FX(i) - pr
Pk - pa-v —| pa-v + | FY(i)-pr (2.19)
pa-w pa-w F2(i) - pr
paH /| paH /o 0

After having determined the fluxes between the control valsisurrounding(j1) andP(j2)
they are added to the flux€¥(j1) and@f;5(j2) of the two points that have been computed
before. As depicted in Figure 2.2 the normal veét(i is pointing from the face to the direction
of pointP(j2). Therefore, the calculated fluxes have to be reversed béfeyecan be added to

the already obtained fluxes for poiR(j2):

QFe(j1) = Qgig(in) + G,
and . ~ .

@ ¢(j2) = Q5g(j2 — Q.
2.3.2 AUSMDV-Scheme

The AUSMDV scheme devised by Wada and Liou in [75] providggagimate solutions to the
Riemann problem, in the form of a numerical flux. As input, &SMDV requires two states
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Ve ~ - ~
~ - ~
s ~ N
< |
| ) )
R /
; (i1) —
/ .
T = //4\ F J)’_—/
N _\~ //
N - N

Figure 2.2: Control volumes around neighboring points P(j1) and P(j2)

(left and right), the area of the face separating thesesstatel the unit normal vectdirof this
face pointing from the left state to the right state.

The basic concept is to determine an accurate masgftliukrough the face, and to convect
the properties of staté = (1,vx,vy,vz,H)T from the left or right state, according to the sign
of pu. Here,p is the densityuy = v the normal component of the velociy Vi = V— uii the
tangential components of the velocity, addhe total enthalpy.

The flux can be written as:

%) 5 (pu)
@

r) 5 (pu)

- (Py
Q_areax{ (Ei%+

with By = (0,((pu?)3 + py)nx ((pu?) 3 + py)ny: ((pu®) 3 + py)nz 0)

In this flux formula, we have to specifp%, (pu)%, and(puz)% where subscripg denotes an
intermediate value at the face. In a manner similar to theleam splitting, they are given by:

(pu)i=u'p+upr and py=p"+p;.

The pressure splitting;", p; and velocity splitting);", u;” are defined with a common speed of
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soundc| ; = maxc, G):

( IO|2 ;o ar <o
_ P/ou u ., .
P = " ?4‘1 2—?> ; —Cr < u < Qr
x x
0 ; u < —Q;
( 0 ; Cr < U
2
— Pr [ Ur Uy
pr = —|——1) 2+—) ; —ar < u < ¢
' 4 \C ( C|7r) " ' o
\ pl’ ) ul’ S _C|7|’
( Uy , Cr < U
2
u +
[(I r) —U|}+U| ; 0 < u < oqp
4 4C|7|f
"o (u+oy) |
u C
! Y ’ _C|7|’ S u| S O
4c) r
0 ; u < —Q;
( 0 , Cr < U
2
(Ur—cr)
—a ) : 0 < u C
- r 4CI7r > U > l,r
u- = ) ,
(U —Ciy)
—Qy —+U|+U ; —Cr < U < 0
4C|7|'
Ur ; U < —C

I

with
*(5) *(5)
p | p r
(5 () () ()
p | p r P | p r
The AUSMD and AUSMYV variants differ in the handling of the n@al momentum convection
(puz)%. Explicitly:

o = and ao, =

2\AUSMV
u

is used for AUSMYV, and for AUSMD:

= u" (pu); +uy (pu)r

u o (PU)%
U (pu)s
The AUSMDV uses a combination of both variants:

(pUZ)AUSMDV _ <% +S) (pu2>AUSMV+ (} —S) (pu2>AUSMD

1
2

(pu2>’;“SMD = (pu)

Nl

1
2

where

1 pr—pil )
S=—-min 1,10.7 .
2 ( mm(phpr)

In addition, the AUSMDYV includes two treatments for spesialiations:
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* Anentropy fix is introduced to prevent a glitch in the sabatat sonic points inside simple
expansion fans. Therefore (ii — ¢); < 0 and(u—c), >0 or(u+c); < 0 and(u+c); >0
the flux is corrected with:

area

(_jefix = 6— TA)\(pqur — P L_I’JI)

whereAA = (u—c); — (u—c); or AA = (u+c); — (u+c)| respectively.

» Like many other Riemann solvers the AUSMDV suffers sligtfitbm the carbuncle phe-
nomenon. To prevent this the location of shocks in the coatmrtal domain are detected
by converging characteristics, and a more stable Riemawerss used there. A more
diffusive solver, the van Leer splitting modified accordimgHanel and Schwane (cf.
[37]), is used: B ~ .

Quanel = PIU Wy +pruy Wr + ﬁ%v

where
( 1 >
+—(u£c)® ; Ju<c
Ut = 4c
usu ; else
\ 2 ’
(
p<u )2 u.
=|=-x1) 2F-) ; |u<c
=) ale®y) @Fg) i sc
u|ul .
S TR

2.3.3 Higher Order Reconstruction

For second order accurate upwind calculations the gradligthe flow variables have to be
determined. The determination results in an aff@y(j)| j = m,...NP} for each flow quantity

u with
Ux(j)
Ou(i) = | w(i) |-
Uz(j)

There are numerous algorithms to compute the gradientkelfotiowing section three gradient
calculations are explained which can be chosen throughatraepeter file.

1. Green-Gauss divergence theorem: GreenGauss
For a scalar fieldi the Gauss theorem for the dual cB(lj1) around pointP(j1) states
that
Ju
/ O dx = Ug - fido (2.20)

B(j1) 0% 9B(j1)
wheree, denotes the unit vector in thg-coordinate direction. In vector notation this
reads

/ Dudx:/ undo (2.21)

B(j1) 0B(j1)

Sincelu is assumed to be constant on each dual grid cell, we obtain

- 1 - 1
Ou= —/ Oudx= —/ urido 2.22
V(1) /a(jy) V(j1) Jes(j) (2.22)
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whereV(j1) =Vol(B(j1)) is the volume of the dual cell arourr{j1).
Then, numerically, the gradient vectati(j1) of uin pointP(j1) with n— 1 neighboring
pointsP(j2... jn) is obtained by employing the following discrete Green-Gdosmula:

au( Z% (j1) +u(jk))-F (i), (2.23)

whereV (j1) is the volume of the dual cell arouri{ j1) andF (i) is the normal vector of
the dual mesh facE (i) dividing the control volumes arourf®(j1) andP( jk) as shown
in figure 2.3.

The evaluation of gradients can be expressed as a summétomtoibutions from the

Figure 2.3: Control volume of point P(j1) with neighboring points

grid faces to the related grid points. Consider a fa¢g with the two pointCE (i, 1) =
P(j1) andCE(i,1) = P(j2). The contributions of facE (i) to the gradient vectors of both
points can be calculated as the product of the average valuwith the normal vector:

u(j1) +u(j2)
5 :

The resulting vector is added to the actual gradient veactatse variableu for the points
P(j1) andP(j2). As the normal vector is pointing from the face in the direcstof P(j2),
the contribution for poinP(j2) has to be multiplied with -1:

0a(j1)-v(i1) = (0u(j1)-V(j1))oa +2F (LA(j1)-V(j1))

ba(j2)-v(i2) = (0u(j1)-V(j2))od —Ar (LU(j2) -V(j2))
Additional contributions are to be calculated for pointsdted on the boundaries of the
domain. As the value afi is assumed to be constant over the entire boundary face, the

contributions for the boundary fadg(i) of the boundary patb in the three coordinate
directions are determined by multiplying the value of theafaleu(j1), whereCEb(b, i)=

P(j1) with the normal vectoRy(i):
AR, (0U(j2) -V (j1)) = Fp(i) - u(i). (2.25)

A (T0(j1) - V/(j1)) = B¢ (0U(j2) -V(j2)) = F(i)- (2.24)
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The resulting contribution8lt(j1) for the pointP(j1) are added to the actual gradient
vector[Jd(j1). As the normal vector for boundary faces is always pointintie outside
of the domain, the sign of the resulting vector does not haetchanged:

0u(j1)-v(j1) = (OU(j1) -V(j1) ol + Ak, (0U(j1) - V(j1))

After the gradients are determined in that way the obtaimetiors are divided by the size
V(j1) of the control volume surrounding the pofj1):

Du(j1)-v(j1)

HIUD =" )

(2.26)
This approach is only accurate for reconstructing lineacfions at triangular meshes

(2D) or tetrahedron meshes (3D). Any mixed grid producesiclamable errors at inter-
faces from differing element types.

2. Least Square with QR decomposition and Gram-Schmidt orthog onalization:
Leastsquare
It was first described by Anderson, Bonhaus [2] and Hasebraéiazek [31]. This algo-
rithm uses Taylor expansion from a local point to each sumdang point instead of metric
terms as face normals or volumes of a local control volumeiasised for Green-Gauss.

A function @ expressed by a Taylor expansion for a local point includiageéighboring
point is:

@ =@+ %—?Ax-l— %—?Ay-l— %—?Az-ﬁ— O(sz) e @...arbitrary function (2.27)

The system of linear equations derived from all neighbopomts Figure 2.4 can be

P5

Figure 2.4: Surrounding points used for the least square algorithm
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expressed as follows:

WilXo1  WiAyor WiAZpp a0 Wi (@1 — @o)
W2A'X02 Wzéyoz W2A'Zoz 5;_(3) | we (Cle — () | (2.28)
. . . a_(p .
L WAy Whlyon wnAzon | 2 %27\ w (N — @) g
WA X Wb
bzw
wpg O 0
) 0O w ... O
W[ &188; |Op=Wb with W= . , ) (2.29)
0 o ... WN

The introduction of a weighting factor which is related te treometry allows the com-
putation at very high cell aspect ratios. The weightingdact defined as

W| - 1
\/Ax,-2 +Ay? + AZ

The solution of matrixA involves aQR decomposition with a Gram-Schmidt orthogo-
nalization. Q is an orthogonal matriQ € R™™ and R is an upper triangular matrix
R e R™M This may be written as

i=0,...,N (2.30)

Ax = b withA — A=Q0R
QRx = b multiplied by the transposedQ"
Q'QRx = Qb  with Q"Q=1I, | eR™M
x = R1Q™b

and the matrix entities are defined as:

fia riz rs
A=[d18d3], Q=[0:10203], R=| O roo ra3
0 0 ra3

The entries of the matrikR can now be computed:

N 1 N
r1 = IZ (AX0i )2 o= o IZ(AXAV)

1 N N
ris = — ) (AxAz), oo = Ay)2 —r?
1 rll,z( ) IZ( y)? 12
1 N ro N
o3 = — (AXAz)
fzz,z( r11r22,Z
N
rs = (AZ)2 — (r3,+12,) (2.31)
33 Z 23713 :
|

The computation of gradients with the least-square apprbas shown much more ac-
curate gradients as in comparison to the Green-Gauss theblging the achieved better
robustness and more accurate solutions as the Green-Gaussaeh. This viable algo-
rithm reconstructs linear functions exactly on any type ofed grids.
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3. Line reconstruction for structured parts: Use line reconstruction (0/1)
Per default (value 1) the left and right states of the Riemanoablem between faces of
high aspect ratio cells are reconstructed along lines whiithbe extracted from the
grid. For testing purposes this can be switched off to usectimeputation of gradients
uniformly, based on Green-Gauss or Least Square methodyradesnts are stored at the
grid points. But this parametéise line reconstruction (0/1¥ not available in a release
version of TAU.

line2side Whenever at a local face a neighboring face on each sidee#&oulnd it is called
line2side, Figure 2.5. This allows a second order recoastm of the gradients.

h h hr

pll pl pr prr

'face

Figure 2.5: Face with neighboring faces on each side

Applying a Taylor expansion for poirt, towards each direction, two expansions
are derived which can be written as:

B 0 16(p >
Q@ = ¢ I h-l-za h“+H.O.T.
acp 62(p

The resulting formula for the gradient at pomtbecomes:

(o — @) PP+ (@ — @) h?
- hh (h+hr) (2.32)

o
axp

Applying a Taylor expansion for poir in the same manner as before again two
formulas are derived as:

B [o[0] 10%|

& = (ﬂ-i-—ax h+§—6 h“+H.O.T.
B 0@ 102 5

G = (ﬂ——ax h +§a I|‘1| +H.O.T..

The resulting formula for the gradient at pomtbecomes:

(@) (g —@)h?
- hh (h+h)

op
axp

(2.33)

linelside At boundaries the search criterion fails and|lme2sidefaces can be found. For
example no face can be found left of popat This face is calledinelside To have
still second order reconstruction the next neighboringipoext top; - point pyr
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can be used for a Taylor expansion Figure 2.6. The second @cienstruction can
now be derived as:

2

08 a 52 +H.O.T.
L) 10%¢
Gr = cn+&(h+hr) 262(h+hr) +H.0.T..

The resulting formula for the gradient becomes:

39| _ (@ —@)h*+ (@ —q)(h+h)?
x|, h(h+h)h '

(2.34)

N

‘_

‘

N

N

N

N

N

pr prr

N

N

N N
e

Tf

©

N

Figure 2.6: Face with one neighboring face on the right side

lineOside On the other hand, there are boundaries where no points @tithe right side of a
local face, see Figure 2.7. The second order computatioagain be derived from
a Taylor expansion using the next neighboring poinpof point p;. The second
order reconstruction can now be arrived including the abaten —h = x, — x, and

—h = —x:
_ 09 102([’2
a(p 162(p

The resulting formula for the gradient becomes:

39| _ (@ —g)h*+(@—q)(h+h)?

_ 2.35
ox |, h(h+h)h (2.35)

2.3.4 Correction of Gradients

The viscous flux of quantity under the effect of viscosity across fac&j associated with the
edge joining poinPi and pointPj is given by

/ Vil fidS

Sij
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hi h

.

=3
=3

Figure 2.7: Face with one neighboring face on the left side

whereri is the surface normal vector of unit length of fégg
The simple uncorrected version for computation of the wisctuxes is not used in TAU. The
uncorrected formulation reads

- 1/ - -

/3 vioe-rids = v(Cg)|y -nareds;),  (Dg)ly = 3 ( Dcp|a+D<p|j)
j

Therein, are¢§;) denotes the area of faG. The valuesio|;, Clg|; are the gradients afin

dual grid celli and j obtained by reconstruction e.g. of Green-Gauss type ot-tepgre type.

In the TAU-Code, instead diJg)|1 18 correction of the gradient in direction of the edge joining

P andP; is applied by using the foIIowmg formulafcﬁﬂcp)

| ,corr

- A%j @ DK = @i — 9l;
001 oy = (I— 2 ‘) O 2L AR
0o = (1~ T ) C0ls + 5%

with AXjj = X — X; being the difference vector between poiRtsandPj. We use the notation
for the dyadic productd® B)k| = &b and note thal — AAXXU ®AA§1 is the projection operator onto

the plane normal t&X;;. From this one can see th(dﬂ(p)\ corr IS given by(Dcp)| in the plane

perpendicular td\X;j and corrected in direction dfX;j. In “the direction ofAX;j, the gradient is
computed using a simple differencing scheme.

2.3.5 Limitation of Gradients

Near shocks the values on the faces have to be limited to aveighoots. The limiting is done
by an minimum/maximum clipping similar to the strategy mted by Barth and Jesperson [4]
with a modification proposed by Venkatakrishnan [72]. If eonrestructed value at any face of
the control volume exceeds the minimum (or maximumyg@jfl) and the average values on
the faces (given by poii®(j1) and the surrounding poinB(j2)...P(jn), see Figure 2.3), the
gradientJU(j1) is scaled by a facto®(j1),, such that the reconstructed value becomes equal
to the averaged minimum (or maximum):

OGim(j1) = 0u(j1) - ©(j1)u (2.36)
with
(r'(j1))*+2-r4(j1)

OUDe= ) 2 re(j) + 2

(2.37)
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The coefficientr(j1) has to be determined from the coefficients for the faces ottmerol
volume ofP(j1) as:

rY(j1) = min(2, r?l,jzv rﬁ‘lng, s rﬁ‘lvjn)

where s
umin_y(i ) .
W it ujy o <u(jl)
o = —u(jy) .
L= lljﬁlTlfi((lll)) it ujy > u(jl) - (2.38)
2 if Uy =u(jl)

Hereinu™® andu™" denote the maximum/minimum of j1) and values of1 in the neighbor
points of P(j1):

um = max(u(j1),u(j2),u(j3),...,u(jn)),
u™ = min(u(j1),u(j2),u(j3),...,u(jn)),

ugl i denote the reconstructed (unlimited) value on the contthime face betweeR(j1) and
P(jk):

Uy o= 00(1) 5+ (B~ B(iD) (2.39)
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2.4 Central Scheme - Spatial Discretization

The approximation of the governing equations is again doitle fimite-difference quotients.
The explanation follows again with the continuity equati:

dp 0
b, (pu)

ot 0x

The shorthand description of above equation reads

=0

Pt +upx =0.

If we apply again the appropriate initial and boundary ctiods andu > 0 this becomes a first
order hyperbolic equation. Using a second order differdnomula for the discretization of
the spatial derivativgy at mesh point and again a forward difference formula for the time
derivative the discrete equation reads:

n+1_

o P! u
' At ':—ZAX(pi”H—pin,l) (2.40)

The indexn describes the time level. We have now derivesktaond-order centradcheme.

Let the pointsP(j1) andP(j2) be separated by the faégi): P(j1) = CE(i,1) andP(j2) =
CE(i,2), see Figure 2.2. The convective fluxes over the face are cetifnased on the flow
conditions in the point®(j1) andP(j2). The convective fluxes have to be considered as fluxes
between the control volumes surrounding the poi{tsl) andP(j2). The size and orientation

of the face is described by the face normal ve&or (FX,FY,F)T as depicted in Figure 2.2.
The central fluxes over the face can then be computed as:

Q=2 (F) +Fi(i) — 50 (% —w) (2.41)

7 -

e Y
convective terms  dissipative terms

a describes the type of the dissipation (see Part 2.4.2)yisoamatrix dissipation. The differ-
ence(W, — W) = D(j1) is computed as:

D(j1) = (W — W) = g(2) (U — T)) — €4y (L (Tr) —L(T)).

The vectom holds the conservative variablespu, pv, pwandpE. The Laplaciar{0?) of L (Tj)
is calculated from each neighboring point (more in Part3}.4.

neighbors
L@)= 5 (0—0).
=1

As an example the Figure 2.8 shows the amount of points, froimt pjo to pointPjo, needed

for computing the flux over fack for a central scheme. Especially the influence of computing
the Laplacian (fourth order differences) spreads widelyr pointPjg the neighboring points
arePj1, Pj4, Pjs, Pjs, Pj7 andPjg, connected to each other with a green dashed line. For paint
the neighboring points afgo, Pjg, Pjo, Pj2, Pj3 andPj4 which are connected to each other with
a red dash-dot line.
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Figure 2.8: Flux computation for a central scheme over face F;

2.4.1 Spatial Discretization of Convective Terms

The inviscid central fluxes over the face can then be compaged

QEC=FX(i)- B+ FY(i)- GE +F¥(i) - AE. (2.42)
with
(Pu)(j1) + (pu)(j2)

o q | (PW(iD)-u(il) +p(iL) + (pu)(j2) - u(i2) + p(j2)

F=5 (PV)(j1)-u(i1) + (pv)(i2) -u(j2)
(Pw)(j1)-u(j1) + (pw)(j2) - u(j2)
(PH)(i1)-u(j1) + (pH)(i2) -u(j2)

(Pv)(i1) + (pv)(j2)

B (Pu)(j1)-v(j1)+ (pu)(j2)-v(j2)

Gt =3 | (PV(i1)-Vv(i1)+p(j1)+(pv)(j2) -v(]2) + p(j2)
(PW) (1) -v(j1) + (pwW)(j2) - v(j2)
(PH)(j1) - v(j1) + (PH)(j2) - v(j2)

(PW) (1) + (PW)(j2)

1 (Pu)(j1)-w(j1) + (pu)(j2) - w(j2)

HE =5 (PV)(J1)-w(j1) + (pv)(j2) -w(j2)

1) +p(j1) + (pw)(j2) -W(j2) + p(j2)

(PH)(j1)-w(j1) +(pH)(j2) -w(j2)

After having determined the fluxes between the control va@sisurroundindg?(j1) andP(j2)
they are added to the flux€¥$(j1) and@f5(j2) of the two points that have been computed
before. As depicted in Figure 2.2 the normal vet(in is pointing from the face to the direction
of pointP(j2). Therefore, the calculated fluxes have to be reversed beéfeyecan be added to

the already obtained fluxes for poiR(j2):
QFe(j1) = Qg(i1) + Q°
and B L .
QFC(j2) = Qgg(i2) — QF".
If the convective terms are determined with the central sehthat is described here, a artificial
dissipation is required in order to ensure the stabilityhef ¢computation.
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2.4.2 Artificial Dissipation

1. Scalar Dissipation: Scalardissipation
In this section the determination of an artificial scalassghation is described. The dis-
sipation has to be computed for each grid péifit). The approach follows the strategy
described by [47] in order to obtain an adequate scaling efdissipation for highly
stretched cells.
From equation 2.41 the complete artifical dissipation is

@ B = 3 aliLWB(L K
=2

wherea(j1, jk) andD(j1, jk) denote the contribution from ed@&j1)P(jk).

Now we consider the contribution (@ D)(j1) coming from the dissipative flux across
the dual face= corresponding to the edge connectirgl) andP(j2). For the scalar
dissipationd becomes the maximum eigenvalde of the flux Jacobian for the fade

weighted by a ter 4“’6%2& (szz)) which accounts for the local grid stretching direction

¢ 40=(j1)ee(j2)

"o (j1) + 9 (j2)
£ =|Vr-F|+aF-|F| (2.44)

a(j1,j2) =\ (2.43)

wherear denotes the speed of sound of f&ce

The atrtificial dissipation is constructed as a blending afivided Laplacian and bihar-
monic operators. The dissipative flux across the dual FRocerresponding to the edge
connecting?(j1) andP(j2) is given by

D(i1,j2) = &7 - (W(j1) ~W(j2)) ¥ (0AW(j1) ~ CAW(j2)) . (2.45)
The coeﬁicientss'é(z) ands';w are used to control the amount of dissipation added to the
scheme:
ek = K@ max(v(j1),v(j2)) - se (2.46)
n
20( 3 (p(ik) —p(j1))
v(j1) = | ZPUD| |2 (2.47)
P*(i1) S (0(] i
2 (P(Jk)+P(i1))
n
. > (p(ik)—p(j2)
2 -
v(j2) = |ZPU2) | _ ketke2 (2.48)
P*(i2) S
> (p(ik)+p(i2)
k=1k£2
4% — max(0,k® — %) . sc. (2.49)

where 7 < ki@ < 2 and & < k¥ < 2 are user-prescribed constants. The function
v switches between the two dissipation mechanisms. In regidrere the solution is
smooth,v and thu&lé(z) are negligible small. Then only the fourth difference terom-c
tributes to the artificial dissipation and the scheme is @lynthird-order accurate on
regular meshes. On the other hand, in the vicinity of shoeksecomes large and the

second-difference term is activated while simultaneoustiucing the fourth-difference
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term. This is needed to introduce an entropy condition tocedvershoots near discon-
tinuities and to choose the correct shock relationshipss fidlnmulation ensures that the
dissipation is dominated by the first order term for regionthe vicinity of shocks, and
the scheme is formally only first-order accurate there.
The termspe (j1), and@e(j2) are introduced in order to take into account the local grid
stretching for avoiding excessive numerical dissipatiorcases of meshes with high-
aspect-ratio cells. The relative size Xff compared to the total eigenval&é(j1) inte-
grated over the boundary of the entire control volume argaiatP(j1) can be described
by the termrg(j1) as
. 1 CAS(j1) — AR

rp(jl)_z-max{o, A },

with

n
A1) =5 [V -F|+a-|F|.

The corresponding term¢$(j2) andrg (j2) are defined analogously. From this the terms
¢ (j1) and@e(j2) can be calculated as

e(j1) =re(jD®, @ (j2) =re(j2)°

with weighting exponend = 0.5.

The scaling factorscg and s are introduced in order to avoid a dependency of the
dissipation on the number of neighbors. The size of the fagsochosen such that for six
neighbors the dissipation equals the dissipation in atred scheme:

3

SO = — + —,
n5(j1)  np(j2)

and
9 9

nB(i0)- (1+ (D) nB(12)- (L+ng(12))
From the boundary faces additional contributions have todmesidered for the boundary
points. Consider a boundary faég(i) of the boundary parb with a pointP(j1) =
CEb(b,i) related to the face. As shown in Figure 2.9 the vector of floviades\Wcan be
extrapolated over the boundary, employing the quantities suited field poinP(j3) =
CE;(b, i) and the quantities in the boundary poRitj1). The extrapolated valu&8™(j1)
for the mirrored poinP™(j1) are given by

W™M(j1) = 2-W(j1) -W(j3)

SG

The pointP(j3) is the point lying most normal in the flow field to the boundaagd, see
also Part 1.5.1. The laplacians 18F(j1) equal the laplacians in the orig(j1), hence
there is only a contribution for the second order dissipatioming from the boundary
face. The dissipative fluxes are determined for all boundzrgs. All values required
to compute the dissipation are calculated as describedeakath the exception that no
averaging is needed.

For coarser grid levels (see also Part 2.5.7) the dissip&ioomputed in a more simple
way by considering the second order dissipation only. Thedffiotent sE(Z) in this case
does not depend on the laplacian of pressure but only on timd&uof neighbors:

sllé(Z) = kt(uz))arse' SQ,
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Figure 2.9: Extrapolation of flow quantities over the boundary

2. Matrix Dissipation: Matrix_dissipation
In this section the determination of an artificial matrixgiation is described. The dis-
sipation has to be computed for each grid péiit). The approach follows the strategy
described by Turkel [23]. This gives an appropriate visgdsir each wave component.

From equation 2.41 the complete artifical dissipation is
a D(j1).

In order to imitate the upwind Roe [59] type algorithm we na@place the scalars in
equation 2.44 by matrices andbecomes:

& (T, T, A, A) = TIAIT?

A O 0 0 0

0 A O 0 O

with |A] = 0 0 A3l 0 O
0 0 0 [Ag O

0 0 0 0 g

with the entries A1 = vy ||F||+ar ||F|
A2 = wnllF| —ar|F|
A3 = Vp|F]
with v, = Vx - N+ Vy - Ny +Vz- Ny

ar denotes the speed of sound of fd€e The velocityv, is the normal component of
the face velocity vector. Near stagnation points wheyean get near zero or at shocks
wherel; gets close to zero this formulation can lead to difficulties prevent the entries
becoming zero the factdris introducedd switches between scalar dissipatda 1 and
matrix dissipatiord = 0. The entries in the matrix\| are now described as:

A1l = max([Va+Ag(),0([Vn| + Ar)
A2| = max([Vh—Ag(),0([Vn| + Ar)
A3l = max(|Va|),0(|Va| +Ar)

The normal velocity vecto,, = v, || F|| and the sound of speed for fads Ar = ag ||F ||.
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The dissipative fluxes for a control volume surrounding p#ifj1) with n— 1 neighbor-
ing pointsP(j2)...P(jn) can now be computed as for scalar dissipation:

n

B(j1) =y { [ (WD -W(ik)) -

K=2
s';(“) _ (DZW(jl) _ DWV(]k))} AR(1) JZFAF(Jk) } '

The computation of the above equation is performed equivabtethe scalar dissipation
model.

2.4.3 Determination of Laplacians

The contributions to the Laplacians of the conservativiaes?W  j1) with {J2W(m) |m=
1,...NP} and the pressuri@?p(j1) with {2p(m)|m=1,...NP} and also the face sum of the
pressurep”(j1) with {p*(m)|m= 1,...NP} are calculated for each poiR{j1) related to the
faceF that is separating poif(j1) and pointP(j2) as:

AF (0%p(j0) = p(j2)—p(j1)
Ak (p*(j1) = 1) +p(j2).

The contributions are added to the valG&sV(j1)oiq, 02p(j1)o1d andp*(j1)oig that have been
computed before:

o (DAW(j1)) = W(j2)-W(j1)
p(j
p(j

DA(j1) = DAW(jL)oa+ 0 (OA(j1))
0%p(j1) = 02p(jl)oia+4F (O%p(j1))
p>(j1) = pP*(iDoa+LF (p*(j1)).

Furthermore, contributions from the boundary faces habetadded. Consider a boundary face
Fo(i) of the boundary path with a pointP(j1) = C,E’b(b,i) related to the face. For poift(j1)

a neighboring poinP(j3) = C,f;(b,i) is determined that lies normal to the boundary face, see
Part 1.5.1. As the flow quantities are extrapolated lineaviyr the boundary (see Figure 2.9),
the contributions to the laplacians and the pressure supoiot P(j1) are given by:

B, (DAW(j1)) = W(j1)-W(j2)
Ak, (0%B(j1) = p(i1)—p(j2)
Ak, (P*(j1) = 3-p(j1) —p(j2).

These contributions have also to be added to the vald&& j1)oiq, 02B(j1)oid andp>(j1)oid
that have been computed before. After the contributionslatermined for all grid faces and
summed up, the laplacian of pressiig(j1) is divided by the face sum of pressuy®(j1) and
V(j1) is computed for each poif(j1):

02p(i1)

VO ="y
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2.5 Solution technique for steady state problems

The temporal variation of the flow quantities can be writteryéneral form for a poinP(j1)
as:

%W( i)+ R(j1) = (2.50)

A comparison with equation 2.8 gives for the residagj1):

—

R(j1) = Q7 (j1). (2.51)

1
V(i1
The integration in time is performed utilizing an expliciiRye-Kutta scheme, as described by
Jameson [33]:

wWO(j1 W(j1)(n)
W®(j1 = W(j1)© —a(j)at(j)RY(j1)
(2.52)
W@ (1) = W(j1)© —aaat(jHREV(j1)
W(j1)(n+1) = W@(j1)

with

Rv(j1) =V(j1-R(j1).
In this equation the residul(j1) equals the fluxe§(j1)F over the control volume boundaries.
For multigrid calculations the residu@ j1) is the sum of the fluxe®F (j1) over the boundaries

of the control volume and the forcing ter@lD (j1) coming from the next finer grid. Details
concerning the multigrid algorithm can be found in Part2.5.

2.5.1 Steady state problems

First we consider the so-calleteady statease, in which a@ime-independent soluticexists.
From the steady state conditi@tﬁl =0, Eq. (2.50) becomes

R(j1)=0. (2.53)

This problem is solved by introducing the correspondingetidependent problem with fictitious
pseudo-time* and seeking its steady-state solution

d -
EW(jl) +R(j1) =0. (2.54)
The discretization with respect to the fictitious pseudaetis performed using the low-storage
K-step Runge-Kutta scheme given in Sec. 2.5, see equati@n\&ttereAt*(j1) denotes the
pseudo-time step width:

WO)(j1 W(j1)(n)
W®(j1 W(i1)© —a(jat(j1)R7 (j1)
: (2.55)
W@(j1) = W(j1)© —aaat* (jHREV(j1)
W(jL)(n+1) = W@(j1)

with
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In this equation the residuB(j1) equals the fluxe®(j1)F over the control volume boundaries.
For multigrid calculations the residu@( j1) is the sum of the fluxe®F (j1) over the boundaries
of the control volume and the forcing ter@tD (j1) coming from the next finer grid. Details
concerning the multigrid algorithm can be found in Part2.5.

2.5.2 Acceleration Techniques

Various techniques are known in the literature, Jamesoph Bandt [6], Kroll/Jain [35], to
accelerate the convergence of the solution to steady §tageTAU-Code has implemented the
following techniques:

» Local Time Stepping
* Residual Smoothing

— Explicit Residual Smoothing
— Implicit Residual Smoothing

* Multigrid

The local time stepping is based on a modification of the wiffgal equations whereas the
residual smoothing is an improvement during the solutiacess. Further reducement of com-
putational effort is achieved with multiple grid techniguich as multigrid.

2.5.3 Local Time Stepping

The idea of local time stepping is to allow that in each cdmmume the solver uses the
maximum allowed time step. The time stepping operates atatsility limit everywhere in the
flowfield.

To be more precise, we consider again the fictitious psemderoblem (with pseudo tinté)

d -
dt*

The question is how to choose the pseudo time step witithj1) for cell j1 in the corre-
sponding discrete formulation. For dual cgll, letAt(j1) denote the local time step width, see
Section 2.5.15 for its computation.

In global time steppingwe setAt*(j1) = min'j\I 1{ At(j) }, i.e. the pseudo time step width
At*(j1) is given globally by the minimum time step over Blj dual grid cells (her&l; denotes
the number of dual grid cells). Global time stepping is neéelecompute a time-accurate so-
lution.

For steady state problems the solution of (2.56) remainbamged if we replace/dt* by
(1/A)d/dt* with local acceleration parametar

W(j1)+R(j1) = 0. (2.56)

1 d

AGD) dr W(j1)+R(j1) = (2.57)

In local time-steppingve chooseAt*(j1) = 1 for all dual cellsj1 andA(j1) = At(j1) where
At(j1) denotes the local time step width. Obviously, this techaigan be used only for time
integration of steady state flows.
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2.5.4 Residual Smoothing
After having calculated the changBg j1) with
R(j1) = R(j1)-a(j)at(j1),

of the flow conditions in poinP( j1) these changes can be smoothed explicitly or implicitly in
order to increase the robustness of the scheme. In the falipwhe changeR:(j1) are also
called residuals.

2.5.5 Explicit Residual Smoothing

The residuals can be smoothed explicitly employing a Lagiatype smoother. The residuals
in a pointP(j1) with the neighboring pointB(jk) [k = 2,...n} can be smoothed in an iterative
process. In thenth iteration the residualgC(i1) are given by:

"B(j1) = (1-w)- "R R(j1)+ 12(”"“ ) (2.58)

For very anisotropic grids showing large differences infdee sizes the surface of a control
volume for a pointP(j1) is composed of, a weighting of the contributions with respeche
face size is used. Equation 2.58 written with such a weiglhtads:

n

zﬂ“_z|lf(i1,ik)|k;< PR F(iLik)]). (259)

m= . m-1= . W

R() = (1-w)- R(i)+

The changes in the flow quantities which are caused by théi@addif the residuals may lead to
a violation of the boundary conditions. The initializatioha velocity on a viscous wall e.g. is
not allowed. Therefore, the residuals in the boundary gdiate to be adapted to the respective
boundary conditions. This method equals the approach asibeg for the treatment of the
fluxes in the boundary point, alone that instead of the flukegesiduals have to be modified.

2.5.6 Implicit Residual Smoothing

Alternatively, the residuals can be smoothed implicitlivsay the implicit equation

~

R(D =R(1)+ Y [er- (R - R(1)| (2.60)

k=2

where T?%(j 1) is the smoothed residual. The equation 2.60 is solvediitetpemploying Jacobi
iterations. The smoothed residual in tith iteration is given by:

1 = . n m-1~_ .
"R(j1) = ST e <R<11)+k;[sF- R(Jk)]>- (2.61)

The scaling factoer is computed with reference to Martinelli [45] in dependep€éhe ratio
between the impliciCFL-number and the largest allowable unsmoot@&d.-numberCF L

AS o]’
sF—max<0 {[CCFFLI;X 2 f}\C(] 1 (1+rF(jl)‘*’)} —1}). (2.62)
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Herein,Ag denotes the maximum eigenvalue of the flux Jacobian for teeFa
AE = Ve -F|+aF-|F|.

The termrg (j1) reflects the relative size aff compared to the total eigenval&(j1) inte-
grated over the boundary of the entire control volume arquoidt P(j1):

1 AS(j1) A
R

where n
A1) =5 [V -F|+a-|F|.
k=2

2.5.7 Multigrid

The construction of the grids by agglomerating control weds during the preprocessing is
described in Part 1.7. The first section of this chapter givesef description of the multigrid
strategy. The following sections deal with the transferrafms between the different grid
levels needed to extend the single grid algorithm introdunePart 2. These operators can be
divided into three groups:

» Restriction operators
The transfer from a finer to a coarser grid is called restnicti During the multigrid
algorithm the solution and residuals of the equations aticted to the next coarser grid
level.

* Prolongation operators
The transfer from a coarser to a finer grid is called proloogatDuring the multigrid
algorithm the corrections of the solution are prolongatethe next finer grid level.

» Smoothing operators
The equations solved on the coarser grid levels are onlg f@lithe low frequency error
of the solution iterated on the finer mesh. Therefore theltueds as well as the corrections
are smoothed during the multigrid algorithm to improve thawergence.

2.5.8 General Idea of Multigrid

The multigrid method does not depend on the equations tolbedsdience, it will be explained
by considering a scalar non-linear equation:

L(w)=S

with the solutionw and a solution independent right hand sile On the finest gridf the
equation is discretized as a system of equations:

L¢(ws) = St

which has to be solved simultaneously for all control volsm&he true solutiomi’® of the
discretized equation is iterated numerically. Each iterastep starts with a soluticw? and

ends withwf. In the code a Runge-Kutta scheme, described in Part 2.5eid as iteration
method. The normal convergence behavior of an iteratiohoaktlows down after a rapid start,
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due to the fact, that low frequency errors are hardly damghefiée advantage of a multigrid
method is, that these low frequency errors (attached tog@wavelength) can be well resolved
on a coarser mesh. On a coarser mesh the calculation of tiresgis much easier because its
wavelength becomes shorter compared to the grid spacinghengdumber of equations to be
solved decreases with the number of agglomerated volumesldition the higher order terms
of an upwind scheme can be neglected, because they are esbaegto resolve the dampening
of a smooth low frequency error. But the equations on thesawagrid have to be changed in a
way, that the solution converges to the fine grid solutiorer&fore, an iteration step on the fine
grid results in a residuaes

resf = L¢(wf) —Sx.
Subtracting from the true solution provides:

Lt (Wf|€) — Lt (wp) = —resy.
For the smooth low frequency errors this leads on a coarssh ime) to:
Lm(Win'®) = fm(—Test) + Lm(W)- (2.63)
The restriction operatdf of the residual has to obey:
ltm(—rest) = —ltm(resy) = I7y(0) =0.

If the residual on the fine grid equals zero, then the stagihgtion is a true solution of equation
2.63. As a starting value for the iteration on the mesh restriction 'V of the iterated fine grid
solution is used:

qu = |\me(W%).

The difference between the best approximatia?f) of the true solution and the starting solu-
tion is called correctio:

Cn= Wt')na_WPn = Wlt‘)na_ I\me(W%)‘

This correction is prolongated to the finer grid to improve slolution there:
W = wt +15¢(Cr).
The same approach can be applied to calculate the best apptmn to the true solution of
equation 2.63 on the grieh by considering an even coarser meskn iteration step on grith
stops with a residual:
resm = Lm(Wm) — Lm(Wep) — 1 fm(—Test),

which can be used to formulate equation 2.63 on the next eogril (c):

Le(Wg®) = Ic(—resn) + Le(wp).

The way to a coarser mesh can be taken again and again, bataticprthe use of more than
about four meshes does not increase the convergence sufficeepay for the additional oper-
ations. On the coarsest grid the iterated solution is takghebest approximation.

Due to the different equations on the fine grid and on the evarses the residuales are
defined differently depending on the grid level. In a diffgreotation these residuals are called
defects and the name residual is then used only for the @ddof the governing equation in
the sense of equation 2.51. The equation on the coarse2d&&then reads as:

d
&Wm—l-Rm—Fm:Oa

with a forcing functionFy,, given by:
Fin = Rmn(Wn) — 1 (Re (W) — F) .
The forcing function on the finest grid is equal to zero.
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2.5.9 Motivation: The Correction Scheme for linear problens

As a motivation for the multigrid scheme for nonlinear perhnk used in the TAU-Code (called
full approximation scheme, FAS), we start with the well-lwmomultigrid scheme for linear
problems referred to as correction scheme, see [10] pp.d3pr81. For this purpose, we
consider thdinear problem

Lu=f (2.64)

We introduce the following notation: If we solve (2.64) oridglevel k we write LK uk = X,
For the Correction Scheme, on the finest grid level 1 we séakt.

Ll — ¢l

On each coarse grid levkl> 1 and given an approximatiarff 1 from the next finer level, we
seek the correctiodt s.t.

L0+ = ¢ o Loe = ok = (et Lt

where we use that is linear. Once this equation has been solvetis used as a correction to
obtain a new fine-grid solution
el gl |ll(<—1ck

If we performN relaxation smoothing steps on lekektarting Withug and with right hand side

term beingf¥, then we writedy (U, f¥). Moreover we writeu, = Jy(u§, f*) for the smoothed

solution. Additionally, we introduce restriction and psofation operators. The restriction

operatorl‘k“rl restricts a solution on leveéd to the next coarser levéd+ 1. The prolongation

operatori"j+l prolongates a solution from levieh- 1 to the next finer levek.
The correction scheme then reads (see [10], pp.13)

INPUT: u§
OUTPUT:MGC(k, u§, f¥) is defined by the recursion
IF k=Ic THEN

(1) Determine (exact) solutiatf of Lkck = K
(2) RETURN cK

ELSE
(1) Initial guess u§ =0
(2) PerformN; relaxation/smoothing stepai = Jy, (u§, f¥)

(3) DO Recursion : Compute correction on next coarser grid
¢ = MGC(k+ 1, u™, 1L (£ — Lku)).

(4) Correction uf = u§+ 1%, ,c<*1
(5) PerformN, relaxation/smoothing stepsik = Jy, (U, f¥)
(6) RETURN u¥
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As an example we study explicitely write down the above sa@mic = 3
COMPUTE MGC(1,u}, f1)

(1.1) Initial guess u} =0
(1.2) PerformN; relaxation/smoothing stepsii = J, (U3, f1)
(1.3) DO Recursion : Compute correction on next coarser grid
¢ =MGC(2,u3, 12(f1 - L1ud)).
(2.1) Initial guess U3 =0
(2.2) PerformN; relaxation/smoothing stepsiZ = Jy, (U3, 2)

(2.3) DO Recursion : Compute correction on next coarser grid
c3 =MGC(3,u3,13(f2 - L22)).

(3.1) Solvel3c3 = I3(f2—L%u3)
(3.2) RETURN ¢2.
(2.4) Correction u2 = u2 +13c3
(2.5) PerformN; relaxation/smoothing stepsiZ = J, (U2, f2)
(2.6) RETURN ¢? = u2
(1.4) Correction ut = ul+13c?

(1.5) PerformN; relaxation/smoothing stepsii = J, (Ui, f1)

(1.6) RETURN ul = MGC(1,u}, f1)

2.5.10 The Full Approximation Scheme
For the Correction Scheme, on the finest grid level 1 we séakt.
Lt — fl

On each coarse grid level> 1 and given an approximatiarf ™1 from the finer level, we seek
k
c*s.t.
LR 0T+ 0 = £ o LR = ko= g (et Lt

where we use thdt is linear. Once this equation has been solvettis used as a correction to
obtain a new fine-grid solution

kol = gtk

On the other hand, in the Full Approximation Scheme (see pp0§1) we perform as follows:
On the finest grid level 1 we seek s.t.
L1t — fl

On each coarse grid level> 1 and given an approximatiarff ™1 from the finer level, we seek

G — 1K g1 ok
ut =10~ +c's.t.

Lkak = £ = LRk ad<t) w1k (Fet— e tae (2.65)
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where we do not need thatis linear. Once this equation has been solved, the new fide-gr
solution is obtained as
o uk—1+|ll(<—1(0k_|ll<<_10k—l)

It is worthwhile mentioning that the full approximation she reduces to the correction scheme
if L is a linear operator. To see this, we rearrange (2.65) as

Lkl'jk o Lk(lllé_lﬁk_l) _ |lk(_1(fk_1—|_k_1ﬂk_1>

N LRk — 1 (Fkt o Lktghety

given thatL is linear. Moreover, using this notation the fine grid updatelution becomes

gLyl

Thus the recursion form of the Full Approximation Schemelseas follows:

INPUT: u§
OUTPUT:MGC(k, u§, f*) is defined by the following recursion
IF k=Ic THEN

(1) Determine exact solutiauf of LKk = fk
(2) RETURN ¥

ELSE
(1) Initial guess uf§ =0
(2) PerformN; relaxation/smoothing stepai = Jy, (U§, f¥)

(3) DO Recursion : Compute solutiak™® on next coarser grid
0L = MGC(k+ 1, ul§™, LKL (1K) + 1 (R — Lkuk)).

(4) Correction uf = u§+ 1§, , (a2 — 11 1UK)
(5) PerformN, relaxation/smoothing stepsik = JNz(ub, i)
(6) RETURN uf
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Again, as an example we study explicitely write down the @&xsxsheme folc = 3

COMPUTE MGC(1,ud, f1)
(1.1) Initial guess u} =0
(1.2) PerformN; relaxation/smoothing stepsiz = Jy, (U3, f1)

(2.3) DO Recursion : Compute solution on next coarser grid
(2 = MGC(2,u, L?(12u}) +12(f1 — L1u})).

(2.1) Initial guess uZ =0
(2.2) PerformN; relaxation/smoothing stepsi2 = Jy, (U3, f2)

(2.3) DO Recursion : Compute solution on next coarser grid
0% = MGC(3,u3, L3(13u) +13(f2 - L212)).
(3.1) Solvel3a® = L3(13u2) +13(f2 - L2u2)
(3.2) RETURN @3
(2.4) Correction u2 = u2 +13(0% - 13u3)
(2.5) PerformN; relaxation/smoothing stepsiZ = J, (U2, f2)
(2.6) RETURN (% = u2

(1.4) Correction ut = ul+13(0% - 12ul)
(1.5) PerformN; relaxation/smoothing stepsii = J, (Ui, f1)
(1.6) RETURN u}
As an important notion, let us point out that (2.65) can beritésn as
LK = Rt Tk = LR Y — 1 (et (2.66)

with k= 1£ | (fk=1). The additional right hand side tertfi ; (w.r.t. the original coarse grid
equation) is often referred to ise-to-coarse defect correction
A major advantage of FAS over CS is that it is directly apfdie2o nonlinear problems.

2.5.11 The Full Approximation Scheme for the compressible SE

The Full Approximation Scheme can be directly applied to ¢benpressible Navier-Stokes
equations. We consider the non-linear problem

L(u) = f (2.67)
In the case of the steady-state compressible Navier-Stakestions we have
Lu) = %(u), f=0
and in the unsteady case we have (cf. (2.77))
Lu) = %2"a), f=0

However, it should be kept in mind that fee= 1 (i.e., on the finest gridj® = 0 but fK (k > 1)
is not zero due to the fine-to-coarse defect correction.
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Finally, we have to specify the relaxation/smoothing opera]N(u‘(‘), fK) and the solution op-
eration on the coarsest grid level

In principle, each iterative solver of the nonlinear probi.67) can be used as a smoother for a
multigrid scheme, if it damps the high frequency componehtke error on the corresponding
grid level. In the TAU-Code multigrid implementation, sntbimg is performed by applying an
explicit K-stage low storage Runge-Kutta scheme as iterative sawbetpseudo-instationary
problem corresponding to (2.67)

du
w‘f—L(U) =f

with pseudo timé*. Only one smoothing step before the recursion is performedN; = 1,
and moreoveN, = 0 is used. Thus, (uf, f¥) is defined as follows:

Smoothing/ relaxationJ; (uf, f¥)
INPUT: u¥
OUTPUT: Jy(uf, f¥)
FOR j=1,...,K DO U = u§ — ajAat*(L(uk_) — )
RETURN Jy(uk, f) = ul

To this end, on the coarsest grid lekek I, we defineMGC(Ic, u{)C, flc) also by applying one
step of an expliciK-stage low storage Runge-Kutta scheme, i.e.

Solution on coarsest grid leveMGC(lc, u'OC, flc)

INPUT: u
OUTPUT: MGC(Ic, ug, flc)
FOR j=1,...,K DO uf = uf — ajAt*(L(uc ;) — f'c)

RETURN MGC(Ic, uS, f'c) = ul¢

2.5.12 Multigrid restrictions

The conservative variables as well as the residuals onfgifcinctions have to be restricted from
the finer grid to the next coarser grid. In the present muttiglgorithm the same operators are
used for both restrictions. To stay conservative the i@gin uses the volume weighted average.
For a coarse grid volumé. the restriction is provided by:

1
= 3 MVi|wi(W)

Win(Ve) = 1% (wy)
m{ Ve fm Ve |Vc|iechi|dren(Vc)

where
|Vc| = Z |V| ‘
iechildren(V¢)

The relationship of the coarse grid volumes and their caildiolumes is described in Part 1.7.2.

For the second restriction operatdrthe formula is the same, but some computations can be
saved by summing up the fluxes instead of the residuals aogoi@equation 2.51.
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On boundaries of the coarse grids a violation of the resgedioundary conditions has to
be avoided. As described in Part 3.7, two approaches in gantient of boundaries can be
distinguished. Some boundary conditions can be fulfilleddaypputing the correct flux for the
respective boundary faces. For these boundaries the asican be used as derived from the
discretization on both the fine and the coarse grid.

For other boundaries the flow quantities and the fluxes habe tmodified. The modification
of the flow quantities has to be performed directly after tfamdfer to the coarser grid. For
these volumes, certain fluxes are computed in the disctietizan correspondence to Part 3.7
the evaluated fluxes also have to be adapted to the respboiivaelary conditions before the
forcing term can be computed.

2.5.13 Prolongation of the Corrections

The changes in the flow conditions obtained in the executi@atone step and by the consid-
eration of corrections coming from the coarser grids haveettransferred as corrections to the
finer grids using proper interpolation operators. The nmogat approach is the direct injection.
The coarse grid correction of a volurigis directly transfered to each child volure of V:

Ir%f(cm) ‘Vf = Cm|VC

Further improvements may be achieved by employing higheerointerpolation operatots
One possibility is the linear reconstruction of the coriets over the coarse grid control vol-
umes. Therefore the gradients of the corrections are @tmlilon the coarse grid analog to
Part 2.3.3 and limited according to Part 2.3.5. The poinevafuation and limitation for these
reconstructed values on each coarse grid volume are thesgdtached to each of its children
volume.

2.5.14 Smoothing Operators

The smoothing operators for the residuals are describelderiPart 2.5.4. The smoothing of
the corrections operates the same way after transferrmgdlrections to the finer grid. The

changes in the flow quantities which are caused by the camaide of the corrections may

lead to a violation of the boundary conditions. The initiation of a velocity on a viscous wall

e.g. is not allowed. Therefore, the corrections on the bagndolumes have to be adopted
to the respective boundary conditions. The method equalapiproach as described for the
treatment of the restrictions on the boundary volumes, w/irethis case instead of the fluxes
the corrections have to be modified.

Finally, the possibility to smooth the flow quantities on agfter the prolongation by employ-
ing one or more Runge-Kutta time steps should be mentionakhss the smoothing effect
of using only first order terms on the coarser grids.
2.5.15 Calculation of the Time Step Size

For the control volume surrounding poiAtj1) in Figure 2.3 time step is given by

At(j1) = min( At(j1)¢; At(j1)V) (2.68)

1Together with some smoothing the convergence results oredwstretched grids are better with the simple
direct injection than by using the linear reconstruction.
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whereAt(j1)¢ is the convective time step add(j1)Y is the viscous time step. The convective
time stepAt(j1) with {At(m)|m=1,...NP} has to be determined as:

1
AS(i1)

At(j1) = (2.69)
whereA®(j1) with {A(m)|m= 1,...NP} denotes the maximum eigenvalue of the flux Jacobian
and CFL the Courant number. The eigenvalue can be determined integration over the
surface of the control volume around poRitj1) with n— 1 neighboring point®(j2)...P(jn).

For a control volume as it is shown in Figure 2.10, the convedigenvalues is:

le ()| +a(i) - |F(i)| (2.70)

with F (i) representing the face vectors of the control volume facéiekth neighbor ofP(j1)
andV(i) the face velocity vector. Let fade(i) be the interface between two control volumes
aroundP(j1) = CE(i,1) andP(j2) = CE(i,2), see Figure 2.10. The face valu&s) anda(i)
are computed by an arithmetic averaging of the respectiire palues:

u(j1) u(j2)
() (52
w(j1) w(j2)

and

Figure 2.10: Face of a three dimensional control volume

The viscous time stefit(j1)V to be scaled with a factd¢” = 0.25 (see [46]):

AtV(j1) = CFL-K".

wap VU
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Again, the eigenvalue can be determined in an integratienthe surface of the control volume
around poinP(j1) with n— 1 neighboring point®(j2)...P(jn). For a control volume as it is
shown in Figure 2.10, the viscous eigenvalue is:

2)&’1 )+ AV ))'Fﬁ(Ti)|2 (2.71)
with
A1) = 3 () + (1)
w2 = (gt )
where

(WD) +1(02) . W= (W(iD) +1(i2) . etc

I\)IH

u(i) =

2.5.16 Computation of the Global Residual

After each time step the, residual is computed in order to monitor the convergencénef t
solution process. For each poRtj) the local residualp:)(j) is calculated as:

p(i) —p())
At(j)-V(J)
with p(j) being the current density amd® (j) the density before the time step in poR;).

The square of the residual weighted by the volume of the peiatided up to calculate the
square of the entire residual:

(o) () =

NP

(pt)2 = Z\(pt)(j)zV(j).

HereinNP denotes the number of points avidj) is the size of the control volume around point
P(J).

2.6 Solution techniques for time-accurate computations

The temporal variation of the flow quantities can be writteryéneral form for a poin®(j1)
as:

%\Tvm) +R(j1)=0. (2.72)

A comparison with equation 2.8 gives for the residdéj1):

R(j1) = Q7 (j1). (2.73)

1
V(i1
For time-accurate computations, the TAU-Code provideseeily the following options

* global time stepping

* dual time stepping.
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2.6.1 Global time stepping scheme

The global time stepping scheme for the time-dependentgmo(2.72) is based on the explicit
K-step low-storage Runge-Kutta scheme (2.74) (as desdypddmeson [33]):

j1)(n)
(j1)© —a(j)at(jnRP(j1)

s /E\l

(2.74)

with . B
R(j1) =V(j1)-R(j1).

In this equation the residuB( j1) equals the fluxe(j1)F over the control volume boundaries.
For multigrid calculations the residu@( j1) is the sum of the fluxe®F (j1) over the boundaries

of the control volume and the forcing ter@“’(jl) coming from the next finer grid. Details
concerning the multigrid algorithm can be found in Part2.5.

Therein, the time step widifit is the minimum time step over all dual cells. To be more pescis
let At(j) denote the local time step for dual cgllsee Part 2.5.15 for its calculation. Then in
global time stepping we séit = minﬂ-\'il{ At(j) }, whereN; denotes the number of dual grid
cells.

In case of global time stepping, the number Runge-Kuttasskepas to be 1 or 2. Higher
numbers violate the time accuracy. Moreover, the multigsidle must be "sg” for global
timestepping, because multigrid in TAU is not time accurate

2.6.2 Dual-time stepping scheme

Denote[0, T] the time-interval anth =0 < t; < ... <ty = T a partition of[0, T]. We consider
the following time-dependent problem
dW(j1)
dt

= —& (W)(j1) (2.75)

where the notatio® (W)(j1) indicates that the residu:il(jl) for dual cell j1 was computed
using the vector of conservative variabl's

In a first step, a Backward Difference Formula (BDF) for detizing the time-derivative is
employed to (2.75). The TAU-Code provides BDF of first, setand third order of accuracy.
For example, the second order accurate BDF reads

i\f\/(j1>n+1 _

RGN NG — & L (G
oAt S V(D" S WD = =& (WH(j1) (2.76)

2/ 2t

whereW(j1)" denotes the solution at tinig

We arrive at a sequence of (nonlinear) steady-state prabl®me approach for the iterative so-
lution of the nonlinear steady-state problem (2.76) is tiealed Dual-Time stepping scheme.
We assume thal/(j1)", W(j1)"1 have already been computed and we $&k1)"1. For
this purpose we consider the following equation in fictisgaseudo time*, viz.,

dw(j1)n+t ~ DTS

- ~/n+1N /o
S = —K T (1) (2.77)
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with the modified residual

ZDTSNAVY(i1) — @ (Vi 3 v 4w, 1wt
R7PWH(Y) = R WD) + 5, WD) = 5 WD)+ 5 W(11)
This problem can be integrated usindKastage Runge-Kutta scheme until a steady state in
fictitious pseudo time has been reached. Obviously the wtet@ade solution of (2.77) is the
solution of (2.76).
The integration in fictitious pseudo time using-atage Runge-Kutta scheme can be accelerated
using the acceleration techniques for steady-state prahlsee Part 2.5.
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2.7 Initialization of the Flow Conditions

Before the solution process starts, the initial flow coidisi are to be determined. In case of a
restart (i.e. when a restart filename is defined in the inaty tire read from a file. In case of
starting a new computation initial values are assignedl fooahts of the grid. In the case that a
farfield boundary exists in the computational domain thédht values are considered as initial
values, otherwise the reference values are used, whicheaed for the adimensionalization
of the flow quantities (note: the default values at the fatfl@undary are the reference values
themselves, but user-specified farfield values can be defirteé list of parameters. Thus, the
dimensionless initial conditions, in the case of using &difvalues, are given by:

Pinit = P«

Pinit = Poo * Poo

Unit = cogd)-cogP) Me- \/y.% 078
Vit  =SiN(B) -Mw- /Y- g_z

Winit = sin(a) - cogB) Mo, /Y- S_:

depending on the input for the onflow anglendp. In case of viscous/turbulent computations
the laminar/turbulent viscosity is:
pOO'UOO'XRe

M,init = Re (279)
Heinit = MY init - Mt ratio-

The factonk ratio is an input parameter (with default value). In the case ofj@agion turbulence
models the initial turbulent kinetic enerdpis computed fronu, v, w,;; with a given turbulent
intensity (default or user input). The second transporteahtjty (which depends on the tur-
bulence model) is then computed by taking the model depéndkation of it tok and  init.

A computation with e.g. a 2-equation turbulence model casthged using a restart file from
a solution obtained with a another model, even with a 1-eguatirbulence model (and vice
versa). In each of the different possible cases the availgntities in the restart file are used
for the computation of an initial guess for the unknown quees. E.g. an initial guess fdcis
calculated with the velocity gradients and the Bradshawragpsion and some empirical factors,
the second quantity then is approximated using the obtalistdbution fork and the.

2.7.1 Reference Quantities

The reference quantities are used for the adimensionalizanhd as default values for a farfield
boundary. Reference quantities having a default value(dmetensional values are denoted by
a bar):
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Parameter: Default Value:
Temperature Tef 27315K
Pressure Pref 101325”&12
Mach number Mies None
Reference velocity Uef  NONE

Density Pref {% kg/m?

Reynolds Number Rgef nNONe
Reynolds Length Xxg  1m
Ratio of Specific heatsy 1.4

Prandtl Number Rr 0.72
turb. Prandtl Number Pr 0.9
Viscosity Ratio Mratio 0.001

There is no default for the Reynold’s number. Hence, foraisccalculations, the input of
a value is required. No input for the Mach number is requifegsi is defined:

U_ref

\/V'D‘-Fref,

and vice versa. Note that the default dimensional valuesribesair at normal atmospheric

conditions. If e.g. a wind tunnel experiment is calculatéd reference values have to be
defined according to the experiment. Note that the Presssréotbe defined it /m? and not

in bar. Note that the definition of a reference value in theutrarameter list overwrites the

default. Note that an overdetermination of the referen@ntjties is not allowed. It is checked

internally that the ideal gas assumption holds e.dd;is and Uref are defined in the input the

values have to fuffill the formulaM,et = —='. The reference viscosities are computed

Mref =

lref
from the given values: o
= _ Pref-Uref-Xre
Hiref =""Re (2.80)
Meref = M ref - Hratio-

2.7.2 Dimensionless Quantities

Internally, the code uses dimensionless quantities. Thmutation that is realized in the code
mainly follows the approach presented in [56]. The dimemigiss values are determined using
the reference quantities (2.7.1):

X
X %o
Y =z
z :é,
— P
P " Pret’
_ g et
Y Ber (2.81)
V3 Pref
V =V-,/—
Pref’
— W, /Rt
w _W_ Pref’
p
P Pret’
T =-L.
Tret

Accordingly additional dimensionless values are compateé.g. a dimensionless wall tem-
peraturelyy is obtained by:

Ty = 2w (2.82)

Tret "
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The dimensionless reference viscosity and thermal coiuiyatan be determined as:

_ W'Mref
Hiref = "Re >
Meref = Hiref - Hratio
_ Hiref % (283)
Kiref = pr "y=—1»
K _ Meret %
tref = g "y—1-

The local laminar viscosityy can be determined from the current temperature employiag th
law of Sutherland:

T )1'5 Tref +1104K 115, 1+ 1104K /Ty

- . 2.84
Tref T11104K  Horef T +1104K /Tret (2:84)

H :ULref'(

The local turbulent viscosity is obtained by a suited turbulence model. Also the thermal
conductivityk can be computed using the Sutherland law. Thus, the ratitteedbcal thermal
conductivity and viscosity and the farfield values are equal

WK
M ref Kl7ref7
which leads to
_ KoY
K| = Pr Y1 (2.85)
The same relationship holds for the turbulent thermal cotidity:
_H Y
Pr y—1

Note that aspres = 1, pref = 1 andTes = 1 the dimensionless gas const&equals 1 as
well. Thus, it does not have to be considered for computatiith dimensionless variables.
All output of flow quantities is performed in dimensional was. Hence, in order to write
out the monitor output or a restart file, all dimensionleds@s have to be transferred to their
dimensional form:

®
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As
Heref = M ref - Mratio and [ ref = M ref - Hratio,

kg can also be computed as

i

R= et 2.87)

andy ref is not needed.



3 Boundary Treatment

The boundaries of the computational domain are dividedseteraboundary partssee also
section 1.3.3. There is a certdboundary typeelated to each boundary part. Implemented
boundary types are:

axisymmetry axis

* actuation

* actuator inflow

* actuator exhaust

» chimera

* dirichlet

* engine inflow

* engine exhaust

* euler wall

* exit-pressure outflow
« farfield

* laminar wall

* mirror plane

* periodic plane

* reservoir-pressure inflow
» sharp edge

* supersonic inflow

* supersonic outflow

e symmetry plane

* turbulent wall

* viscous wall

73
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In general there is one algorithm for each of the boundargtriments. The algorithms are
described in the following.

Furthermore, for some boundary parts, as e.g. "euler walffamninar wall” it is desirable to
integrate forces (pressure and/or viscous forces) in daddetermine the lift and drag coeffi-
cients. The determination of the pressure forces is desttiibsection 3.5.

3.1 Inviscid Wall Flux Computation

In this section the evaluation of the convective/inviscitkéis over the boundary faces lying on
an "Euler wall” is described.

Let Fy(b,i) be a secondary boundary grid face of the boundarylpafthe type "Euler Wall”.
The point related to the face is given Byj) = C,E’b(b, i). The convective fluxes for the momen-
tum equation oveFy(b,i) are given by the product of the normal vector of the boundace f
F, and the pressure on the wall. The fluxes are:

pu pv pw

) pui+p | puv . puw

Fé=| puv Gf=| pv+p |[,H:=| pvw . (3.1)
puW pvw PW2 + p
pHuU pHV pHwW

The complete flux will become for inviscid fluxes, see (2.2):
F = FC i+ G- iy + AS- 7, (3.2)

The slip-wall condition on every inviscid wall is defined as:
ung+vn,+wn,=0. (3.3)

Summing up the whole flux from (3.2) will lead to:

p(unc+vn,+wny) 0

_ pU(UN+ VN +Wn,) + pry Py
F=] pviumn+vny+wn)+pn, [ =] pny |. (3.4)

PW(Un vy +wn,) +pn, png

PH (un+vny+wny) 0

Since the poinP(j) is lying on the wall the pressure can be taken directly froenghint and
finally the euler wall boundary condition becomes with thefmary grid facd (b, i):

o

(b,
~C lg’(by'
b

Fo (i)
BR=| Fo
b sz(

|- (3.5)
(i)

T T T

bl

o

To finish the flux computation for poifi(j) the boundary fluxes are added to the current fluxes
computed for poinP(j).
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3.2 Projection of Velocities

In this section the adaption of the flow quantities for thermary points lying on a "symmetry
plane” is described.

Let Fy(b,i) be a boundary face of a boundary padf the type "Symmetry Plane”. The veloc-
ities in the boundary poire(j) = CEb(b, i) have to be projected onto the symmetry plane. The
direction of the plane is given by the normal vedeg(b, i) = (FX(b,i),F(b,i),R%(b,i))T. The
normal vector has to be normalized with

o0 — Mo S (36)
Y= ni(b,i = . N . .
o) ) PO\ Fbi)

The corrected velocity vectdior (j) = ((Ucorr(j),Veorr(j),Weorr(j))T is calculated from the
given velocity vectoiy(j) = (ug(j),Vg(j),Wg(j))T and the normalized normal veclﬁg‘(i) by

Veorr =Yg (1) (FE(1) %) (3.7)
The density and the inner energy of the flow must not be affidoyethe projection. Hence, the

pressure in the point has to be corrected after the project@fore the projection, the local
product of density and energyk( j) is computed as:

)5 (Uali)?+ vali)?+ Wl )?). 38)

Then the velocities are projected and with the new velacaied the calculated prodygiE(j),
the pressure is corrected as:

=

Peorr(J) = (Y—1)- |p(J)-E(j) —p(])- > (ucorr (J)%+ Veorr ()% +Weorr ()?) | - (3.9)

3.3 Farfield Boundary Flux Computation

At the farfield boundaries of the computational domain cative fluxes have to be determined
crossing the boundary faces. The calculation of the fluxe®ige using the AUSM Riemann
solver. In order to calculate the correct fluxes, the flow @onks outside the boundary face
have to be determined. They are calculated employing treryhad Whitfield [79]. Figure 3.1
depicts the situation at the farfield boundary. The refezguintP_ is located on the boundary
face, representing the flow quantities inside the compartatidomain, while the reference point
Pr is located outside the domain.

Let Fy(b,i) be a boundary face of a boundary pgadf the type "Farfield Boundary”. The fluxes
overFy(b,i) are adjoined to the boundary poftj) = C,E’b(b, i) related to (b, i).

Determination of Flow Conditions at the Boundary Face

The orientation of the boundary face is given by the normetore

Fo(b.i) = (Fy(b.0), Fg (b,i), F(b.i)) .
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Figure 3.1: Situation at farfield boundary

The normal vector has to be normalized with

() LR

n(b, i) ()l \ F2(n,i)
As the reference poii_ in the flow field is identical to the current boundary pd#t), one can
write W =W(i). In order to determine the flow quantities at the outer side@boundary face

(indexR), the following values have to be derived from the primitiggiables in the reference
pointP :

v =V -R(i) (3.11)

EL — ﬁ (3.12)

HL= Bt (B +E +wd) o (3.13)
Y (3.14)
M, = % (3.15)

with Vi = (U|_,V|_,W|_)T. The linearization poin®y is assumed to lie on the boundary, therefore
one can write

Ppo=pL and ag=a.

3.3.1 Supersonic Inflow/Outflow

If the absolute value o, is greater than 1, the face is lying on a supersonic inflow er su
personic outflow boundary. Depending on the sigivipf the flow conditions are either equal
to the conditions in the reference point (outflow, M > 0) or to the farfield values (inflow,
ML < 0):

Wk = W for M. >1

If the absolute value d¥1_ is smaller than one, the face is lying on a subsonic bounttarihat
one can also distinguish between inflow and outflow, depgnaiinthe sign oM, .

" {\Tvoo for M_ < -1
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3.3.2 Subsonic Outflow

For the subsonic outflow case, the conditions for the flowagghing the boundary (indepp)
is given by the flow conditions in the reference pdmt

—

\Tvapp:\M_
while the conditions for the flow leaving the boundary (inde&) are given by the infinity
values:

er = Woo
The pressure on the boundaj) equals the pressure in the leaving flow:
Pbnd = Pive = PL. (3.16)

After having determined the leaving and approaching flonddmns and the boundary pres-
sure, the flow conditions on the outer side of the boundanbeatietermined as

PR = papp+pb”%%papp

Ur = Uapp—”ﬁ(b,i)'w

"o Vapp_n{’(b’i)'w (3.17)
Wr = Wapp—ng(b,i).w

PR = Pond

3.3.3 Subsonic Inflow

In the subsonic inflow case the values for the flow leaving thenblary are the flow conditions
in the reference point:

V_\»'1ve = V_\X_
while for the conditions of the flow approaching the boundasgyinfinity values are taken:
Wapp =W,

The boundary pressumgq is given by the relation:

1 ng(b, i) u u
Pond = 5 Papp+ Pive +Po-a0- [ Np(b, ') : v |V (3.18)
nf)(bv |> w Ilve w app

After having determined the leaving and approaching flondatons and the boundary pres-
sure, the flow conditions on the outer side of the boundanbeatietermined as

PR = papp-i‘pbn%%pfmp

Ur = Uapp+”ﬁ(b,i)'w

"o Vapp+n¥’(b’i)'w (3.19)
Wr = Wapp-i-nf)(b,i)-w

PR = Pbnd
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The flux over the boundary is computed using the AUSM Schendessribed in Part 2.3.1.

3.3.4 Nacelle Inflow Flux Computation

The simulation of the nacelle inflow is performed accordiadrudnik [60]. Input parameter
is the mass flowmet. With a known fan are®r,, (Qeometric data, see Part 1.5.2), the area
relation&gan = Aw /Aran Can be computed as:
rhref
" Aran Mo Y Po Pe (829

From the free stream Mach number the free stream Laval nub@ecan be computed:

] (y+1)-MZ
Law, = \/(y_ T NZ43 (3.21)

The free stream Mach number has to be determined from thesfreem velocityu, and the
free stream pressure and density:

Moo:u°o' poo .
V'Y Peo

The critical flow area relatioA* /A, can be determined from the equation

1

—1 27 vy-1
A 1- y+1 ' Laoo]
— =Law- [—y . (3.22)
y—1
Ao 1-7

Employing the product of the critical area relation agd, the fan Laval numbektaga, is
computed from the transcendent equation

1

-1 2 v—1
€Fan- A = LaFan- [% . (3.23)

—1
y+1
This equation is solved iteratively. The valuel@i-5, of the last time step (initialized with zero
for the first time step) is used as a first estimate. Employmqgagon 3.23 the corresponding
product(egan- %)est can be calculated.
The differencedA with A A

AA = (EFan- — — (€Fan- —

( Fan AOO)COH‘ ( Fan Aoo )est

multiplied with the derivativéegan - /fj—;)gst and scaled by a relaxation factab@ives the value
ALar,n the currentar,, has to be changed:

1
Lapan(n+1) = = - (Lapan(n) — ALaran)

2
The derivative can be calculated as:
A>(<
(€Fan- A_Oo)/est =
1 -1 2-y -1 1
(g R (1 T L (142 )

y—1
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The iterative process is executed until the differeféebecomes smaller than a certain prede-
fined values. When the difference has become smaller the culrtags, is taken as the result
from equation 3.23.

With the fan Laval number the Mach number at the fan inflow elisig,, can be determined
as:

2-LaZ
Mgan = an (3.24)
" \/(v+ 1)—(y—1)-LaZ,,
The speed of sound at the fan face is given by
ao,c
AFan = _’1 > (3.25)
1+ VT “Mgan

while the corresponding pressure can be computed as

PFan = o= (3.26)

-1 V-1
<1+ VT ' MEan)

The stagnation free stream values of the speed of sagiachnd the pressurpy . are derived
from:

y-1
2
Yy

_ —1
Pow = Poo- (1+V—1-M§°)y

AW = 8o-|/1+ ‘M2

2
Uran = MFan- aFan.

From these values the remaining flow quantities at the famdao be computed:

u
V) = UFan‘éFan (3.27)
w Fan
1
y
Pran = poo-<p;a”) (3.28)

The vectorSa, describes a unit vector normal to the inflow plane. The deatexchquantities
are assigned to all points lying on the fan face boundary part

3.4 Nacelle Exhaust Flux Computation

Input data for the calculation of the flow quantities at thealie outflow faces are the pressure
ratio po ex/ Pe @and the temperature ratig gx/To c-

From the given ratios the stagnation exhaust temperaggeand the stagnation pressiypgex

can be determined:
To,Ex
Toex = (== ) Tow
0,Ex < TO7oo 0,

e = (22 .
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The stagnation farfield temperature is given by:

y-1
Poo Po,w | Y
T 0 = N ki ,
07 poo . D ( poo )

while the stagnation density at the exhaust plane can be wiathps:

Po,Ex
O ‘TO7Ex‘

Po,Ex =

Let /y(b,i) be a boundary face of a boundary plaf the type "Nacelle Exhaust”. The flow
variables in the boundary poiR{( j1) = CEb(b, i) related td (b, i) are computed employing the

reference poinP(j2) = C,E’l’)(b,i).

Employing some isentropic relationships the flow quargitian now be determined:
. 1

p(12>) v

Po,Ex

(
u<j1) 2.y (poex P2\ gz - 1
() - V2 e vt

The contribution to the mass flow over the exhaust plane caoimputed as:

p(j1) = pQEx'(

B u(j1)
(Mret)r, = Fo(b,i)- | v(j1) | -p(i1)
w(j1)
The resulting mass flow is composed of contributions comiamfall exhaust boundary faces
(lying on the fan and core plane). The mass flow is then used ipat value for the determina-
tion of the flow quantities at the fan inflow face (see sectidh4. Therefore it is essential that
the quantities at the exhaust planes are determined béiaftow values can be computed.

3.5 Calculation of Pressure Forces

In order to compute the global lift and drag coefficients theeés implied by the pressure on
the contour are determined for the boundary parts on thasaidf the configuration.

Let Fy(b,i) be a secondary boundary grid face of the boundary Ipéotated on the surface

of the configuration. The point related to the face is givenPy) = C,E’b(b,i). Figure 3.2
depicts the situation at the boundary. The size and thetatien of the boundary face is given
by the face normal vectdf,(b,i). As can be seen in Figure 3.2 the vector of pressure forces
Sp(b,i) = (S5(b,i), Sh(b, i), Sh(b,i)T with {Sp(m,n)[m=1,...NP,n=1,...N"(b)} for face

Fo(b,i) equals the product of normal vectBg(b,i) and the pressurg(j) in the respective

boundary point:
. F@(b,i)
Sp(b,i) = ( Fp (0,1) ) -p(J) (3.29)
Fz(b,i)

The forces are summed up in the three coordinate directmmthié entire boundary part. All
positive components of the normal vectorsidirections are also summed up in order to cal-
culate the projectioB,(b) with {A;(m)|m= 1,...NP} of the surface to a plane with= const

Az(b):.NZ\ [FZ(b,i) if FZ(b,i)> 0]
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p(j)
HHHHHVHVHH‘HHHHHHHHH
P(j)

FP(b,i) = p(j) - Fuli)
y

Figure 3.2: Computation of pressure forces

The drag coefficienty(b) with {cg(m) |m= 1,...NP} for the current boundary pabtcan then

be calculated as ( o.i) n ))
4. (cosa - ,1)+sina - N
ca(b) = > 0D (3.30)
uref * Pref AZ(b>

while the lift coefficiente; with {c;(m)|m=1,...NP} can be calculated as

4. (—sina - S(b,i) +cosa - Sp(b,i))

¢ (b) =
) urzef‘pref‘Az(b)

(3.31)

In these equationa denotes the incidence, whilge; and pres denote the infinity values of
velocity and density.

Since in general there is more than one boundary part thatilootes to the pressure forces,
the lift and drag coefficient of all respective boundary pante summed up to form the global
coefficients.

3.6 Calculation of Viscous Forces

In order to compute the viscous contributions for the gldifehnd drag coefficient the forces
implied by the friction on the boundary are to be taken intcoamt. The principle is the same
as it is for the calculation of the pressure forces (see 8X%ept the formulation of the vector
of forces differ. This vector is defined now

Txxxylxz F@(b, i)
S, = [ tyytyz |- | F(b,i) (3.32)
Tzxlzylzz sz(b7 i)

with Tjj being the tensor defining the viscous stresses.

3.7 Realization of Boundary Conditions

One can distinguish between two groups of boundary comditiohe types of the first group
require only the computation of an additional flux over thetwary face. This flux is adjoined
to the respective boundary points and treated as the intnees. These boundary fluxes are
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computed together with the interior fluxes. The boundargs$ypf this group are the Euler wall
and the farfield boundary.

The other group of boundary types include the symmetry ptantethe engine inflow/exhaust
boundaries. In order to fulfill the conditions at these bares, the flow quantities in the
boundary points have to be modified. The modification of thengjties is performed before the
computation of the interior and the boundary fluxes. Hertoe nodified flow conditions can
already be used in the computation of fluxes between the loympadints and their neighbors.

In order to avoid the change of the flow conditions that mayateothe boundary conditions
during the time integration step, the fluxes that are contptaethese points have to be mod-
ified. The fluxes of the momentum equations for the symmetpglpoints are projected to
the plane, while the fluxes of all equations have to be setito fo# the points on engine in-

flow/exhaust boundaries. The modification of the fluxes hdsetperformed after the interior
and boundary fluxes have been determined for the entire grid.



4 Turbulence models

4.1 The turbulent equations

The considered equations for turbulent flows are the magghtesl (Favre) averaged Navier-
Stokes equations. Mass weighted quantities are indicaedldy an overline bar. This leads to

the notation: 3 B
E// VT/dvz—//F_-ﬁds 4.1)
v oV

with the vectoW representing the averaged conserved quantities

P
- pu
W= pv |, 4.2)
pw
pE
and the inviscid (indiceg and viscous (indiceg) fluxes
The flux vectors are:
pU o
- pUZ+ p - T_xx—p(u/>2
Fi=| puv , R=—] Ty—puv ; (4.4)
puw Tz — puwW -
pHU L_J:[_xx'i‘\_/-'[_xy"‘vvr—xz"‘ K|%—;r( — apg'xu
v o
F_)LW Exy_ pu'v
Gi=| p?+p |, Gv=—| Ty PV)? ,  (45)
E@ Tyz— pVW -
pHV Ty + VEyy + Wiy, + K| G — 228
pw o
_ | piw - Tz — pUW
Hi=| pw . Hy=— T_yz— py'w . (4.6)
gvf_-i- p Txx—p(W>2 B
pHwW UTxz+ VTyz+Wizz+ K| %_I - apgzw

Following the eddy viscosity hypothesis the Reynolds sttessor can be formulated as:
— ou duj 2_ dug 2. _
ol = [ — 4+ 25 ) 6 4.7
PUL; = K (an o 30 O 3Pk (4.7)
83
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The last term in this equation contains the turbulent kanetiergyk, which is

uu
K= 11 4.8
5 (4.8)
The turbulent fluxes-pH’u can be expressed by the heat fluxgsu/T’ and an extra term
composed of a product of velocity fluctuations.

The heat fluxes are modeled by

opuT AT
— dx. = Kta—Xi, (49)
the extra ternxtrais ok
tra= O— 4.1
xtra= oy o’ (4.10)
with "
ok:M+P—rk. (4.11)

Now, the turbulent equations can be closed by defining thg eddosity, and the turbulent
kinetic energyk and a related Prandtl numberPrThe definitions depend on the turbulence
model. The different models used are described below. Asguhere thafy andk are given
quantities the averaged total energy is:

E— #%Jrk (4.12)

with e being the internal energy. Furthermore we define the effesiscosityper f

Heff = M+, (4.13)
the effective thermal conductivite ¢
Keft = K| +Ki, (4.14)
the effective turbulent pressupg
_ 2_
p"=p+3pk (4.15)
and the turbulent speed of soucid
* p*
c =, /y=. 4.16
\Y 5 (4.16)
The averaged pressure is calculated using the equatioatef st
p=(y—1)pe (4.17)

and the total Enthalpy is

H=E+ (4.18)

'O||'C-;
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Now, we formally rewrite the fluxes, neglecting the overlivags for marking average values.

pu 0
. pu2 +p* . Txx
i= | puv R = Txy ,  (4.19)
puw Txz
pHuU UTxx*f‘ery‘i‘V\f[xz‘i‘keff%_l_o-kg_)li
pv 0
puv Txy
G=| pv¥+p G=—| Ty ,  (4.20)
pvw Tyz
pHv UTuy+ VTyy + WEyz + Kef 19 — 0k 5
pw 0
puw Txz
Hi == pVW HV = Tyz (421)
pW2 +p* Txx
pHwW UTxz + VTyz +WTzz+ keff%—-; —okg_l;
with the stresses
Tij = Heff-Sj. (4.22)

Following this notation in the codg, k and the pressurp are substituted by their turbulent
counterpartglef f, Kef f andp*, respectively. Neglecting the turbulent contributiors,jiletf =0
andk = 0, leads again to the Navier-Stokes equations for laminasf(@also the extra term van-
ishes). This implementation allows in a straightforwarchorato switch between the turbulent
and the laminar equations.

4.2 Turbulence modeling in the DLR TAU-Code

Currently the DLR TAU-Code provides two classes of turbakemodels

* RANS turbulence models

— One-equation turbulence models based on the Spalart-fdbmaodel
— Two-equation turbulence models based on the Wikkoxmodel
— Explicit algebraic Reynolds stress models (EARSM) baseki@model

* DES models (coupling RANS in boundary layers and LES in s&jmn regions)

— SA-DES (DES based on Spalart-Allmaras original model)
— MeSST-DES (DES based on Menter Si§d model)
— XLES (DES based on NLR TN&-w model and one-equation SGS model)

4.2.1 Preliminary relations for eddy-viscosity models

We introduce the following notation for the rate-of-stréemsor

S(1) = %(im ﬁUT)—%ﬁ-UI[
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or in componentwise notation

1 /0u = 0du; 10uy ..
SO = 3 (5 +50) - s

The strain rate for compressible floBss given by
& = 2s(t) : S(0) = = (O+ 0" : (Do+ Od") - %(ﬁ e

or equivalently in componentwise notation

@ et LU dup\ fou dup\ 2 [au)?
SZ—ZS(U)'S(U)_2<6XJ' +6Xi) (an +axi) S(GXk)

Using the eddy-viscosity hypothesis for compressible flothe turbulent stress tensor can be

written as

T = u(ﬁﬂ-l—ﬁUT—gﬁ-UI[) - 2o

or componentwise

_ i OU; .
= - — (G4 G- 208 ) - 2

axj 0% 30%

From this relation the production of turbulent kinetic enebecomes

P = —pU”®U”:ﬁU:p{§2—§pkﬁ-U.

4.3 Spalart-Allmaras type turbulence models

The Spalart-Allmaras turbulence model is a one-equatiodainwith a transport equation di-

rectly formulated for the eddy viscosity. The part of thermelgs-stress tensor containing the
turbulent kinetic energy is neglected, i.e= 0. Currently the following SA type model are

implemented

Spalart-Allmaras model original version

Spalart-Allmaras model with Edwards modification

Spalart-Allmaras model modified version

Strain-adaptive Spalart-Allmaras (SALSA) model
(but this model is not just yet available in a release versioPAU)

In the present implementation a variable density is comsatievhich leads to the following

equation:
opV  ApuiV 0 [W+ov Cp2 , OV 5
hlatd =P+ — — 22(==)?)-D 4.2

6t+ 0Xi +<6xi< (o )6 +p0(6xi) (4.23)
The terms on the RHS of the turbulence transport equatiaesept production, gradient diffu-
sion and the wall destruction of the turbulent kinematicwosty, respectively. The production
is defined as

~
~

P =cp1pSv (4.24)
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The destruction is defined as

Y
D = cun fup( ) (4.25)
with d being the wall-distancey, is the laminar kinematic viscosity is the turbulent kine-
matic viscosity. V equalsv; except in the buffer layer, it is modified in order to accoumt f
the wall-near viscous region. For stability reasons (esfigan multigrid mode) we limit
V = MAX(V,0). The eddy viscosity is defined as:

x3 v

B=pv V= Tfab fu = FE X =— (4.26)

The definition of the production term (i.e. the definition®fand the definition of the destruc-
tion term (i.e. the definition of the wall-blockage functidp) depends on the version of the
turbulence model considered.

4.3.1 Spalart-Allmaras model — Original version

The originally proposed version of the model by Spalart alicharas [66] represents the total
production of turbulence by a modified magnitude of the esti

~ v
S=|o| +K2—d2f"2 (4.27)
with
Wy — V
Vy — Uy
and X ~
v
fo=1——— X =— 4.29
V2 T x (w v (4.29)

The wall-blockage function needed for the formulation & tiestruction term is:

14 1/6
W= | s (4.30)
9°+Cug
with the limiter functiong:
g="r+0Cu(r®—r) (4.31)
and ~
— v 2

The fy2 function in this formulation can lead to numerical problernecause of a negative
regime. ThusSalso can become negative. For that reason the implemamtatio

r e=101° (4.33)

N <

~ MAX(S £)k2d?
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4.3.2 Edwards version

A second version of the model considered is according to Edtw@1]. The differences relate
mainly to the modeled near-wall behavior. This formulatamoids negative values &and is
numerical more stable:

~ 1 oup 0uj\ dui 2 [0duy 2
S=l il ¢ (30 o) o5 (5¢) 39

r:tanh<ﬁ) / tanh(1.0) (4.35)

For numerical reasons we limit = MAX(\‘:’—I, 10-16) and we modified the computation of the
r-function usingAX(S, 101) instead ofS.

and

4.3.3 Initial, freestream and boundary conditions

As initial conditions we prescribe reference conditions\¥dn the whole flow regime. The
reference turbulent viscosity is an input parameter dateng the ratio to the laminar kinematic
viscosityV /v;. The defaultis a low turbulencei(v| << 1), as itis expected in laminar flow. At
inflow boundaries the kinematic viscosity is set accordmthe specific boundary parameters.
The no slip wall condition fow isV = 0.

4.3.4 Model constants

The following empirical coefficients are used in the abovecdbed equations. Note, that the
constantsys andci4 are according to Spalart [66].

C C 1
k=041, Cn=01355 Cp=0622, Gu= -3+ bz; ,

cw2=03, cp3=20, cpn=71 (4.36)

4.3.5 Strain-adaptive Spalart-Allmaras (SALSA) model

The strain-adaptive Spalart-Allmaras model was propogdgiung et al.,
see [62]. The modified production term is given by

? = e pSUC

with
Ci=cuVl, [ =mincry, maxy,cr2)], Y= maxoz, ay)
~ \ 065
B v B X 0.65
o] = (1'01W) , Oy = max<0, 1 tanh<68>>

where two options for the coefficients 1 andcr > are available: For transonic cruise flight
cr.1 = 1.2 andcr » = 0.8 and for subsonic high liitr ; = 1.5 andcr > = 0.6.
The modified destruction term becomes

~

2
v +«Cb 1+cy
D = cuifup <a) ;o Cw1 = CHK—Zl +— 2
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The parameter is given by
—min(1,  [Po= Y = Poo | 1+ ( —1)M—az - S=\/2tr{s?}
- ) p §K2d2 ) p0,0° - p°° V 2 ’ - .

4.4 Two-equationk-w models

Currently the following two-equatiok-w models are implemented

* Wilcox k- model

Menter Baseline model

Menter SSTk-w model

NLR TNT k- model

Wilcox SSTk-w model

The Menter two-layek-e¢ model

LEA k-wo model

4.4.1 The Wilcoxk-w

The Wilcoxk-w model (cf. [80], p. 121 with model constants given in [80]L.20) computes
from the formula «

M = pa
wherek andw are the solution of

% +0- (tpk) — D- ((u+ Otk ) ﬁk) = P —Brpko
@ +0- () — O ((n+ oupt) Do) = V&‘—” — Bupw’®
or equivalently in componentwise notation
% + aixj(umk) - % ((u+ Okht) g—):) = 7 — Bipkw
@ + aixj(ujpw) - aixj ((u+ Ooobk) 3—;) = Vﬁfl’ —Bupe’

where the production in theequation is limited by
P = min( 2 ; Gimitp,€ ) With € = Bypkw
whereCiimitp, iS @ user-chosen constant with defaljjt,i;p, = 10000 and with model constants
B«=0.09, y=0.55555556 0y=0.5, 0y,=0.5.
and[, is calculated from the log-layer relation

2
Beo = Br <v+%> . K=041
k

which impliesp, = 0.07521.
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4.4.2 The Menter baseline model

The underlying idea of the baseline model proposed by [54]idending of the WilcoX-w
model in the inner part of the boundary layer andkigamodel in the outer part of the boundary
layer. The aim is to obtain both the accuracy in the near-segjion of the Wilcoxk-w model
and the freestream independence in the outer part of thedaoytayer of thek/e model. For
this purpose, th&/se model is transformed into lkew formulation. The difference between both
formulations is that an additional cross-diffusion ternp@grs in thew equation and that the
modeling coefficients are different.

In the baseline modéd andw are the solution of

o(pk) = " " .
% +0- (puk) — O- ((u+ Mt Ok) Dk) = P — Bypkw
o(pw) | = = P

. —_ . r — — —_ 2
5 LU (pUw)—U ((u+ut0w)Dw) o ” Bupw

+200(1— Fl)c%ﬁk- Koo
The coefficientsp € {0y, 0y, VY, Bw} Of the model are interpolated using the blending formula
¢=F+(1-F)e

between those of thiew model,@; € {Ok1, Owi, Y1, Bw1} (inner layer), and those of tHee
model, @, € {Ok2, Ow2, Y2, Bw2} (Outer layer)

2
Inner layer: oy; = 0.5, 0 = 0.5, y1 = 0.555556 By = Bk <y1 + Otk )

VB

2
Outer layer: 0y = 1.0, Oy = 0.857, y2 = 0.44,  Bup = P <y2-|- Qw2 )

VB

with kK = 0.41, Bx = 0.09 and using the blending functiéi given by

VK 5000\  4poupk
Brwy' Y?w | ' CDyyy?

Fi =tanHarg]), arg;=min (max(
1. =
CDy,, = max(Zpowzaﬂk Jw; 1020)

Substitution give$,1 = 0.07522 anB2 = 0.08282.

The functionF; controls the blending of the model coefficients and the cdiffgsion term.
Thereforel; has to be one in the near-wall region and in the logarithnyiedand has to tapper
off to zero well within the wake region of the boundary layeorder to prevent the freestream
dependence of thew model.

The production limiter was devised by Menter for the follagireason: In regions of small
values forw, erroneous spikes of can occur. These might stem from the tarw 152 in the

vt = k/w equation. This production term can be amplified by smallesliorw. As a remedy
the production term is limited.

4.4.3 The Menter SST model

The Menter SST model (see [51]) is a further improvement ef Menter baseline model.
Between the two models, there are the following two diffeemn First, the coefficients in the
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inner layer are changed to

2
Inner layer : oy = 0.85, Oy = 0.5, y1 =0.555556 Buy = Bk <y1+ OwiK ) '

VB

Second, the so-callegshear-stress correctiois introduced:

. ([ pk alpk)
= min|—,; — 4.37
= min( B 22 @.37)

with
vk 500

=tanhargd) , argy=max|2——; —=— 4.38

= . 1 /0y ou;
0=v20:Q, Q _2<0Xj 6xi) (4.39)

wherea; = 0.31 is the Bradshaw constant. The underlying idea is to rentieeytendency
of two-equation models to overestimate the shear stregsarincular for flows with adverse
pressure gradients. For this purpose a bound on the stresssity ratio/V' /k is imposed. The
limitation of v; ensures than’—v’/k < a, witha; = 0.31.

4.4.4 The NLR TNT-modification of the k-w» model

The objective of the turbulent/non-turbulent (TNT) interé analysis of [38] is to solve the
freestream dependency of the Wilckxo model. Againy = pk/w andk andw are given by
the solution of

o(pk) = - - ~
a—pt)JrD(Upk)—D- ((u+0kut)Dk> = P — Bxpkw
opw) = - - W
%)Jru(tipw) -0 <(u+ Owut)Doo) = VET —Bmpw2+CD

where the cross-diffusion term is given by
. Ok
Cp = odwmax< Ok-Ow, O) )
The model constants are given by
2
Bk =0.09, y=0.55555556 o= 3 0,=05, 04=05.

and[, is again calculated from the log-layer relation

Beo = P <y+0‘°—\/§> . k=041
k

4.4.5 The Wilcoxk-wo model with SST correction

The Wilcoxk-w model with SST correction is based on the standard Wikcoxmodel. It uses
the same coefficients as the standard Wilcox model. Put ier atbrds, no blending between
inner and outer layer as for the Menter baseline model ani#eer SST model is used.
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As a modification of the standard model, this model uses theesshear-stress correction as
proposed by the Menter SST model

W = min (pk’ alpk)
w QR
with

vk 500v
Bray ' Y2w

Q=20:Q, Qjj = <%—g—;’)
J

F, =tanh(argd) , arg, = maX<

wherea; = 0.31 is the Bradshaw constant.

4.4.6 The Menter two-layerk-¢ model

The Menter two-layek-€¢ model is essentially the Menter Baseline model. The onliedif
ence between both models is that the Menter two-l&yemodel uses the following set of
coefficients for inner and outer layer resp.

V/Bx

2
Outer layer : Oyp = 1.0, Oz = 0.857, yo = 0.44,  Bp = B <y2-|- O >

V/Bx

where the modified coefficiemt,; = 0.4 may be motivated from the corresponding coefficient
O¢ appearing in th&-€ model after transforming theequation into an equation fow, see [80],
Chapter 4.

2
Inner layer : ox; = 0.5, 01 = 0.4, y1 =0.555556 B = Bk <y1-|- Owik )

4.4.7 LEAKk-wmodel by Rung

The LEAK-w model by Rung is derived from the RQEVM by Rung (see [61]) andigscribed
also in [24], pp.25. The eddy viscosity is computed by

Ci k
M = C_up_
wherek andw are the solution of thk-w equations from the standard Wilc&xw model and

o B1

—_ C,=0.09
"1-n24 282 "
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with
2 2 2 N2
2 BSS 2 BZQ
r] - 8 ) E - 2
4
4_c, 2_C, 2_Cs
_ 3 _ _
B1 = 29 By = 2q B3 = g
SZ
— £ (Ci—1)+
9= fG-1 4+1.83/0.802 1029

SZ
f1 = 1+O.95<1—tanh<4.6625))

C, =26 C,= max| 04: 158" Cs = 125, C, = 045

Lo = Yo 1714187587 ) BT Y AT R
1 1 = - 1-

= ——\/2tr{s? = Z(0Ou+0d")—Z0-0I

S o r{s?} §= 5 (0u+0d") - 300
1 1/0u Ou;j

Q= ——/-2r{Q2 Qi == (—=_22) .
GV AN 9 2<0xj an)

wheretr{A} = Ay denotes the trace &

4.5 Explicit algebraic Reynolds stress models (EARSM)

4.5.1 Preliminary remarks on EARSM

In explicit algebraic Reynolds stress models (EARSM) thibulent stress tensefpl’ @ U” is
given by an explicit algebraic relation. From this relatibie production of turbulent kinetic
energy can be directly computed as

P =—pUl'@U : 0u

4.5.2 The EARSM by Wallin and Johansson
In the EARSM by Wallin and Johansson (cf. [76]) the Reynoldssses are modeled by
— A 2
—pu'u’ = 2CETKkS;) - :—)’pkéij — pka®
where the effectiv€,;-coefficient is given by

1
Cﬁff = _E(Bl'i‘”QBG) 7

with extra anisotropy*

Ao 1 in an
a®™ =P3(Q%— 3llel) +Ba(X2 - Q3

.n .on ) A . nn
+Bs(S2%+ Q%S 11o5— VD + Bo(QSO% - O250) .

The normalized mean strain and rotation tensors are defmed a

4 T [0U 0U; ToUy . A~ T [0U; 0U;
S]_2<6X]‘+0Xi) Baxké”’ Q”_Z oxj 0% )’



4. Turbulence models 94

where the turbulent timescale is defined by

k Y
T:max<g, CT\/;) , € = Brkw

From this it can be seen that the effective eddy viscogityecomes
vi = CS'pkr .
Moreover we introduce the extra stress tersdistemming from the extra anisotrop§, viz.,
b — pka®™
The invariants are defined by
Hs=tr{&}, laq=tr{Q%, IV=tr{SQ?}, V=tr{$Q?}

wheretr{A} = Ay denotes the trace éf and with

e 405¢c2
S T 2160 —160°
The B-coefficients are given by

N(2N2 - 7llq) 12N—Lv

Bl = - ) B3 =~ >
Q Q

2(N2 -2 6N 6

842_%7 86:_67 [39:67

with the denominator 5
Q= 6(N2—2||Q)(2N2— lg) .

For two-dimensional mean flows and most three-dimensiooaktl it is sufficient to takél =
Nc where

{dl + (Pr++/P2) 3+ sign(PL— /P2) [PL— R 3 if P2>0
-
+

2 1/6 1 Py i
2(Py —P) cos<3arcco \/ﬁ)) if P,<O

where the arccos function should return an angle betweed @xand

1 9 2 1 9 2 \3
Pr=(==(c})?+ —=lls— Zllg)c), Po=P{—( Z(c)?+ —=llg+ =l
and 9 2 U
k
— (0 —1— 128y,
! 4(Cl STaxk>

For two-dimensional mean fIO\/S?]ZJ-D has to be replaced by the compressible two-dimensional
strain rate§P which is defined by

=—|—+4+—=—|—==065, where & = _
SZJ 2 (an + 0X; 2 0x ' dij otherwise
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Alternatively, this can be written as

A A — - 2
& _ & 1p.g(1P-Z1
2 3

Regarding thgd-coefficients, the simplifications for two-dimensional flane

6 N 6 1

Bl:_BNg—zllg ’ B“:_ENg—zllQ ’

Bz =PBe=PBo=0.

Finally, the five model constants are specified by Wallin astthlisson as

2.4 0.003
Ci=60, c1=18, Bp=18, Gy =7r. Cp= 50"

As the two-equation background model for the 2D EARSM by WW&llohansson, the standard
Wilcox k-w model is applied (cf. [77]).

The two-equation background model for the 3D EARSM by W&lllohansson is the NLR
TNT k-w model (cf. [77]). In both cases is computed from the relation

TZ—DU"®U”:ﬁU:M§2 — :—ngkﬁ-ﬁ — b™: 0.

with

§ =25(U) : S(U) = %(im Ou") : (Du+ 0" — Z(0-0)2.

wIN

45.3 The Hellsten EARSM

Hellsten devised a modified set of coefficients for kh®@ background model when used with
the Wallin & Johansson EARSM as constitutive model, see.[30F only difference between
the constitutive EARSM is that Hellsten uses a modified dédiniof ¢; (suggested in [76], eq.

(77),(78)), viz.,

9
¢, = z[c1—1+Comax 1+pfls; 0)]
where 6 NEd 9
eq _ eq_ Y4 =
- - Ne9= ——= = 22
1 5(Ne92—2llg ’ 4 "’ Co

Moreover,C, is computed using the following relation (see [22], eq.9)3

3 N
Ceff _ -
H 5N2—-2llq
which is valid for two- and three-dimensional mean flows aad be obtained by substituting
1 andfg into the the formula 1‘0(:&’ff in the Wallin & Johansson EARSM. THew equations

read

APY 0 (dpk) — D- ((u+ Otk ﬁk) — 7 — Bpke

w

9 . "
——+ 0 (Upw) —0- <(u+0wu[)Dw) = ykgp — Bwpw? +Cp

where? is computed as in the Wallin&Johansson EARSM and the crdssibn term is given
by
— . P max( Bk. Hoo-
Co = odwmax( Ok-Ow; O) .
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The coefficientsp € {0k, 0w, Y, Bw, Od ,K} Of the model are interpolated using the blending
formula

Q= fmix®+ (1 — fmix) P2
between the set of inner layer coefficiemiss {Ok1, Owi, Y1, Bwl Od1 ,K1}, and the set of outer
layer coefficientsp, € {Okz, Ow2, Y2, Bw2 Odz K2}

Inner layer: o1 =11, 04 =053 y;1=0518 04=10, kK1 =042
Outer layer: o =11, 0 =100, y»=0.440, 04> =04, K2 =0.3795

and
O-Q)le

VB

The mixing functionfix is based on the idea of Menters BSL model. It returns a valualeq
to one almost up to the edge of the boundary layer and tapffersiokly at the outer edge and
equals zero in the free stream and in laminar regions. teelistoposed to set

Buw1 = Bk <V1 + ) , Bz = 0.0828, Bk =0.09

frmix = tanHCrmixl™) | Cmix= 1.5, F=minfmax 1;M2); N3]

where

VK 5004 20k

= —, r 5 r — = s
Brod 27 puxd? *7 max(d?(Fk- Do) /o; 200k)]

with d being the distance to the closest wall &gdienoting the user-specified free-stream value
of k.

M1

4.5.4 RQEVM k-w model by Rung

The RQEVMk-w model by Rung is described in [61]. The Reynolds stressesadeled by

2
3

where the anisotropy tensor of the Reynolds strelsges given by the formula

U — —2pkhy — 2pkdy

Vt

bij = "

k k 1
[ Sij + B2 ( SikQuj +SikQui ) — Psg ( Sf - §5ijSEk) }
with € = C kw andAizj = AjAygj, A]Zj = AjkAy; for some tensoh. The mean strain and rotation
tensors are defined as

1 /90U  0U; 10Uy 1 /0yU; 0U;j
S“_é(a_era—m)_éa—m(a”’ Q'J—z(axj ox )

The effective eddy viscosity is computed by

2

k
k = PVt , Vi = Cﬁ;, C,=0.09, £ =Cukw

and

* Bl
Ci=—5—7——
H1-2n24282
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with
2 2 2 N2
2 B3S 2 BZQ
n - 8 ) E - 2
4
=—C 2—Cy 2—C3
3
1 = 3 2 — 3 3 =
Pr="%4 P2 = 5 Ps = 5
82
— f(Ci—1)+
9= fG-1 4+1.83/0.802 1029
SZ
f; = 1+0.95( 1—tanh
L= < an <4.6625))
Ci =26 C,= max| 04: 158 Cs = 125, C4 = 045
1= 2 = 1714187587 ) BT e AT W
s— 1 2tr{S2} S—}(ﬁUJrﬁUT)—}ﬁ I
T Cw ) —2 3
1 1/0u O0u;
Q= ——/-2r{Q2 Qi == [ — -2,
CoV AT Qi 2(ax,- a>q)

wheretr{A} = Ay denotes the trace .
The background two-equation model is the standard Wilcoxmodel wherer is computed
from the relation

p=—ptWed 0.

4.6 \Vortical Correction Models

While advances have been made in second moment closure 8IDEE methods, a significant
majority of computational fluid modeling in industry is stindertaken with simpler one- and
two-equation Reynolds Averaged Navier-Stokes (RANS)wiles. An important ingredient in
this class of model is the adoption of the linear Boussinésss-strain hypothesis in linking
mean velocity field gradients to the fluid stress. There ar-kmewn deficiencies of this
hypothesis (e.g. see Chapter 6, "Turbulence Modeling fdD'C®Vilcox. D.C.), particularly
with respect to flows which experience mild to severe stre@durvature influences, adverse
pressure gradients, system rotation, and three-dimeaisaffects. It is useful to require that
the system equations are invariant upon a change of reiefearoe or coordinate system. This
requires that the form of the equation remains unchangedhatono additional source/sink
terms appears as a consequence of the transformation.i@tpasahich display this property are
termed asnvariant, and it is desirable that model equations are invariant ugorsformation
from one reference frame to another. The simplest form ddriance is known as Galilean
invariance (Gl) where the equations are identical in any itvestial reference frames (frames
which move with a constant relative velocity). In genenansformations to rotating coordinate
systems cannot be done in a frame invariant manner and@aalisource/sink terms (related to
additional acceleration components) will appear in the eheduations. These additional terms
act to suppress or magnify the production of turbulencessé® A demonstration is afforded in
the following thought experiment, the motivation of whiatnees from Durbin (Section 7.2.2)
[Durbin, P.A., "Statistical theory and modeling for Turbat Flows”, Wiley and Sons, 2000].
The geometry of the experiment is illustrated in fig. (4.1).cyindrical coordinate basis is
chosen for the coordinate system, with unit norm&lsaind e; illustrated in the figure. For
simplicity only a two-dimensional flow is chosen, so thattberdinates are given by = R®,
andxz =r. Ris a constant in the following discussion. Assuming thafliwe remains attached
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to the body, then in the vicinity of the wall the velocity vects given byU (x3,X2) = Uey. The
arclengthdStraveled by a fluid element is given W= Rd®. Differentiating both left and
right side with respect to time, the angular velocity of thedlelement is written a@ = +U /R,
with sign being determined by the direction of the anguldoeigy (A right handed coordinate
system is assumed).

Concave: O~U/R

Coovex: D=0/ /R

Figure 4.1: Attached flow over both convex and concave surfaces.
The components for the velocity gradient tensor are given by

o -Y0 o
Uj=| & o o] (4.40)
0 0 O

oU;
Pj = Ul (4.41)
0X;
with components being given by
ouU (r) ooJ(r) , ToU
p”. — _Vza%gr) ‘|‘u2Uﬁ ZU—VUﬁ o |- (4.42)
0 0 0

The kinetic energy is conventionally defined as

1 __(oU U

Using the terms of the production tensor allows an estimateiwvature influence on the tur-
bulence levels. Along a convex wall the velocity will incseain the radial direction so that
a%gr) > 0.0. Note that the two terms within the brackets off the rigatit side for the turbulent
Kinetic energy are opposite signed, so that the influencemfex curvature is to decrease the
production of kinetic energy. For a concave wall, the ragiamentum component decreases so

that both terms are negative and total production is theamedd. The influence of curvature
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will increase aR is decreased, and from Bradshaw it is shown that the relatagnitude of
curvature and shear can be estimated as

U/R _8U()

U (r)
or Ru.

) (4.44)

whered” is the displacement thickness, auds the friction velocity. Curvature effects become
important when%* > “U From Bradshaw (p-164), if the radius of curvature is lesstthat
about twenty times the displacement thickness, then aureatill exert a significant influence.
If an eddy viscosity formulation is now adopted, so that

ou (r)
or ’

uv=vr (4.45)

2
thenP 1 [ V) - 0 so that the production terfy; will be overestimated in a convex flow.

or
P O —U alf)Er)/R and in a concave flow /R and G%Er) are of opposite sign ané>, > 0, am-

plifying the wall normal component. The normal stress ipogsible for the shear production
but, from eqn. (4.42), becauséenters the expression f with a negative sign an increase
in v2 along a concave surface will increase the magnitud&oT he influence of curvature can
also be written as

R4
uu?

O,

— > 4.46
= (4.46)
Since the ratio ot?/@ is less than one in the vicinity of a wall (influence of wallrdging

on the normal velocity component), the influence of cunapiays a more significant role in
the shear stregsv than in the turbulent energy equation. It can also be shoanhahotation

Q contributes a termQ (@—W) to the shear stress budget. Near a wall, whére V2, the

shear production is enhanced for a positive rotation andoedl when the sign of the rota-
tion changes. These example illustrates how the simple $oesg closure for the turbulence
stresses can over- or under-predict the level of turbuliertic energy, depending on the nature
of the flow. As noted by Spalart and Schur[1996], thin sheavdlaith weak rotation/curvature
and homogenous rotating shear flow are reasonably unddrstothe first case there is a signif-
icant influence on the levels of turbulent shear stress sivft the other case a strong rotation
reduces the levels of turbulent stress. Additional, thengtrrotation found in a free vortex core
has a significant influence on levels of turbulent kineticrgpavithin the vortex core.

Simple Frame Invariant models

In this section, reliance is placed upon the notation dgedadby Einstein and others in the
treatment of tensor fields. As suggested by the example slowhe previous section, the
failure of Reynolds Averaged Navier-Stokes solutions ie fliesence of coordinate system
rotation and streamline curvature are due to deficienci¢seofinear Boussinesq stress-strain
hypothesis. Principally, the problem is that of a propebtlent flow description within a semi-
empirical modeling framework! Enhancement and suppressiaurbulent production cannot
be accurately modeled by conventional turbulence closaresit is difficult to describe system
rotation/curvature effects in an invariant manner. Knightl Saffman [1978] proposed using
the gradient of the angle between the main axes of the thim st tensor and the inertial
coordinate system with respect to time. Generally, easliedies proposed that the equations
could be sensitized to rotation by using non-invariant egpions of the forn /R whereU
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is a scale velocity an® is the streamline curvature radius. Some models of thisreatll
be discussed shortly, but first models which display franvariance for simple situations are
described. Influenced by the ideas of Knight and SaffmanlaBpand Schur [1977] proposed
the following sensor for system and streamline curvature

DS;j

E* —
Dt ’

= Smnjémn (oo + €ijk Qj) (4.47)
where§; = 0.5x (u,j+uj;) is the symmetric part of the strain rate tensor, and= 0.5x
(u,j — uj,;) is the anti-symmetric part of this tensor. The symig} is the permutation symbol
which has the character of an oriented Cartesian te@gas defined as the rotation vector of the
coordinate system. The Lagrangian (or convective) devivatf the symmetric strain rate con-
tribution is not a tensor, so that the above expression isiogriant for simple cases. The pro-
duction term of the Spalart-Allmaras eddy viscosity traspquation is given b = ¢y, T,
and in order to mimic the influence of rotation/curvaturegheduction term can be modified by
a rotation functiorP* = P f;1 wheref1 (r*,F) which is a function of rotation/curvature sensors
r* andr” For the SARC model, the rotation function is given by thédwing equation

*

2xr .
fra(r,f) = (1+c1) —— - [1—cratan ™ (cof)] — 1 (4.48)

1+r*

Note thatQ, is a component of the reference frame angular velocity. Thantitiesr* andr”
are defined as

r = S/w, (4.49)
and (4.50)
= 2wkSik di <5|mnSjn + 8jmnSn) Qm /D4 (4.51)

The usual definitions fof; andwghy apply whereby they are the symmetric and anti-symmetric
part of the stress tensor respectively (with an additionatrtbution from system rotation):

Sj = 05% (ui,j+uj7i), (4.52)
and (4.53)
wgh = 0.5% [(Ugh — Uh,g) + Zsmthm} . (4.54)

Finally, & = 25 S;ji, 0 = 203jwj andD? = 0.5 (S + w?).

The form of the equation fof;1 is chosen to ensure that, as the strain tensor vanishesirtbe f
tion becomes insensitive to For thin shear flows without curvature="0 andr* = 1, so that
fr1 = 1.0, thus returning the original eddy viscosity productiomtdor the Spalart-Allmaras
model. The original coefficient are set as default valuekiwithe TAU-Code, and these have
been based on the wingtip calculations of Daccles-Maritaal.€or whichc;; = 1.0 has been
recommended. Tests based on curved and rotating boungarg laere also used (by Spalart
and Schur) to tune;, = 12 andc,3 = 1.0. The two coefficients,; andc;3 can be modified
by the user via the parameter file (see User Guide). SpaldrSahur note that an inverse tan
function was chosen to allow a large sloperafithout requiring large values af however
this comes at a cost. A smoother should always be appliecetbetd of computed;; for the
SARC and SSARC models, since small differences in the argtitoghe inverse tan function
are magnified by the function and act to destroy the smoothoiethe computed vortical cor-
rection field.
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Restricted Further simplification of the SARC models

Under special conditions, further simplification of the S&Rodel can be undertaken. For
convenience we write eqn.(4.48) in the form presented bydwweat al. [Distinctive Features of
the Turbulent Flow in a Trailing Vortex, "Fluid Dynamics, V&9, 1, 2004, pp 69.75].

. 2(1+Cr1)(R+Cr4) . oy
- = (1+ca) (R+1) [1-crziarctan(creE")] - cra (4.55)

Here R = SjS;/(Wnmwnm) andCy is set to zero to recover eqn. (4.48). In the absence of
rotation or streamline curvature effects in simple sheawdlthenE* = 0 (f in egn. (4.48)
andR = 1, so that the original SA model is recovered. However, albmalues of streamline
curvature thele* << 1 andR~ 1 so that tharctan function can be expanded as a power series
and the following form returned:

The use of this form of the rotation correction function igpaypriate, for example, in an at-
tached boundary layer on a slightly curved surface. In thgedhe influence of curvature is
expressed through the parametgss.c;3. Kozlov et al. propose the following values for the
coefficient set

_ Vt
c1 = 0.09(1+o.oev) (4.57)
24
Cp = 4.58
r2 (l+Cr1)Cr3 ( )
cs = 055 (4.59)
Cu = 002 (4.60)

It is this form of the SARC model that is activated when theapagter "Kozlov modification”
IS set to one.

Additional comment for the SARC model

Recalling egn. (4.51), an estimate of the spatial gradieftise strain field is required in order
to computef, for the SARC correction. At the present time, a measure osdo®nd spatial
derivative of the velocity field is estimated as

Sjk=D(Sj) (4.61)

whereD() is the standard gradient operator in TAU. At presBn} is can be either a Green-
Gauss or a least-squares based algorithm. On structumslwgith uniform grid spacing, the
exact gradient can be written in terms of the gradient opeit) as

% =D(¢) +0(A%), (4.62)

j

for both the Green-Gauss and the Least-squares operatovgeMdr, it can be argued that the
computation of second-order gradients (as required fogtadients of the straif;) is incon-
sistent in that the magnitude of the numerical error caneajuaranteed to be bounded below
the value of the second-order gradient. Additionally, thieo of D() is reduced by one order
in the near boundary regions. Studies by Lele (AIAA 89-03idplblished)) suggest that if
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the approximation order is one less than the order of the noatescheme, the overall accu-
racy of the scheme should not be damaged so this latter @asimh may not be of a serious
nature. In cases where the flow field is not sufficiently smpptbblems might be observed
in the application off, with the least-squares gradient reconstruction and itdememended
that the user switch back to the Green-Gauss formulatio® SBARC model is based upon
an unpublished simplification of the SARC model by Spalad es+workers, and so it cannot
be discussed in detail in this document. Suffice to say thastieady state one-dimensional
and two-dimensional flows under moderate rotation/curegtie SSARC model returns results
similar to the more complex SARC model and appears to be usédwever, at high curvature
and rotation rates the use of this model will result in qadikely incorrect behavior. Thus the
user is warned that this model should only be used for stetady twvo-dimensional problems
with low to moderate rotation/curvature influences. In ortedetermine what constitutes an
moderate curvature, the user is directed to Bradshaw (jp-48#ere it is qualitatively shown
that if the radius of curvature is than that about twenty srtiee displacement thickness, then
curvature will exert a significant influence. To date the b@raof the SSARC model has
been as expected in simple steady one and two dimensiona, flowd the user might choose
to use the SSARC model in preference to the SARC model unésetbircumstances. Ad-
ditional computational costs arise only for the SARC modhce the gradients of the stress
tensor must be evaluated. Additionally developers are @gthat the treatment of the block
rotational velocities is relevant for the SARC model, sitive block rotational velocities are
directly included inside the SARC formulation.

Simple Non-Invariant models

This class of models have been developed specifically toreribat the production of turbu-
lence is reduced in free vortex cores for eddy viscosityuletice models. If the production
of turbulence within the vortex core is not reduced, thenttlibulent eddy viscosity is over-
predicted in this region which leads to rapid dissipatiothefvortex. Thdlower variant again
modifies the production term of the Spalart-Allmaras eddgesity transport equation. Using
the notation adopted in the previous section, the functjphis now only a function of * and
is written as follows:

fra (r) =1+c¢¢min(0,r* —1) (4.63)

so that whers >> w — the production modifief;; = 1, and is decreased when vorticity domi-
nates the strain. The coefficient has been tuned against some wing-tip vortical flows and has
a default value of 4. In order to improve the behavior ofkhew solutions in vortex dominated
flows, Kok et al. [2001] have considered two modificationshef source terms as a function
of r*. The first modification suggested was an extension of theiegik-equation production
term limiter, still using the dissipation term as a limitertlmow choosing the limiter coefficient

as a linear function af*. The form of this limitation is as follows:

P = min (R, [Ci1 + Ckamin(0,r* — 1)] pe)

where the two model coefficien@; andCy, are greater that zero. With this limitation, the
production of turbulence kinetic energy inside a vortexecw reduced and it may even be
turned into a dissipation term. However, for non-equililbmi boundary-layer flows, a value
of Cy1 close to unity can result in an unphysical reduction of thieulence production. Kok

et al. have suggested setti@g = 2.0 andCy, = 2.0 in equilibrium boundary layers and 8.0
elsewhere. In TAU this particular modification has been enpénted. Before discussing the
Kok modification that is currently implemented in the TAU-d# it is useful to write out the

production terms that are found in thkeand w— equations. Recall that the eddy viscosity is
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written as
VT =0a" —.
w

Note that in the standakl— w model the coefficiend” is equal to one. The production terms
for thek — w model are then written as

2
P« = Tijuij =Vt52—§PkLLi (4.64)
P, = G%Tij = %OH( — a0 pS — %apwui,i (4.65)

The modification of Kok et al. that has been implemented m#ig TAU-Code leaves the pro-
duction term of thé&c—equation unchanged, and modifies the production term @bthequation
instead.

P, = aa*pmax(w?, ).

Note that the contribution associated with the dilation hesn ignored. Dividing and multi-
plying the above equation y? enables the component of the-equation production source
term to be written as

P = a0*pw? max(r*z, 1) (4.66)

The production of turbulent dissipation can then be writiera function off; 1,

Po = oa*wf(r?)
where
fra(r") = max(r*z,l).

In regions of the flow wherg" <=1, for example in an attached boundary layer, the production
term remains unchanged. However, when the vorticity mageiexceeds the strain magnitude
the production of the dissipation is increased. This hagtteet of reducing the dissipation of
the turbulence kinetic energy and thereby lowering thelesEmodeled eddy viscosity. There
are no tuning coefficients associated with this model.

4.7 Detached-eddy simulation

Detached-eddy simulation (DES), first devised in [67], jdeg a single non-zonal formulation
for using a RANS model in boundary layers and to switch to LESIenin regions of massive
separation.

4.7.1 Spalart-Allmaras original model with DES modificatian

The Spalart-Allmaras original model with DES modificati@&] is based on the one-equation
model by Spalart-Allmaras model (see [66]) for the eddy assty.

|
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<
SN—
N
|

0 - Vo C
W+p Dv) 002 _n_s

31 6) +0-E(po) - B (AL
wherely, is the laminar viscosity, and production temy and destruction term, being defined
as

)2

Py = cb1p5\7 ) &y = Cw1 fwp(

o) <t
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This is exactly the original SA-model, except that the Idéngttaled resp.d in the destruction
term is modified. In the SA-moded, is the distance to the nearest wall. In the DES modiéd,
replaced withd, which is defined as

d = min(d, Cpesd)  with A =maxAx,Ay,Az)

whereAx, Ay, Azdenote the grid spacing id, y-, andz-direction resp. Definind = max(Ax, Ay, Az)
ensures RANS behavior in boundary layerslas A, althoughAy < d and the ratio between
(AxAyAz)Y/3 andd is unclear.

Calibration of the LES-mode for decaying homogeneousagitrturbulence suggests the value
Cpes= 0.65.

It can be seen from balancing production and destruction #&r= ¢, that the model then re-

duces formally t@.s ~ (%)2 which is the Smagorinsky modeggs~ 5 A2,
The remainder of the model is defined as the original SA-model
Moreover, the low-Re modification of the DES length-scaleéSknglets is implemented

~

_ 2 fx
d = min(d, WCphesh)  with w2 _ 1—cpm fuz/(Cuak?fyy)

fvl

with fy, = 0.427. The original formulation by Strelets includes the paeterf;» accounting for

laminar-turbulent transition, but this version is curkgmiot implemented.

The aim of this modification is to disable the low-Re (neathwlamping) terms of the SA-
model in the LES-mode in the near-wall region of a low-Re namitow, which are not in

agreement with the desired Smagorinsky like SGS model ehaWoreover, this formula
ensures that the damping terms are active in RANS mode anhdhéhanodification does not
lead to a discontinuity of; at the RANS/LES interface.

4.7.2 Menter SSTk-w» model with DES modification

A formulation of detached-eddy simulation based on the RIeBSTk-w RANS model [51]
was devised in [69].
The DES length scale is defined as

- . K1/2
I = min(lk_c,Cpesd) ey = =—— (4.67)

wherel,_, denotes the length scale from tkkeo model and\ is given as in the SA-DES model.
The DES modification of th&-w model in [69] is based on the idea to keep the formulation
as simple as possible with the only restriction that at égpiim the resulting subgrid model
should reduce to a Smagorinsky-like modek sA2.
Following this idea, the only term modified is the dissipatig@rm of thek-transport equation:
k3/2
g€ = Dfans = PBkko = Pm (4.68)

Then the DES modification consists in replacingith [ from 4.67, resulting in

£ = DKgs = p— (4.69)

The constan€pesis obtained in two steps. First, for both tkeo and thek-€ branch separated
calibrations ofCpes in decaying homogeneous isotropic turbulence are perfarrii@en, the
two values obtained are blended using Menter’s blendingtion F;

Cpes = (1—F1)CE5 + FICSES, with CS5=0.61, C52=0.78.
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4.7.3 Extra-large eddy simulation XLES

The XLES model [39] can be described at follows:

* In the RANS formulation, the TN'K-w model [38] is used.

* In the LES formulation, th&-equation SGS model is employed. Therdins given by
the solution of thek-equation of the TNk-w model with modified dissipation term (see
below).

» The SGS filter width, i.e., the length scalein LES mode, is defined problem-specific
but independent of the grid (explicit filtering).

The difference between RANS mode and LES mode lies in the hmgdef the eddy viscosity
and the dissipation term in theequation, for which different length scales are used:

Mode || eddy viscosity)| length scale dissipation
RANS ve = vk | =Vvk/w | &=Bck¥?1
LES vt = IVk | | = C1A (grid-independent) € = Cok3/2A1

The composition of the RANS and LES models is obtained bya@pg the length scales in the
eddy viscosity and dissipation formulation by a compostegth scalé

- . k3/2
= min(l,CiA), v = IVk, £ = Br

which can be rewritten as

Vi = min<E , ClA\/R>
w

Kk3/2
€ = max| Bxwk, CzT

with Cp = Bx/Cy in order to makey; ande switch simultaneously.
For thek-w model, the TNT set of coefficients is employed. The coeffici@nhas been cali-
brated toC; = 0.06 for decaying homogeneous isotropic turbulence.

4.8 Scale-Adaptive Simulation Models

The Scale-Adaptive Simulation (SAS) concept applied to &NBAnodel is based on the in-
troduction of the von Karman length scale into the turbuéescale equation. The information
provided by the von Karman length scale allows SAS modelyianhically adjust to resolved
structures in a RANS simulation, which results in a LES-liahavior in unsteady regions of
the flowfield. At the same time, the model provides standartNRAapabilities in stable flow
regions.

The SAS modification consists of an additional term whichddead to the right hand side of
the w-equation of the SST model

. L 2k I0k|2 |Do|2
_ 2
Qsst-sas = PFsas-max| {oKs Q_Ep'ma)((T’ 7 , 0
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with van Karman length scalg,k given by

Lk = K> U” = ||(CRuy, DPup, CPug)T|| = (&)
vkK — U// ) - 1, 2 3 - I; JZ]- axlz

and with constants

. 2
k=041, {p=1755, Op=7. Feas=125.

4.9 Implementation details

4.9.1 Limitation of k and omega

For an increased robustness a limitation on the turbuleantifies is employed, which is de-
signed to lek andomegaunchanged for a converged solution but to limit the quatitduring
the transitional phase or to avoid not physical values @sregative values), which may occur
locally. A maximum and a minimum threshold on the turbulenénsity is used to bound the
turbulent kinetic energy. The upper limit is defined sucthad not be reached. The cut of at
the lower limit should not influence the solution:

TUmax == 0800,

This implies absolute limits for thiein relation to the local velocity field:
kmax = 1.5% TUmas * (U2 + V2 + W2 + Ugps) 4.71)

Kmin = 1.5%TUnpin % (U2 4+ V2 + W)

with ueps2 = 0.05% ure 2, Which is usually a negligible contribution to this term t ftuavoids
Kmax going to small in flow regions with small velocities. The lb&as used after its limitation
to find a lower bound fow

Wmin = MAX(4 /d_g,ﬁp (4.72)

with W max being an upper limit for the eddy viscosity (parameter ifpwhich should not be
set lower than some thousand times the laminar viscosifpttas 20000 ). d is the local
wall distance fod > & and is limited tod = & elsewhere in order not to limib too strong very
near the wall inside the boundary lay8iis a characteristic length related to the boundary layer
thickness.

4.9.2 Initial, freestream and boundary conditions

As initial conditions, when starting from scratch farfieldlwes are assigned to all grid points.
Farfield (or inflow) conditions fok andomegaare

Ko = 1.5%TUow2 % Ux2
K (4.73)
W = e

In case of an inflow boundary (e.g. engine exhaust condittmnjelated reference values of the
specific boundary are used instead of the infinity-valueg Wall boundary conditions are

kway = 0.0

4,74
Wyall = 10% (Dggkl) (*.749
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with the model constarfdx; = 0.09 andD being the distance of the near point to the wall (where
y' is measured), which should satisfy the requirement to haveaoth wall sublayer behavior
at least ify" is lower than 3.

4.10 Transition modeling

In order to guarantee laminar flow over surfaces which arggélddor laminar treatment, we
limit the production in those regions to be smaller or eghalturbulent destruction. Thus, the
information is needed for each node, if it is closer to a 'laani or to a 'turbulent’ no slip wall.
We simply enhance the property of the variathlesee equation 4.25) by computidg

d=—d for field points near a ’laminar no slip wall’

d=+d for field points near a 'turbulent no slip wall’

Now, the wall distance id = |d| 3 3

In addition we introduced the paramedgfax. On points withd < 0 and|d| < dmaxwe perform
the above described limitation. The default valuegfx is infinity. Using this value the pa-
rameter has no effect. However, it can be used to bound th@reglimiting the production of
turbulence.

4.11 Wall functions (Near-wall modeling)

The aim of hybrid (or grid-independent) wall-functions esgdrovide a boundary condition at
solid walls that enables flow solutions independent of tlvation of the first grid node above
the wall. The two classical wall boundary conditions are-lRe/and high-Re type boundary
conditions. Thdow-Re boundary conditiormposes no-slip at the wall and requires a low-
Re grid withy™ (1) ~ 1. Thehybrid-Re boundary conditiois an improvechigh-Reboundary
condition, prescribing the wall-shear stress and no-patien at the wall. The RANS equations
are solved only down to the first grid node above the wall ardvaatched with an adaptive wall
function solution at the first grid node above the wall. The-Re restriction is no longer valid
for hybrid-Re b.c.

The implementation can be most easily understood by stantith

E/v*v av — —/ F-idS+ [ F,-AdS
dt Jv v v

whereV is an arbitrary control volume with closed boundary surfa¢e andn is the unit
normal vector in outward direction. The vector of consaveatariable3V, and the convective
and viscous flux tensdt andF, resp. are given by

P pu 0
W = pu , F= |puid+pl|, F = T
p(c,0+ 20 0) pEU+ pd Td—q

If V is a boundary cell then the inviscid fluxes across the boyndamish and the task is to
impose suitable viscous fluxes. The boundary cells are leHlf & the sense that the corre-
sponding grid nodes are located on the boundary. For thdatdtow-Re boundary condition,
the fluxes across the wall are set to zero and the correcthBtigalues are prescribed for the
conservative variables momentum and energy (if the wadathiermal).

Concerning the hybrid wall-function boundary conditidme standard approach for cell-centered
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type FVM, i.e., to simply modifyy in the boundary cell, cannot be used. Therefore, as a bound-
ary condition the fluxes across the wall are prescribed. Wehesapproximation

Tfi= ([-A@m) T A+ AAT - A~ —Tylk,

wheret is a vector whose direction is given by the projection of tetouity (at the first node
above the wall) parallel to the wall and which is of unit magde. The normal contribution of
the wall-shear stress is neglected. Now we describetho® computed.

We introduce the non-dimensional variables (so-called phits)

LS Vi _V

k
+ + + Yas +
u=—, Yy y Vi =—, V= ’ K

==, W = 5
Uy v v v U2 U2

Suppose a universal hybrid law of the wall for velocity (iraagnitude of wall parallel velocity
as a function of distance from the wall) is known in eithertad two forms

+_ et U _ (Y% + -1t Yo (Y
ur=F(y") < uT_F< v ) resp.y' =F ~(u") & v =F (Ur)'
Then the matching condition at each first node above the atalll-distances, say) dictates
that the wall-parallel components of the RANS solutigianysand the wall-functioruy g are
equal at wall distances
UrangYs) = Uwr(Ys)

From the universal wall lawyyg(y) = utF (yu; /v), so we obtain

E (yBUT> _ UrangYs) resp. F-1 UrangYs) | _ Yal
\% U Ur vV

which can be solved fas; using Newton’s method and then we sgt= pu%.
We use one wall law for all SA-models and one wall-law forkatb models, viz.,

N3
Fsaa = (1— @sp)Fsps + @saFreim, @Psa=tanh(arg) , arg= <é—4)

N 2
Frwa = (1 — @w)Fsp3+ GwFreim ; @ = tanh(arg) , arg= <)é_0)
which are constructed via blending from the following cleabwall laws

4\ 4
Freim = (1 — @o1)Frei+ ®Fog , Po1 =tanh(arg) , arg= (32’_7)

y" =Fgan(u") with Fgly(uh) =ut +e*B (e — %T
&Lonl

U™ = Frei(y") with
In(1+0.4y") vyt

+ J —egimn_ 2 a3

) < +78(1—e 110 11'Oe

4\ 4
Freim = (1 — @1)Freit+ ®1Fog , o1 =tanharg) , arg= <32/_7>

(.\J|‘<
l

Frei(Y

The turbulent heat flug,, is then computed from the relation

_ Cpt(Bw —6(y5))
" 0t(yz)
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with wall temperaturebyy, temperature at first node above the wi(lys) and wall-function
8" (y3 ) given by
Pryt, if yr <
6" (y") = v WIS, -yi_Re,
Co(2In(%) +1)2, if y* > Re

with Rg = 8.0, Cy = PrRg, which is by smooth ay" = Ry by construction.
The boundary conditions farin the SA type models and fdrin the k-w>-type models remain
unchanged. As far as the boundary conditiondas concerned, it turns out to be superior to
use the approach by Wilcox: We impaseat the first node above the wall (and correspondingly
set the fluxes fow to zero for the first cell above the wall)
"
At first off-wall node: w= @y + (1—@Q)wyy , @=tanharg?), arg= i—o

with the blending formula

1/1.2
Wh1 = Wyis + Wiog ,  Wp2 = (w%ii + oq%é)

and the asymptotic relations

Asymptotic: wyi ov W t
. IS— o og—  —/— -
By? V/BrKy



5 Accuracy Improvements

5.1 Introduction

The performance of many existing compressible codes,mailyiimplemented for transonic

or supersonic problems, degrades as the Mach number of thputed flow tends to zero.

Moreover, the lower the Mach number is, the more the accurhtlye solution and the more
the iterative convergence degrades. However, the needngbuting low Mach number flows

or locally compressible flows is more and more frequentlyoeintered in engineering. This
is among other things due to the fact that when the variatofrthe temperature cannot be
neglected the incompressible flow equations can no longersbd even if the onflow Mach

number is low.

A typical example for such a configuration in aerodynamicthesflow over a multi-element
airfoil at high angle of attack. In Figure 5.1 it can be seeat tithough the flow against the
airfoil is of low Mach number and a spacious part of the flowioags incompressible with

locally low Mach numbers, there occur significant compighsr effects in other regions of

the flow, in particular in the neighborhood of the airfoil.

To describe such flow effects in this chapter we considerriar@en domaitD ¢ R3 the Euler
equations for a three-dimensional flow

u(x,t) = (Ur(x,t), uz(X,t),ug(x,t)),  (X,t) € D x (0,)
in conservative variables; := (p, pu1, puy, pus, pE) written as

ow; 3 af®

W-l_i: W =0, X = (X1,X2,X3), (5.1

where the mapping$) := f()(wy), i = 1,2,3, are given by

puy puz pus
pui +p puiUz puiU3
= puw |, = pu+p | and f¥=| pwus |. (52
pULUR pUzU3 pus+p
pHU; pHuU, pHuU3

Here the quantitiep := p(x,t), E := E(x,t) andH = E + p/p describe the density, the total
Energy per unit mass and the total enthalpy per unit massphgssure := p(X,t) is given by
the equation of state for a perfect gas

2
p= (v—l)p(E—%) (5.3)

110
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Mach_number

TC11 1.2
a=21.4 1.05
Ma=0.22 0.9

0.75
0.6
0.45
0.3
0.15

(wm» °

Figure 5.1: Flow over a multi-element airfoil at angle of attack a =21.4° and inflow Mach
number 0.22

wherey denotes the ratio of specific heats diu|, the Euclidean norm of the fluid speed,

lull2 = /U2 +u5 + U3,

Our goal is to find an approximate solution of (5.1) for flow lplems of mixed compressible
and incompressible type that is part of the flow region is mpeessible with locally low Mach
numbers, whereas there occur significant compressibffigcts in other regions of the flow.
For simplicity in our analysis we only consider Euler’'s etiola. The examples presented in
Section 5.7 also include Navier-Stokes test cases.

Physically the difficulty in solving the compressible Euégpuations (5.1) for low Mach num-
bers are associated with the large disparity of the acowstve speed and the waves convected
at fluid speed. Mathematically the resulting system of @quatis stiff and the allowed time
step size to compute an approximate steady state soluti@fis usually so small that con-
vergence of the iterates is too slow. Moreover, usually twiecy of computed values such
as the C-lift or C-drag is deteriorated. The stiffness of gslistem can either be shown by a
spectral analysis of Euler’'s equation (see Section 5.3y @& perturbation analysis of the low
Mach number limit (see [73, Chapter 2]).

To this end several so called preconditioning methods haee Buggested by many authors to
improve the convergence properties of explicit Runge-&untethods applied to solve (5.1) (see
e.g. [70, 78, 16, 5]). All these methods are based on thewolip idea. We are interested in a

steady state solution of (5.1) that is a solution which fass

S gt
=

Hence, we can multiply the time derivative of (5.1) with somatrix valued mapping :=
P(w1) € R®>*® which approximately slows the speed of the acoustic wavesidowards the
fluid speed. In the literature these mappings are callecbpditioners. They often do not de-
pend only on the local values of the fluid, furthermore sdyeeameters need to be determined
to ensure efficiency of these preconditioners when apphedumerical algorithms for find-
ing an approximate solution of (5.1). Mathematically thpseconditioners try to reduce the
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stiffness of the original system to improve the convergespeed of the explicit Runge-Kutta
methods applied to compute a steady state solution of (5.1).

Although many articles have been concerned with the dedmibf preconditioners to the au-
thor’'s experience only a few work has been spent on a matleahaivestigation on the effect

these preconditioners have in a numerical scheme. Furthrermften the choice of appropriate
parameters seems to be an open problem.

Besides explicit Runge-Kutta methods one considers imptiethods to solve (5.1). These
methods have the advantage that the time step size to corapupproximate solution can
be chosen much larger when compared with an explicit schdtd®nce, we expect that for
an implicit scheme no preconditioning is necessary to rekdirable convergence rates. On
the other hand, general implicit methods require a high arhotifast memory and usually
a nonlinear system of equations needs to be solved in eaehstiep. For large scale three-
dimensional flow problems the complexity and time perioddtup and solve such systems
is often not acceptable or it is even impossible. Moreoveguently a good initial guess for
Newton’s method applied to solve the nonlinear system isabhdiand. Therefore, during the
last few years methods which lie in between explicit and ioipRunge-Kutta methods have
been developed to overcome these problems. One of thesedsetie so-called LUSGS-
method (see Dwight [20] for more details and Figures 5.113%.s implemented in the DLR
TAU-Code. For an investigation of implicit upwind schemes refer to [74]. Unfortunately
such kind of methods frequently do not have the same stabilien compared with the explicit
methods.

In this chapter we consider preconditioning methods fotiexfRunge-Kutta methods applied
to find approximate steady state solutions of (5.1). In $ach.2 we recall some theoretical
results concerning Euler's equation. Moreover, since wat\wa have some freedom in the
definition of certain preconditioners we reformulate Eslequation with respect to an appro-
priate set of variables. Section 5.3 deals with a spectrallyais of Euler's equation and the
definition of a preconditioner. This preconditioner can bteiipreted as a generalization on
many other preconditioners discussed in the literaturesoTthe effect of the preconditioner
on the spectrum will be investigated in Section 5.4. The ahaf the parameters occurring
in the preconditioners is the topic of Section 5.5. Morepirethe latter section we will also
suggest some parameter choice rules for the precondition&ection 5.7 we will compare in
numerical examples the different parameter choice rutepatticular, we will show that a new
implemented parameter choice rule yields numerically nsta®ility than the one which was
originally implemented in the DLR TAU-Code.

5.2 Representation of preconditioners

Before we discuss preconditioners for the Euler equatidl) (Bt us give some comments con-
cerning their implementation. Assume we have a formulatdidguler’s equation (5.1) in some
set of variableg), that is (5.1) is replaced by

09 & ,n0q
5 +i;Aq =0 (5.4)

where
AY="—, =123 (5.5)
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On the other hand, for example due to a theoretical analysialyg for simplicity, a precondi-
tionerP(w) is formulated for another set of variables Hence, to apply?(w) we need to carry
equation (5.4) over into the variablesand multiplicate the second term on the left hand side
by the preconditioner, that is we replace (5.4) by

ow dq 3 powoq
aqa HPW i;AW aqax ~°
Since(ow/0q) 1 = dg/dw we obtain
dq 2 \00a _
5 +P(q)i;Aq ax ~° (5.6)
where 5 5 5 5
. 0q, 0w (i) ._ 00 ,(i)OW
P(q) := aWP(W) 2 and  Ay': aWAW 3 (5.7)

denote the operators with respect to the change of cooedindh particular, usually Euler’s
equation is given in conservative variabtgs- w1, which yields using (5.5)

6w1 3 of®)
—— +P(w Z 0. (5.8)
X;

Now, if we want to carry (5.8) over into another set of varessl and the preconditioner is only
given for the set of variables, as above using the formula (5.7) ®8fw) we obtain from (5.8)

or  ar ow ow & oft) _or of
at " ow; ow P<W)6W1i:1 ox a Trnw ga—_
where 3 3
r w
M(r,w):= awP(W)a—wl' (5.9)

Altogether, if we have formulated Euler’s equation (5.1¢@nservative variables; and if we
have a preconditioner for the set of variableand if we want to have a formulation of Euler’s
equation in the set of variablesthe corresponding Euler’s equation is given by (5.9) ard th
preconditioner is denoted Hy(r,w). Finally, we need to rewrite the time derivative into the
conservative variabless, that is we solve the preconditioned Euler equation

aW1 6W1 3 af

= T3 (W Z x =O (5.10)

These considerations give us some freedom in the formulatid for the analysis of precondi-
tioners since it allows the choice of any suitable variables

To solve Euler’s equation (5.1) we apply a central diffeeescheme. To ensure numerical
stability additional artificial dissipative terms are r@gd. One usually adds a second difference
to control oscillations near shocks and a fourth differetacdamp high frequency oscillations
(see Jameson et al. [32]). That is, instead of (5.10) we miag $loe equation

ow;  ow; 30 N0 _
W-|-—r (r,w) Za—< +I(r,w)""Np (r,Kz,K4)> =0 (5.11)
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where .
' i), Or i), 0°r
NG (2. = ep (PUAT) 3+ kap (PO
and
P(A) :=max{|A| : detAl —A) =0}

denotes the spectral radius of a mathix R™". The valuexy,k4 > 0 are usually fixed pa-
rameters which are chosen beforehand. In the literaturey rotrer possibilities to determine
an artificial dissipation for numerical stability have besiggested. Note that at the outset any
reasonable method approximating the integrals with takarg of the flow field

JREICALEEN
0Q

can be used to stabilize a numerical scheme to solve (5.1).

5.3 Spectral Analysis of Euler’s equation

Let us start this section by carrying out a spectral anabyfsiduler’'s equation. For this purpose
an appropriate set of variables is either given by the slked¢a@ntropy variables

Wo := (P, Us, Uz, U3, S),
wherebys denotes the entropy determinedsas In(p/pY) or by the primitive variables
Wy 1= (P, U, Uz, U3, T),

whereT denotes the temperature. We use the latter set of variafilesn, by a change of
coordinates (5.1) reads in the variables

ows  owg & of)ow,

=0. A2
ot 0wy & 0wy 0X 0 (5.12)
To obtain explicit expressions for the mappings
Q). wadf
B, = W, owa’ =123, (5.13)

an explicit calculation of the terma;f(i)/aw4 and ow,/0w; is required. To explicitly com-
putedw; /dw, and its invers@w,/dw; we use the definitions

Z1:=p, Z:=pU, Z3:=pPUpy, Z4:=puz and zs:=pE (5.14)

and consider the mapping

(Yy=1) (Zs - w)

271

Fahl
&ML LN
1

v (5259
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A straightforward computation shows tiaaps the conservative variableg to the primitive
variableswy, thatis§(w1) = wy. For instance, due to the equation of state for a perfectya (
we have

p vl
PE = y—l+ 2
_ P 1% 7 7
v—=1 2\zn zn =z/)’
and therefore 2 2 2
_ oy 1z, 5 7z
p=(y—1) {25 > (Zl + 2 + 21)} . (5.15)

Z 1
-% + 0 0 0
owg _z 0 1 0 0
6w1 Z% a 1
-3 0 0 1 0
Z§+Z]§+Zz Z5 z Z : Z y—1
_ 4 _ 5 _ 2 _ 8 _ [ y—-
v-1(ZFE-3) 1-v% -y -9 %
2
-0 d-ywm -y Q-yus (y-1)
U 1 0 0 0
P P
_ _U_pz 0 % 0 0
u 1
—t 0 0 5 0

2 A
Ho-0'%2-1) a-v% a-v% a-vy
The entry(dw,4/0w1)s 1 of this matrix follows from the definition oE and

(y—l) (Z%+Z§+Z£21_§) _ y—].(”UH%_ p )
z z P\ 2 (yv-Dp
1 lull

The computation of the other entries is trivial. To detereram explicit expression f@f(l)/6w4
we reformulaté) in terms of the variablew,, that is

UL
Lu+p
1) — %mw
TU1U3

2 2 2
[g (% + “1+“22+“3) n p} Uy

and obtain
of(H)
aW4 N
u P _ by
Y b 0 0 TL122
% +1 2U17p 0 0 _%
uqu u
S oy ok
e Lf s By A
1(.T u T u 2 L
[T (ﬁ‘f’Tz) +1:| u1 Tp <m+72+p+ul> TpU]_Uz TpU]_Ug 2T22u1
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To illustrate some of the computations we explicitly congosttme of the elements of the matrix
above, for instance

ow, oft ull2u u? UiU2
< ‘ ) ~ - 2”T2 1+(1—v>ul<71+1) +(1-y =2
11

6W10W4
2
wd LTl
HL-p B -0 |1 (154 152) +1] o

2,
— y-plt 12 +(1—v>{” 121+U}+(v—1>ul+ul
= U,
oy Ofy _ Ju ||2p p 2P
(Goa),, = 001520 oyl g
w2y pP (T | 15
+A=yusr + (V=15 <y—1+ > +p+uf
owy of} B lull3 pu pu2 PULU
<a—wla—w4) .- A-y) = 77 + (Y= Dy + (V= D=
puyUs [ull3 pu
+(y—1us T2 +(1-y) Zzﬁ
=0
Finally, we obtain
u pa> 0 0 O
1
1 5 up 0O 0 O
By = 0 0 uu 0 O
0 0 O uu O
0O (y—=1T 0 O u
and by symmetry arguments
uu 0 pa® 0 O uu 0 0 pa2 O
0 u 0 0O O 0O ug O 0 0
B)=| 2 0 w o0 o0f, BY=|0O0Ouw 0 O
00 0 uoO £ 00 uw O
0 0 (y—-1)T 0 u 0 0 0 (Y=1T w

wherea denotes the speed of sound defined throafgh= %’.

It follows by straightforward computations that the eigaines oiBEll) are given by the diagonal

elements of the matriEOEll) :=diag(uy, U, us, U1 +a,u; —a) and the corresponding eigenvectors
are the columns of

pa? pa’

o 0 o T

1. -7 (DT
Vit =1100 o0 0
010 O 0

001 1 1

Moreover, again by symmetry arguments we conclude thatigenealues 08512) and Bf’) are
given by the diagonal elementsf) :=diag(uz, U2, U, Up+a, Ux—a), ande) :=diag(us, U3, uz, U3+
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a,uz —a) and the corresponding eigenvectors are the columns of théces

2 2 2 2

000 &7 opr 000 &7 wopr

o 100 0 0 o 100 0 0
Vil=] 000 g8 —ghy [ W= 010 0 0
010 O 0 000 Gr —wor

001 1 1 001 1 1

From this analysis it can be seen that the difficulty in sajvine compressible equations for
low Mach numbers is associated with the large disparity efdhoustic wave speed, + a
and the waves convected at the fluid spegdConsequently, the resulting system is stiff and
cannot be solved straightforward by explicit Runge-Kuttetimods in general. Since we are
only interested in steady state solutions of (5.1) the bidsia to overcome this problem is to
premultiply the time derivative by a preconditioner suchttthe acoustic and convected wave
speeds are locally clustered. Mathematically this redtlcesstiffness of the equations and
allows larger time step sizes.

5.4 Definition of preconditioners

In the literature several preconditioners have been stggegd/ithin this context these are map-
pingsP(wy) := P(a, B,8,W,4) € R>*® which are regular for all choices of parametéus, ) €

Q ¢ R3 andw,. HereQ denotes some set from which the parameters can be chosemalat
we can represerit by formula (5.7) for any other set of variables.

In [57] the following preconditioner can be found which is angralization of many other
examined preconditioners,

mfg 000 —mZ%—pa
—%%z 100 g—%%pé
P(W) = 4 010 ﬁyTpé , (5.16)
—d5g 001 %P3
Yl (mPg—1) 0 0 0 1-(y—1)n?s

where

m = % and g:=1+(y—1)d.

To ensure thalP(w;,) is always nonsingular we additionally require ti3ag 0. Naturally, this

is only a necessary condition. But formulating a sufficieondition is not straightforward.
Moreover, to check in a computationf{w,) is nonsingular yields a significant increase of
complexity and is therefore unrealistic.

To investigate the effect of the preconditiofw,) on the spectrum for low Mach numbers we
need to compute the eigenvalues and corresponding eigersetthe operatorB(wj) Bfl'), =

1,2, 3. To this end we transforf(w,) and Bg) into a representation with respect to the entropy
variableswy, that is we compute

_ OWo (i) 0wy

(i) . OWo (i) OWa
BO o aW4 4 6w0
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where the change of coordinates frevpto w4 and vice versa is given by a multiplication with
the matrices

1 000 O 1 0 00O
0O 1000 0 1 00 O
%: 0O 010 O and %: 0 0100
0W4 0O 001 0O 0Wo 0O 0010
_ yp (=T T
1-y 0 0 0 % o 0 00 &
respectively. Straightforward computations yield
uy pa2 0 0 0 m 0 0 0 —n?Pd
Ll w 00 0 —o@ 1 00 2338
Bél): 0 0 u 0 O and P(wp) = —% 010 %5
0 0 O u O —% 0 01 %6
0O 0 O O u 0O 0O0O0 1
Hence, in the entropy coordinates the preconditioned operat&w,) Bfll) takes the form
sz;L2 pB 0 0 —m2U16
2
1(1-%) @-ww 0 o w3
P(wo)BY? = — e —aus u O “gl—agﬂ : (5.17)
— “;‘;‘;3 0 —auz U —“‘3235
0 0 0 0 Up

The eigenvalues d?P(wo)Bél) are given by\(()l) = diag(ul,ul,ul,u(f), (_1)> where

1 ((l—a—l-mz)uli\/(1_a+n12)2u%+4[3 (1_:2))

and the corresponding eigenvectors are the columns of théexma

W (a,B) =

NI

00 O PB PB

10 % p(f)—mzul u — Py
1) _ Azl auz3
U0 - 010 Ul—lJé Ul—F§
00 0 auzpy auzHd
U1 —Hp Ul—ng
0 0 1 0 0

Along the lines of the computations above we conclude traetgenvalues dP(Wo)Bg), i =

2,3, are given by the diagonal elements of

Ay = diag<U2,U2,U2,u(+2),M£2))
A = diag(us,us,us, 1Y 1)

where

2
“(+2,)—(0(7l3) :% ((1O(+rT12)u2:|:\/(1a+mZ)2u%+4B <1Z§))
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! ((1—a-|—mz)usi\/(1—a+mz)2u§+4[3 (1—2%)) )

Since the matrice§(wo)Bg) andP(W4)Bg), i =1,2,3, are similar, their eigenvalues coincide.
Obviously, it is the goal to find parametexrsand3 such that the eigenvalues are clustered, that
is the relation

and

W (a,p) =

NI

1 (a0, o) ~ |u| ~ W (co,Bo)l, =123, (5.18)
holds. Note, at the outset this problem is hard to solve siebave at least six conditions for
only two unknowns. Moreover, (5.18) describes a local ciomali For large-scale flow problems
it is far too time consuming to determine for each cell in thiel gptimal parametera and3.

It is the topic of the next section to present some paramétgce rules which can be found in
the literature.

5.5 Parameter choice rules

Before we give some ideas to choose suitable paramet@randd let us show some limits of
the preconditioner. Obviously, it would be desirable toénthe relations

P(w4)BYY = P(ws)B = P(ws)BY) =1. (5.19)

From (5.19) we concludBEll) = Bf) = Bf’) and so the preconditioned Euler equation (5.12)
simplifies to

aW4 3 6W4 -

P
which is a linear advection problem and could be explicitdived by the method of character-

istics. Hence, to find a preconditioner such that (5.19) tisfsad is unrealistic and in general
impossible.

Nevertheless, we can try to determong3 andd such that (5.19) is approximately satisfied, that
is to solve the minimization problem

%_i‘)P(W4)BS)—I‘)2:gn[3i%!, (5.20)
pA i

where|| - || is some appropriate norm ahd- diag(1,1,1,1,1) denotes the identity matrix. On
the other hand, since we have knowledge of the eigenvaluesmwesolve instead of (5.20)

I

%i Ru@(a,m ~u) 4 (0B +uﬂ = min! (621)

If ap andpp solve either (5.20) or (5.21) we expect that (5.18) is satisthat is the acoustic and
convective waves travel approximately at the same spead pblssibly reduces the stiffness of
the original system of differential equations. Note tha2{5 does not involve the determination

of the parameted, which does not occur in the eigenvalues but only in the aigem)rsuéi).

However, the eigenvaluegépy,, i =1,2,3, depend on the velocity vectar which is a function
of space and time variables. Hence, for large-scale flowlenad described by the Euler equa-
tion (5.1) it is a complex task to compute locally optimal graetersy, 3 andd. Moreover, it
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is also not clear if such a locally optimal parameter choide would yield better convergence
rates of the explicit Runge-Kutta scheme which we apply tees¢b.1). In reference [71] the
authors even claim that for a similar flow problem numerodsutations showed that in general
a constant choice of the parameters yields the best com@rgates. Unfortunately they could
give no theoretical reasons for their observation.

To this end let us present some heuristic parameter choles which can be found in the
literature (see e.g. [57]). These rules usually try to fatlsree main aspects:

a) For low Mach numbers the parametar$ andd need to be chosen such that the eigen-

values of/\g), i =1,2,3 are of about the same magnitude.

b) For transonic and supersonic flows the parametgdsandd should be chosen such that
the preconditioner has only little influence on the systepreconditioning is even turned
off.

c) To ensure that the preconditiori&mw,) is nonsingular it is a necessary condition timat>
0. Moreover, to avoid instabilities it is even required tathd? away from zero, that is

e = B >e>0

a2
for somege > 0.

Let us start with a choice of parameters to satisfy conditipnTo simplify the situation we
choosen = 0. Then we need to determideandf3 such that

B(1+(y—1)3) = a2 (5.22a)
By?pes _ 0 (5.22b)
(y=1% = 0. (5.22¢)

From (5.22b) and (5.22c) we conclude that for supersonicsfiow 0 is required to turn the pre-
conditioning off. Then, by (5.22a) we hage= a°. Indeed, for this parameter choiBéw,) =1,
that is preconditioning is turned off.

In the low Mach number case our goal is to minimize the refetio

I
u?

. i=123

Note that this problem is independent&®f Since we are in the low Mach number case, that
isM =~ 0, we neglect terms which contain the Mach numet= ||u||2/a. If we assume th&d
is a function of the flow velocity, that is

B:=B(u):=lul3
we have
W) = 5 (a-wus o) < 5 (a-wury/a-wnea)
p@ = %((1—a)ui—\/(1—a)2ui2+4[3)2%((1—a)ui— (1—0()2ui2+4)
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and therefore foo = 0 we have

Wl 145

!
Unfortunately, so far we did not take care of condition c).alid instabilities in [15] it was
suggested to It not only depend on, but also to defin§ piecewise, more precisely

. i=123 (5.23)

g, M <eg,
Buy=<¢ [ul3, e<M<1, (5.24)
a, M > 1,

for somee > 0. In this contexk plays the role of some threshold parameter. Unfortunately
at the outset it is not clear how to determine a suitabl&or example, choosing it too small
possibly leads to numerical instabilities.

In [57] the following choice fo3, which is only slightly different from (5.24), was suggeste

B(u) = min{max{||ul|3,K | u«||3} ,a%} (5.25)
or rather ,
B(u) = min{max{ ull3 <1+ u;ﬂillAO)Mz) ,KHumH%} ,az} . (5.26)
0

Here||u«||2 denotes the speed of the inflowing fluid. The choice (5.25)tha®ffect that for
supersonic flow3 = a®. As mentioned above, this is a desirable effect since pditioning
should be turned off for supersonic flows. The paramiétaeeds to be set a-priori and plays —
as above the — the role of a cutoff value. In numerical applications theiceK = 1 is often

a suitable choice and yields sufficient convergence reslilthis choice leads to instabilities
numerical experience has shown that one should try chidasél, 4].

Finally, let us summarize which parameter choice rules amglémented in the DLR TAU-
Code. Since the effect af is harder to analyze and not so well understood throughdut al
implemented methods = 0. To determing3 we use criterion (5.25). For the choice ®@fwo
different implementations are available.

a) The first one is a hard codéd= 1. This implementation worked quite well over the last
several years but it often leads to numerical instabilitiemixed flow fields where there
are regions of subsonic and supersonic flows.

b) Instead of a hard codedwe distinguish whether the current cell-center is in a saoleso
or supersonic state. To this end we defihe= 8(M) where

0, M2>1,
o(M) = { 1 M2<1 (5.27)

Numerical experience has shown that this choice often yitddh better stability of the
algorithm. Moreover, if the user forgets to turn precormhitng off for a transonic or
supersonic case often numerical instabilities can be adoid

Naturally, we can easily implement other choices for theapuaaters. For example, instead of
choosing ford the cutoff function (5.27) we could also think of any (contius) functiond
satisfyingd(M) = 0, M > 1 andd(0) = 1, for instance

- 0, M2 > 1,
6('\")'_{ f(M), 0<M?<1,
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where f(t) = 1—t". Further experience and research is required to optimz@#nameten.
The choice (5.27) corresponds to the caseco.

Naturally, there is also potential to optimize the paramsateand3. For example, instead of
using fixed values foP by (5.24) it is indicated to determir&also by some function of the
flow velocity. Still for the parameterd andf3 at least their maximum and minimum value are
determined, namely

B e [e,a] and 5¢]0,1],

wheree is determined by either (5.24) or (5.25) or (5.26). An appiatp choice ofx is so far
not clear at all. Hence, in particular it would be interegtin investigate the choice of in
future work.

5.6 Implemented preconditioners

In the DLR TAU-Code basically one preconditioning methoddrplicit Runge-Kutta methods
is available to compute steady state solutions of the EuldrNavier Stokes equation. This
method is implemented in three different ways. It is thedayithis section to compute explicit
formulas of the preconditioner. These explicit formulas equired for an efficient implemen-
tation.

The first implemented preconditioning technique is basedhenconservative variables;.
Then the preconditiondr given by (5.9) takes the form

ow ow
(W1, Wg) = a—lp( )a—w‘l‘

and the preconditioned Euler equation (5.10) simplifies to

oWy awl aw4 3 of)
" ows 4w 2, % O

(5.28)

that is for an efficient implementation an explicit formuta (w1, wa) is required. Note that
for large scale flow problems it is in particular desirabl@¥oid the two matrix multiplications

required to determine
aW1 6W4

S P(Wg) —

aW4 awl’
since these multiplications yield a significant increastheftotal complexity.

(5.29)

Experience shows that preconditioning of the conservativeblesw; yields more often to a
loss of stability when compared to preconditioning of thiengtive variablesw,. The reasons
for this observation are not clear to us. However, with respethe primitive variablesv, the
preconditionef is represented throudh(wa, ws) given by

0W4

I (Wa,Wg) = P(Wg)=— oWy

To this end, the preconditioned Euler equation (5.10) waegpect to the primitive variables is
also given by (5.28). Hence, an explicit formula for the nxg6.29) is required. To this end let
us now explicitly compute the entries bfw,,w,4). Note, we do not compute explicity every
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entry. The missing entries follow by symmetry arguments.tke first row we compute using

- 2
WIME  1-yu (- (1-yus y-1
_u 1 0 0 0
ows _ b 0 1 0 0
5 = D p
owy -t 0 0 1 0
1 <(vfl)|\UH§ —T) (I-yu  (I-yYw  (I-yuz y-1
p 2 p p P p
_ (Yy=Dllulz  oyp 1/ (y=Dul5
r(W4,W4)171 = ngiz n12 T 6p 72 T
_ 2 _ 2

_ 2 2
T LT TR

2 T
~ B (- 1e- 1Tz
M(Wg,Wa)12 = ng(l—y)ul—ngé(l—y)%
= mfug(1-v)(9—Vd)
= (Yy=1)(d-1nruy,

M(WaWa)13 = ng(l—y)u2—mZ$5w

p
(1—y)mPuz(g— Vo)
(Y= 1)(8—1)mfu,
r(W4,W4)175 = ng(y— 1) — ngé%

= nmf(y—1)(g—yd)
= —(y-1)(8-1)n?,
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and for the second

M(Wa,W4)21 =

M(W4,Wa)20 =

M(Wsg,Wg)23 =

(W4, W4)25 =

row

_aug(y-Dfulf ui auyp? ((V—1)||U||§ _T)

pa? 2 p pa2Tp 2
U au((y-18) (- Dljuel? | ausypd ((y-Dulf
p pa? 2 pa? T p 2
U e caurulf au
> +(y—1)(6-1) 2002 pa2y6T
up aug||lull3  aupyp
1 —1D(d— — i
> +(y-1(-1) 2082 p@ p d

au|ul|3
2pa?
}+0(U1V_p6(1—V)U1
p pa2T  p

—%(1+a6)+(y— 1)(5-1)

———(1-yu+

1 au?

0 (Y=1)(d- 1)@,
au1yp(1-y)u
pa> T p

—— (1-y)u+

(1-y)(Y0—(1+Yd-9))

auqu2
(- D17 5

—0ug, ., auyp (y-1)
paz( b pazTé o
auq

(y—l)(é—l)ﬁ.

Note that the missing entries for the first, second, third fangth row follow by symmetry
arguments. Concluding we want to compute one element frerfifth row,

(W4, W4)52

- %mﬁg—lm—wuﬁ(l—(v—1>m26><1‘py)“1

_ (1;;/)U1 ((y— D) (MP(1+ (y—1)8) — 1) +y—y(y— 1)nid)
_ Q=yu . _
=y (- (y=nE-1m).
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Hence, summarizing the computations above we have

Bd 0 0 0 0
—2(1+ad) 5 0 0 0
M(Wa,Wg) = —g(1+ad) 0 b 0 0
—2(1+ad) 0 0 5 0
y-1 2_ (I-yu (I-yup (1-yjus y-1
P ([36+||UHZ H) P P P P
2
el mu;  mPu;  nPug —nP
auy [lu]| _aug _Oulp  _ Qulg aw
2a2p ap a2p ap ap
- aufuli3 _aulp o __ Oz aup
2a2p ap T ap azp azp
aus||ul3 _ Ouus _ Qupus GU% aug
2a2p a2p a2p T ap ap
(=D uE  (v-DmPuy (y-DnPu (y-DmPug (y-Dn?
yp 2 yp yp yp yp
where
6:=(0—-1)(y-1).
Finally, for the implemented case= 0 we get for (5.29) using
p _pk
F)Bl 0 8 8 pBl
b D ol
owr _ | ez g 0 P
aws | ol o y
4 p—p3 0O 0 p B
E pu puy pus —PLlE
the explicit formula
1+¢  C(ow (oUz (oU3 —(2
o G 1404 Zowlp  Qoupuz  —ZoWg
TArwawg) = | Qe Doty 14005 lolpuz  —QoWp
oWy 121U3 louuz  Qopuz  14+%U3  —Qous
% Col3ur  Colslz  Col3uz 1—Col3
where
B
(s = 1+(0-1)5
(2 = %53
o o= Bo W,
y— 1 2
= 1+ —M~.
Co >

Note, if in a supersonic state we have by (5.85) a2 and by (5.27p = 0 and hencés =, =

(1 =0, then

aW]_

——T4=1€R>™S,

0wy
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that is (5.10) simplifies to the non-preconditioned Eulenatpn (5.1). This yields numerical
stability of preconditioning in the case of larger Mach nargh Due to (5.11) we still need an
explicit formula forl (w4, w4) 1 for a = 0, which is given by

YP
O 01 ﬂ

0 0
——0o1)uy p 0 O Glyyfplul
0O »p

0 01%U2 ,

1
M(wa,Wa) "= | (7 —01)W
1

—oi)uz 0 0 p 01%%

—1-02 pw pux puz (1+02)7%

where

y—1 y—1..
=(0—-1)—— d =0-1)(1+—M“).
o=V and o (-1 (14 Y we)
For the rest of this chapter we refer to the different implatagons of preconditioning based
on the different parameter choice rules in the following way

a) WithPold we denote the implementation of the preconditioner witpeesto the primi-
tive variables and parametexs= 0, = 1 andp given by (5.25).

b) With F'P"®Wwe denote the implementation of the preconditioner witpeesto the prim-
itive variables and parametexs= 0, o given by (5.27) ang by (5.25).

c) With rPeonswe denote the implementation of the preconditioner witpeesto the con-
servative variables and parameters- 0, d = 0 andp given by (5.25).

5.7 Numerical examples

Although the theory in this chapter has been only carriedausimplicity for the Euler equa-
tion, preconditioning also works pretty good for Navieoi&ts test cases. To validate the dif-
ferent methods we plot the residuals, the pressure drag@@aird the pressure coefficient cp.
The pressure drag can be used as a measure of accuracy becaigesonic inviscid flow it
vanishes. Finally note that because of (5.23) we expecirithe preconditioned simulations
the convergence speed and the accuracy is independentariftbesr Mach number.

5.7.1 NACAO0012

We start our numerical investigations of the implementegtpnditioning techniques with the
flow over a NACA0012 airfoil. In Figure 5.2 a section of the Bugrid used for the compu-
tations is plotted. First of all, by Figure 5.3 it can be obserthat for low Mach numbers the
convergence deteriorates rapidly. This loss of convergand accuracy can be avoided by ap-
plying preconditioning. Figures 5.4, 5.5 and 5.6 show [H&td andr P"®Wyield similar results.

As indicated in Section 5.5 from Figures 5.8, 5.9 and 5.10 i®eove the superiority of the
choice ofd by (5.27) when compared with the hard coded 1. For all Mach numberM €

{0.75,0.8,1.2} the preconditioned flow solver shows instabilities (seeiféds.9) for the hard
codedd whereas in the case where the preconditioner takes cargyefsanic and subsonic
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Figure 5.2: NACA0012 Euler grid
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Figure 5.3: NACA0012 airfoil, angle of attack 2.0°, convergence of the residuals and C-
drag for different Mach numbers without preconditioning
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Figure 5.4: NACAO0012 airfoil, angle of attack 2.0°, convergence of the residuals and C-
drag for different Mach numbers with preconditioning '
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Figure 5.5: NACA0012 airfoil, angle of attack 2.0°, convergence of the residuals and C-
drag for different Mach numbers with preconditioning Pnew
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Figure 5.6: NACAO0012 airfoil, angle of attack 2.0°, comparison of the residuals and C-drag
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flows the results are comparable to those without precamditg. Unfortunately the conver-
gence speed with turned on preconditionifig®"is slower when compared with precondition-
ing turned off. In Figure 5.7 we have plotted the cp distridauton the airfoil. Once more it
can be observed that in the preconditioned case the obtar®dacy is independent of the
Mach number. accuracy. Finally, Figures 5.11 — 5.13 showes@sults we obtained by using
a LUSGS-scheme. For this method the superiority of predmmiing is also evident.

5.8 Technical implementation details

In this section we shortly present some technical detaithahges in the DLR TAU-Code with
respect to the new implemented parameter choice rules émopditioning. We start with the
user interface.

The preconditioning techniques implemented so far couldHmesen in the following way. In
the parameter-file parameters were defined through:

Preconditioner(0/1/2)
Cut-off value

The choice) was the default value and implied that preconditioning ra¢d off,1 turned the
preconditioning with respect to the primitive variablesamd? turned the preconditioning with
respect to the conservative variables on. The default vafiuke Cut-off value is 1. The
Cut-off value  corresponds to the parametein (5.25).

Since TAU release 2008.1.0 the possibilities of precoaditig will be extended and can be
chosen in the following way. In the parameter-file paransetee defined through

Preconditioner
Cut-off value

TheCut-off value  works as described above. The valid parameters for the gheaPneconditioner
have been replaced by

(none)
PrimOld
PrimNew
Conservative

Naturally, (none) means that preconditioning is turned off, which is the difealue. The
preconditioning methods are based on the preconditioqes, w) and differ on the choice of
the parameters. For the TAU-user only methods for the cloiee) are available. The choice
PrimOld represents preconditioning based on the primitive vaembl= 1 is hard coded an@
given by (5.25). The suffiOld means that this method coincides with the preconditioning
method which was already available in older TAU-versionsisTmethod corresponds to the
casel in the older versions.

The choicePrimNew represents preconditioning based on the primitive vaegblgiven by (5.27)
and given by (5.25). The suffiNewmeans that this method is not available in older TAU-
versions.

The methodConservative  corresponds to the cagan the older versions. Supported by the
numerical examples shown in Section 5.7 we recommend t@nrssew .

Besides the methods above we implemented the general pligoasr ' (w4, wW4), which is
only available in the developer version of the code. Thisuis tb the fact that further research
is necessary for an appropriate choice of the paramet@andd to speed up convergence. So
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far, unfortunately, we were not able to find satisfactoryapagter choices. On some examples
we could already show that better convergence rates arkallegibut in other examples these
parameters yield numerical instabilities.

Moreover, so far the preconditioning had been implementedree different files of the TAU-
Code,

residuals.c
flux_classic_dissipation.c
flux_central_dissipation_reciproc.c

To improve the quality of the TAU-Code we have removed theeawith respect to the precondi-
tioning from these files to the already existing fipesconditioner.h andpreconditioner.c

In preconditioner.c the different preconditioners and their inverse are nowlémgnted.
This has the advantage that in future work other availaldegnrditioning techniques or param-
eter choice rules can be easily added into the TAU-Code.

5.9 Concluding remarks

Finally, let us shortly summarize our results and give amowbkt

The new implemented preconditioning technique in the DLRJT@ode showed in all the ex-
amples we considered superiority to the old method. Thisasiypdue to the fact that the more
flexible parameter choice rule avoids in particular for éaldach numbers numerical instabili-
ties.

Because of this fact we think that further research for beiited parameter choices can be
profitable to speed up the explicit Runge-Kutta methodsie@pb compute steady state solu-
tions. In particular a suitable choice of the parametes an open problem.



6 Parallelization

6.1 Introduction

For parallel computing on grids (especially unstructuneds) domain decomposition is a pow-
erful concept: Given a numbé& of processors, the whole computational domain (grid) is de-
composed intd® subdomains (subgrids). Each of tReprocessors computes on one of the
subgrids.

Usually communication between the processors is requieeduse the solutions on the subdo-
mains depend on each other. Here the algorithms requiratiéqparallelization of the solver
are described. In the description variable names are usethke references to the data as
simple as possible. Variable names are typeset in a styde/dik The notation of structures
are used like they are defined in the C programming languagmfdainers of data. The nota-
tion is containervar.contentsvar, wherecontainervar is a variable of container type (C struct)
containing several variable®ntentsvar. Note thatcontentsvaralone is not defined.

Furthermore the convention that arrays are indexed fromdinte-1 is used like in C and that
we can assign complete arrays (what we cannot in C).

6.2 Specification of the domain decomposition

The solver operates in different ways on two in principldéedé#nt kinds of data types:

1. Operations that compute point variables directly frore onmore point variables. For
these operations no data of other points is required to ctergpuone point.

2. Operations that need data of songgghboringpoints to compute the result for one point.
For these operations connectivity information is requifBde main kind of connectivity
data used in the solver are the edges. Other connectivityidagiven by the bound-
ary faces where a near point is connected to a boundary piiote connectivity data
is defined by the grid to grid connections of the differenttpvels from the multigrid
algorithm.

As much as possible of these operations should be performeshe subdomain of the grid
without communication. Furthermore the required commaition interface should be clear and
simple to ensure that further development of the flow-sdkesps as easy as possible without
re-investigating parallelization.

6.2.1 Assignment to the subdomains

The data is assigned as follows to the subdomains:

134
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1. Each point of the full grid is assigned uniquely to one srbdin. We say that these
points are owned by the corresponding subdomains.

2. All connectivity data that is required to compute a sudutefor the own points is assigned
to the subdomains.

3. All points referenced by the connectivity data on a subgionthat are not owned by it
are also assigned to the subdomain. These points are cdti@taal points.

Example

The following example helps to make the assignment clearer.

Domain O,’l Domain 1

Figure 6.1: Triangulation, sub-divided into two subdomains

The Figure 6.1 illustrates: the triangulation is built frdrh points from which 8 are located on
the boundary, the connectivity is given by 22 edges. In tlsé $iep five points (0, 3, 4, 7 and 8)
are assigned to domain 0, the remaining six points (1, 2, % a6d 10) are assigned to domain
1.

The connectivity data for the five own points of domain 0 isegivby the following 14 edges:
0-1, 0-3, 0-4, 1-4, 3-4, 3-7, 4-5, 4-7, 4-8, 5-8, 7-8, 7-9, 84l 8-10. When inspecting these
edges one finds that in addition to the five own points (0, 3, @nd 8) also four additional
points (1, 5, 9 and 10) are referenced. These additionatgpane also needed on domain 0.
On domain 1 15 edges are needed: 0-1, 1-2, 1-4, 1-5, 2-5, 5654, 5-8, 5-10, 6-10, 7-9,
8-9, 8-10 and 9-10. These require also four additional pdiit4, 7 and 8).

Remarks

The described assignment introduces some memory overlmeagaced to a single domain
storage. Parts of the connectivity data will be stored onentioan one domain. Furthermore the
additional points increase the memory requirement fortpa@nables and geometry data.
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The relative amount of memory overhead depends on the nuofilmints and edges on the
domain interfaces compared to the total number of points.

The overhead in the example above is very large becauseithesgo small. On grids with
several thousands of points the relative overhead is mualiemeven if the number of domains
grows.

The computation of the edge cuts is performed by the gridtmaning algorithm. The resulting
overhead depend on its quality.

6.3 Algorithmic description of the domain decomposition

The description is closely related to the datastructured usthe code. It should directly apply
to any code using aedge-based datastructuamd with some modification also to more general
codes on unstructured grids.

First the description is restricted to the singlegrid cadee extension to multigrid is discussed
later.

The algorithms are described in the sequence that corrdsgorthe data flow of the running
program.

6.3.1 Required data

The whole grid in edge based form is required. This is givethieyfollowing data:

[ —

. hfaces, npoints(integer): Grid dimensions, number of faces and number oftpo

2. fpoint[nfaces][2] (integer): For each face the indices of the two points / admolumes
which this face separates. These faces are associatede® efdipe primary grid.

3. fnormal[nfaces][3] (double): For each face the face vector (area times nornabre
pointing from first to second control volume).

4. pcoord[npoints][3] (double): Spatial coordinates of the points.
5. pvolume[npoints] (double): Volumes of the control volumes associated to thetp.
6. bdrypart : A linked list of boundary partbp containing the following data:

(a) bp.nfaces(integer): Number of boundary faces of this treatment type.
(b) bp.treatment (integer): Treatment type of this part of the boundary.

(c) bp.fpoint[bp.nfaces] (integer): Indices of the points associated to the facede No
that inside one boundary part a point is referenced at mas#,dvut a boundary
point can be referenced from multiple boundary parts.

(d) bp.npoint[bp.nfaces](integer): Indices ohear points of the face points. For each
boundary face this is a point connected to the corresponfdicey point by a face
(edge)t.

(e) bp.fnormal[bp.nfaces][3] (double): For each boundary face the face vector (area
times normal vector pointing out of the computational damhai

10ne should note that there are two types of faces: First thesfthat are associated to edges for the primary
grid and second the boundary faces that describe the bouofifre computational domain.
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All this data is computed from the primary grid in the firstééwof the pre-processing algorithm.
Here it is simply assumed that the data is available.

6.3.2 Grid partitioning

The grid partitioning is an independent part that can bezedlin very different ways without

effecting the other algorithms. For grid partitioning sigticated public domain software is
available, which can easily be coupled with the existingses. The coupling is performed for
the public domain grid partitioning software packagetis. A simple self-coded partitioning

algorithm is implemented in addition (used by default). Bloformation about the partitioning

algorithms is given in the chapt@rid partitioners . Here we restrict to give the input/output
specifications.

Input

The grid partitioning algorithm in principle can take theold grid data available plus some
weighting information (see below). Of coarse also the nunalbsub-domain:idomainsthat
will be created has to be specified.

For each point of the grid a weiglpointweight[npoints] (integer) is given, specifying the
relative computational costs for each node. These arertdiyréefined for a poinP by the
number of edges that endh The weights are solver dependent and will have to be chaihged
the main work of the solver is no longer dominated by the lomges the edges (faces).

Output

The only output of the grid partitioning algorithm is the daim number (integer) for each
point P, specifying which domain ownB. These numbers are stored in the fiplintdo-
main[npoints] (integer).

Interface for external grid partitioning

In order to allow the use of external grid partitioners wggi partitioning input data’ or reading
'partitioning output data’ can be invoked by using the ajpiate parameter settings. The
interface files are ascii files. The formats are suitable $tmgmetisin stand alone mode (there
are also other public domain partitioners using the sanmadgre.g.chaco.

6.3.3 Sub-grid definition

Input

For the sub-grid definition the whole data available at ttags is required.

Output

ndomains subgridssubgrid[ndomains] (structures). Each subgratj=subgrid]i], i from 0 to
ndomains—1 contains the following data which is very similar to thegimal edge based data
from the whole grid (see section 6.3.1).
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9.
10.
11.
12.

13

. sg.nownpoints, sg.naddpoints, sg.nallpoints, sg.nfac@steger): Sub-grid dimensions,

number of points owned by this domain, humber of additiormh{s, number of own
points plus number of additional points, number of faces.

. sg.ncommdomains(integer): Number of domains this domain needs to commtmica

with. This number is in any case less thaiomains

sg.globalidx[sg.nownpoints]integer): For each own point the index this point has in the
original full grid. These indices are not required by the femiver but by post-processing
tools to gather the solver’s output data.

sg.addpointowner[sg.naddpoints](integer): Domain numbers of the additional points’
owners.

sg.addpointidx[sg.naddpoints] (integer): Point indices on the owner’s domain.

sg.sendcount[ndomains]integer): Number of points that are needed by the other do-
mains and must be sent at communication events.

. sg.recvcount[ndomainsjinteger): Number of (additional) points that this domageds

from the other domains and must be received at communicatients.

sg.commpartner[sg.ncommdomains{integer): Sequence which this domain uses when
communicating with the others. This array contains the domambers. If between two
domains information needs to be exchanged in both direinsis the usual case!) then
the domain with the lower number sends first.

sg.fpoint[sg.nfaces][2]integer): See Part 6.3.1.
sg.fnormal[sg.nfaces][3]double): See Part 6.3.1.
sg.pcoord[sg.nallpoints][3](double): See Part 6.3.1.
sg.pvolume[sg.nallpointsfdouble): See Part 6.3.1.

sg.bdrypart: Linked list of boundary parts like in Part 6.3.1.

sg.fpoint[sg.nfaces][2] sg.fnormal[sg.nfacesjare face data of all faces from the whole grid
that have at least one point owned by the domain stored in

sg.pcoord[sg.nallpoints][3] sg.pvolume[sg.nallpointsiare point data of the own and the ad-
ditional points.

sg.bdrypart are those boundary faces from the whole grid that have a laoyrfdce point
which is owned by the domain storedsg

Computation of the output data

For the computation of the subgrid data we need two additinteger arraypointidx[npoints],
allpointidx[npoints] and integer variablesj, k, kk, n, nn, n1, n2, nown, k1, k2, nmin.
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1. Init thesendcountandrecvcountarrays:

for k=0,...,ndomains-1do
for kk=0,... ndomains—1 do
subgrid[k].sendcount[kk] := 0
subgrid[k].recvcount[kk] := 0
done
done

2. Count number of points owned by each subgrid:

for k=0,... ndomains—1 do
subgrid[k].nownpoints := 0
done
for i=0,... ppoints—1 do
k := pointdomain(i]
subgrid[k].nownpoints := subgrid[k].nownpoints+1
done

3. Allocate the arrayglobalidx and reset theownpoints variables:

for k=0,... ndomains—1do
allocate(subgrid[k].globalidx, subgrid[k].nownpoints)
subgrid[k].nownpoints := 0

done

4. Assign the global indices and recompute rilog/npoints variables:

for i=0,... ppoints—1 do
k := pointdomain(i]
subgrid[K].globalidx[subgrid[K].nownpoints] =i
allpointidx[i] :=subgrid[k].nownpoints
subgrid[k].nownpoints := subgrid[k].nownpoints+1
done

5. Now loop over the subgrids and compute the remaining deté is a quite long loop
containing some sub-loops. Most of the data is computed here

for k=0,... nhdomains—1 do

(a) Shortcuts:
nown := subgrid[k].nownpoints
(b) Initlocal indices:

for i=0,... npoints—1 do
pointidx[i] := npoints

done

for i=0,... nown—1do
pointidx[subgrid[k].globalidx[i]] :=i

done
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(©)

(d)

(€)

Count faces, find and count additional points.

Additional points are required for several reasons. The didslitional points are
introduced due to faces that connect own points with poitssal by other domains.
More additional points may be introduced due to the bountiargs: There may be
near points on other domains while the face point is on domain

The faces counted for domalnare those with at least one point owned by domain

k. For the additional points due to boundary faces we insgecnear points of
boundary faces with a facepoint owned by doniain

subgrid[k].naddpoints := 0
subgrid[k].nfaces:=0
for j=0,... nfaces-1do
if pointidx[fpoint[j][0]] < nown or pointidx[fpoint[j][1]] < nown then
subgrid[k].nfaces := subgrid[k].nfaces+1
fori=0,1 do
if pointidx[fpoint[j][i]] = npoints then
pointidx[fpoint[j][i]] :=nown-+subgrid[k].naddpoints
subgrid[k].naddpoints := subgrid[k].naddpoints+1
endif
done
endif
done
for eachbp of the original whole gridio
for j=0,... pp.nfaces-1 do
if pointidx[bp.fpoint[j]] < nown
and pointidx[bp.npoint[j]] = npoints then
pointidx[bp.npoint[j]] :=nown+subgrid[k].naddpoints
subgrid[k].naddpoints := subgrid[k].naddpoints+1
endif
done
done

Allocate remaining point and face variables:

subgrid[K].nallpoints := nown+subgrid[k].naddpoints
allocate(subgrid[k].addpoint _owner, subgrid[k].naddpoints)
allocate(subgrid[k].addpoint _idx, subgrid[k].naddpoints)
allocate(subgrid[k].fpoint, subgrid[k].nfaces)
allocate(subgrid[k].fnormal, subgrid[k].nfaces)
allocate(subgrid[k].pcoord, subgrid[k].nallpoints)
allocate(subgrid[k].pvolume, subgrid[k].nallpoints)

Copy the pointdata and set the additional point’s refegs. Furthermore thseend-
count andrecvcountare updated:

for i=0,... npoints—1 do
n := pointidx([i]
if N < npoints then
subgrid[k].pcoord[n] := pcoord][i]
subgrid[K].pvolume[n] := pvolume]i]
if N > nown then

2More reasons for additional points are given by the multigelated datastructures, see section 6.4.



6. Parallelization 141

n :=n—nown
kk := pointdomain[i]
subgrid[k].addpoint _owner[n] := kk
subgrid[k].addpoint _idx[n] := allpointidx]i]
subgrid[k].recvcount[kk] := subgrid[k].recvcount[kk] +1
subgrid[kk].sendcount[Kk] := subgrid[kk].sendcount[k] +1

endif
endif
done

() Copy the face data:

subgrid[Kk].nfaces:= 0
for j=0,... pfaces-1do
if pointidx[fpoint[j][0]] < nown or pointidx[fpoint[j][1]] < nown then
subgrid[K].fpoint[subgrid[k].nfaces][0] := pointidx[fpoint[j][0]]
subgrid[K].fpoint[subgrid[k].nfaces][1] := pointidx[fpoint[j][1]]
subgrid[K].fnormal[subgrid[k].nfaces] :=fnormal[j]
subgrid[k].nfaces := subgrid[k].nfaces+1
endif
done

(g) Compute the boundary parts of the subgrid. After the agsatpon the list of bound-
ary parts has to be cleaned up in the sense that empty paet$diag removed from
the list (simple implementation, not described here.).

for eachbp of the original whole grid computgbp of the subgridgo

I. Treatment is the same:
sbp.treatment:= bp.treatment

ii. Count the faces that are to be copied:

sbp.nfaces=0
for j=0,... pp.nfaces-1 do
if pointidx[bp.fpoint[j]] < nown then
sbp.nfaces= shp.nfaces1
endif
done

iii. Allocate thesbp data:

allocate(sbp.fpoint, sbp.nface$
allocate(sbp.npoint, sbp.nface¥
allocate(sbp.fnormal, sbp.nface}¥

iv. Copy the data:

sbp.nfaces=0
for j=0,... pp.nfaces-1 do
if pointidx[bp.fpoint[j]] < nown then
sbp.fpoint[sbp.nfaces]:= pointidx[bp.fpoint(j]]
sbp.npoint[sbp.nfaces].= pointidx[bp.npoint(j]]
sbp.fnormal[sbp.nfaces].= bp.fnormal[j]
sbp.nfaces= shp.nfaces1
endif
done
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done
done

This ends the long loop over the subgrids.

6. Count the domains each domain has to communicate with.irfopaommunication is
only counted once. We negate thendcountandrecvcount values in this part to flag
those communication pairs that were already counted. ltlaggrwill be negated again.

n:=0
for k=0,... ndomains—1 do
subgrid[k].ncommdomains := 0
done
for k=0,... ndomains—2 do
for kk=k+1,... ndomains—1 do
if subgrid[k].sendcount[kk]+subgrid[k].recvcount[kk] > O then
subgrid[k].ncommdomains := subgrid[k].ncommdomains+1
subgrid[kk].ncommdomains := subgrid[kk].ncommdomains+1
n:=n+1
subgrid[k].sendcount[kk] := —subgrid[k].sendcount[kK]
subgrid[K].recvcount[kk] := —subgrid[k].recvcount[kK]
endif
done
done

7. Now allocate the communication sequence arrays andtresebunts:

for k=0,... ndomains—1 do
allocate(subgrid[k].commpartner, subgrid[k].ncommdomains)
subgrid[k].ncommdomains:= 0

done

8. Last define the communication sequences. The commumcsgiguences are important
from two different points of view. First, dead looks have ® firevented. Second, the
full bandwidth of a parallel computer should be used to kempraunication as cheap as
possible.

fori=0,...n—1do

(a) Init the count limit such that each communication pait & lower counted:

nmin ;= ndomains- ndomains
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(b) Loop over the possible communication pairs and find tbatcounted one with the
lowest communication sequence length:

for k=0,... ndomains—-2 do
for kk=k+1,... ndomains—1 do
if subgrid[k].sendcount[kk]+subgrid[k].recvcount[kk] < O then
nl := max(subgrid[k].ncommdomains, subgrid[kk].ncommdomains)
n2 := min(subgrid[k].ncommdomains, subgrid[kk].ncommdomains)
nn := ndomains- n1+n2
if NN < nmin then

kl:=k
k2 :=kk
nmin :=nn
endif
endif
done

done

(c) Setthe communicatiokq, k2):

subgrid[k1].sendcount[k2] := —subgrid[k1].sendcount[k2]
subgrid[kl1].recvcount[k2] := —subgrid[k1].recvcount[k2]
subgrid[k1l].commpartner[subgrid[k1l].ncommdomains] := k2
subgrid[k2].commpartner[subgrid[k2].ncommdomains] := k1
subgrid[k1l].ncommdomains:= subgrid[k1l].ncommdomains+1
subgrid[k2].ncommdomains:= subgrid[k2].ncommdomains+1

done

6.4 Extension to the multigrid case

6.4.1 Additional grid and sub-grid data

For the connection between the gridlevels three datafieleladded to the grid as well as to
the sub-grid containér Because we have more than one whole grid in the multigrid ase
grid and coarse grids) we use containers for the whole goimlsTthere is one grid-container for
each gridlevel.

Assume, we have two consecutive gridlevels (a fine gl and a coarse gridgrid). On the
fine grid we store for each point the index of the correspoggbioint on the coarse grid (the
coarse grid controlvolume into which the fine grid contrdlwoe is fused). On the whole grid
this is stored in the array

fgrid.parent _pnt[fgrid.npoints] (integer)

On the coarse grid we store for each point the indices of tild-ploints on the fine grid (the
fine grid controlvolumes that were fused into the coarsegpitrolvolume). There are variable
counts of fine grid controlvolumes fused into the coarse goittrolvolumes so the indices are
stored into two arrays:

cgrid.child _pnt[fgrid.npoints] (integer),

cgrid.child_pntidx[cgrid.npoints +1] (integer).

3The number three is not true for the finest and the coarsetiegel. On the the finest gridlevel thodild _pnt
andchild_pntidx fields are not required while on the coarsest gridgheent_pnt field is not required.
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The first array contains the fine grid point indices while teeand contains indices into the first
to locate the child point indices for specific coarse gridhpgi That means the fine grid point
indices for a specific coarse grid pog are stored in

cgrid.child_pnt[cgrid.child _pntidx[cp]]

to cgrid.child _pnt[cgrid.child _pntidx[cp +1]—1].

On the subgrids the variables are named identically. Assumaethat we have a subgridg
from fgrid and a subgri@sgfrom cgrid, both with the same domain index. The fields are here
fsg.parent pnt[fsg.nownpoints] (integer) and

csg.childpnt[???] (integer),

csg.childpntidx[csg.nownpoints+1] (integer).

The childpoints from the own points arsgare the same as the childpoints of these points on
the whole coarse gridgrid. This defines the dimension o$g.child pnt as the sum of the own
point’s children count.

6.4.2 Moreadditional pointson the subgrids

The parent_pnt andchild_pnt indices define some connectivity between points (on differe
gridlevels). This may require additional points on the sudsy If againfsgis a subgrid of the
fine gridfgrid andcsgis a subgrid of the coarse gregrid, both with the same domain index (on
the same processor), then we require that all coarse gndsp@ferenced bfsg.parent.pnt[]
are available omsgand all fine grid points referenced logg.child pnt[] are available oifsg.
This extends the part where the additional points are defamedcounted (see section 6.3.3,
item 5c¢ on page 140).

6.5 Communication interface

The domain decomposition described so far can or should b&io@d in an external pre-
processing program. For the flow-solver itself also a snaaliteonal pre-processing step has to
be added to obtain some index fields.

Assume now, we have the data for h¢h subgridsg= subgrid[k] available (see Part 6.3.3).

At several stages of a flow computation different pointdatiaes of the additional points are
required. Therefore a communication interface is constdic

6.5.1 Communication index fields

In principle the references to the additional points areeston the fieldssg.addpointowner
andsg.addpointidx. For efficiency reasons the message passing between twdrgohas to
be performed in one block. To achieve this, additional inftdgs are stored. Furthermore other
domains also need data that is owned by dorkaifhe indices of these points are currently only
known by the other domains. Frosg.sendcounbnly the counts of these points are known.

The indices are stored in the following two (two-dimensipaarays:
sendindex[ndomains][](integer)

recvindex[ndomains](] (integer)

The second dimensions depend from the first indexand are given bgg.sendcount[kk]and
sg.recvcount[kKk].

The fieldrecvindex can be computed from the fieldg.addpointowner andsg.addpointidx:
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for i=0,... sg.ncommdomainsgio
Kk :=sg.commpartnerfi]
n:=0
for j=0,. .. sg.naddpoints-1 do
if sg.addpointowner[j] =kk then
recvindex[kk][n] :=sg.nownpointstj
n:=n+1
endif
done
done

The fieldsendindexcan not be computed locally but from the other domains. Thesagge
passing facility is already used for this task. On domaithe already computed index field
recvindex is used to pass theendindexfield of the communication partners to those. We
therefor use a communication buffer (see below):

commbuffer[] (variable type)

This buffer is completely hidden by the message passingfatte and is used as container for
different kinds of data.

The index fields are exchanged as follows with the commuioicgtartners:

for i=0,... sg.ncommdomainsgio
Kk :=sg.commpartnerfi]
if Kk > Kk then (first send)
for j=0,. .. sg.recvcount[kk]—1 do
commbufferj] := sg.addpointidx[recvindex[kk][j]-sg.nownpoints]
done
senddata(commbuffer, sg.recvcount[kk], kk)
recvdata(commbuffer, sg.sendcount[kk], kk)
for j=0,. .. sg.sendcount[kk}-1 do
sendindex[KkK][j] := commbuffer[j]
done
else (first receive)
recvdata(commbuffer, sg.sendcount[kk], kk)
for j=0,. .. sg.sendcount[kk}-1 do
sendindex[KkK][j] := commbuffer[j]
done
for j=0,. .. sg.recvcount[kk]—1 do
commbuffer[j] := sg.addpointidx[recvindex[kk][j]-sg.nownpoints]
done
senddata(commbuffer, sg.recvcount[kk], kk)
endif
done

The sending and receiving protocol that is used here is the g$hat will be used below for
sending and receiving the pointdata.

Remarks

It is assumed here that functiosenddata() andrecvdata() for sending data to another task and
for receiving data from another task are available. Thegetions are taken from a message
passing library likevP1.
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The communication buffecommbuffer that is shared for all sends and receives is allocated
with a sufficient size earlier.

6.5.2 Communication routine

For the regular communication calls of the solver only ongtire is provided. It is named
exchange_pointdata(). It performs the whole data exchange for one (two-dimame) point-
data array. The two-dimensional array is passed as an omendional array and the index
computation is done internally.

For this routine thesendindexandrecvindex arrays are required (see above).

Communication is required if updated values of the additigroints are needed for a calcu-
lation. Each domain has to send parts of its own data to otberaths using theendindex
information and to receive the additional data usingrdwindex information.

Algorithm for blocking sends and receives

The used communication protocol ensures that no dead-lcakshappen. Furthermore, if
the number of domains is large then a large number of comratiaiccalls can be executed
independently from each other in parallel, utilising thdigbof independent communication
calls on a powerful parallel computer.

The protocol uses they.commpartnerfield and the rule that if with one communication partner
a send and a receive is required, then the domain with therlowlex first sends and then
receives while the domain with the higher index first receiaed then sends.

The algorithm then looks as follows:

The parameters are the dimensthm?2 and a pointdata array:
pointdata[dim2 * sg.nallpoints] (double). The domain index ais k.

for kk=0,. .. sg.ncommdomainsio
n := sg.commpartner[kk]
if n > k then (first send)
for i=0,... sg.sendcount[n}1 do
for j=0,...dim2—1do
nl:=i-dim2+j
n2 := sendindex[n][i]-dim2-+j
commbuffer[nl] := pointdata[n2]
done
done
senddata(commbuffer, dimZg.sendcount[n], n)
recvdata(commbuffer, dimzg.recvcount[n], n)
for i=0,... sg.recvcount[n}-1 do
for j=0,...dim2—1do
nl:=i-dim2+j
n2 :=recvindex[n][i] -dim2+j
pointdata[n2] := commbuffer[nl]
done
done
else (first receive)
recvdata(commbuffer, dimzg.recvcount[n], n)
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for i=0,... sg.recvcount[n}-1 do
for j=0,...dim2—1do
nl:=i-dim2+j
n2 :=recvindex[n][i] -dim2+j
pointdata[n2] := commbuffer[nl]
done
done
for i=0,... sg.sendcount[n}1 do
for j=0,...dim2—1do
nl:=i-dim2+j
n2 := sendindex|[n][i]-dim2+j
commbuffer[nl] := pointdata[n2]
done
done
senddata(commbuffer, dimZg.sendcount[n], n)
endif
done

Algorithm for non-blocking sends and receives

If the message passing interface supports non-blockingssamd receivedMPI does!) then a
simpler algorithm can be used. Note that the use of non-bigckends and receives usually
reduces the communication time. So this version should éieped.

To use this alternative an own communication buffer for esaid and receive call is required.
Assume we have an array of sendbuffensibuf[sg.ncommdomains][Jand of receivebuffers
rcvbuf[sg.ncommdomains][] all of sufficient size.

The prototype of this routine is exactly the same as for tleekdhg case. The parameters are
the dimensiordim2 and a pointdata array:
pointdata[dim2 * sg.nallpoints] (double). The domain index aiyis k.

First all receives are started. Then the data to be sent isa¢apto the send buffers and the
sends are started. After this all domains have to wait uméilgends and receives are finished.
Finally the received data is copied from the communicatiofidos to the additional points’
memory:

for kk=0,. .. sg.ncommdomainsio
n := sg.commpartner[kk]
start_recvdata(rcvbuf[kk], dim2sg.recvcount[n], n)
done
for kk=0,. .. sg.ncommdomainsio
n := sg.commpartner[kk]
for i=0,... sg.sendcount[n}-1 do
for j=0,...dim2—1do
nl:=i-dim2+j
n2 := sendindex|[n][i]-dim2+j
sndbuf[kk][n1] := pointdata[n2]
done
done

4When compiling the code it is currently a compile time optiorchoose either the blocking or non-blocking
routine
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start_senddata(sndbuf[kk], dim2sg.sendcount[n], n)
done
wait_sends_recvs_finished()
for kk=0,. .. sg.ncommdomainsio
n := sg.commpartner[kk]
for i=0,... sg.recvcount[n}-1 do
for j=0,...dim2—1do
nl:=i-dim2+j
n2 :=recvindex[n][i] -dim2+j
pointdata[n2] := rcvbuf[kk][n1]
done
done
done

6.6 Modifications of the flow solver

The algorithms described so far are modifications that shoot effect the further development
of the flow solver.

Of course, also the flow solver itself has to be modified. Thele/boncept is designed to keep
the amount of changes low and to make them as simple as passibl

6.6.1 Loops over all points or only over the own points?

One part of modifications is introduced by the two differenbrber of point dimension. One
has to decide if a loop over the points of a domain has to irchltpoints or only the own
points.

6.6.2 Addingexchange_pointdata() calls

For efficiency reasons the use of communication calls uskiafjange_pointdata() is not such
simple like it could be in principle. In principle after ealdop that computed some values for
the own points but not correctly for all points a calledachange_pointdata() should be done.

Loops over the faces but also loops over the boundary faaeslysompute the data for the
own points but not completely for the additional points hessanot all faces connecting the
additional points are given on a domain.

Often it is possible to postpone a communication call to saraeputation time or even avoid
some communication calls. Especially the possibility toid\a communication call should be
considered very carefully because communication ususitige main reason for pure parallel
performance.

A typical example where communication calls can be avoidetthé flux computation of the
flow solver. It starts with the computation of the convecfivaes which first needs a loop over
the edges and second over the boundary faces. In the visasesnother loop over the edges
has to be performed to compute the viscous fluxes. Theseltops all add values to tHeux
variables of the points. There is only one communicatiohregjuired after all these sums are
computed.
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6.6.3 Using global reduction operations

For the current flow solver reduction operations are notrésgb required, but it is a nice
feature of the solver that it prints some integral numbegsi@ual, lift, drag and others) after
each multigrid cycle.

To compute these numbers correctly more or less effort hae tgpent. Powerful communi-
cation interfaces lik&1P1 provide global reduction operations like sums. For redidifhand
drag only sums are required. For the residual one has to dentipeisum over all domains be-
fore computing the square root of the sum. For drag and Eftibundary integrals and also the
area (length) of the body have to be computed as global sufosehiBe integrals are divided
by the area.

6.7 Grid partitioners

The grid partitioners currently implemented are a simpleécmded partitioner and the public
domain software packageetis. The simple partitioner can not achieve the partitioningliqy

of sophisticated methods, such that more communicatiorheae decrease the parallel per-
formance. When using only a small number of processors gt or 4) the effect remains
negligible. In such a case it is of advantage that the paiitig itself is much faster. Going to
massive parallel computations the use of other partit®rsarecommended.

6.7.1 Simple partitioner

The default partitioner computes the edgecuts accordicgaodinates. If two partitions have
to be computed it is compared if the partitioningkat const & is the position on half the way
betweenx-max andx-min) requires less cuts of edges than a cuy at const orz = const.
The best of the three cuts is used. If three domains have tot@uted the partitioning is
performed by dividing first in 2 subdomains weighted with &/l 2/3. The second subdomain
is then divided again in 2 partitions with equal weights. étther numbers of subdomains are
computed using the same algorithm recursively, e.g 7 subdtare obtained by dividing first
in 2 domains weighted with 3/7 and 4/7. The first is then partéd in 3, the second is two
times divided in 2 partitions.

6.7.2 Metis partitioner

The metis partitioner is a public domain software package. Sourcefuriner information
can be obtained from the web pabp://www.cs.umn.edu/"karypis . The sources are
coupled with the code without performing modifications @picin the Makefiles) such that
a substitution of the current version by a later update isimple as possible. Only the old
sources have to be replaced and the object lists in the Me&dihve to be adapted. Metis
has been selected for the coupling to the codéB¥y within the FASTFLO project. A more
detailed documentation ofietis has been prepared BBK and can be found in the annex.



7 Unsteady

7.1 Deforming mesh without GCL

The pseudo temporal change of the conservative varialilésr the physical timer can be
derived for a deforming mesh as:

o .
OW=—= //F AdS— W —W- (7.1)

The time derivative of the conservative variab%ﬁ\’/ and of the control volume% are com-
puted by a finite difference in physical time

7.2 Deforming mesh with GCL

With the geometric conservation law GCL,

%—Y://Uﬂds g2 (7.2)

the pseudo temporal change of the conservative variabllésr the physical timer can be
derived as: 5 1 B 5
aW:—\—/-//F-ﬁdS—EW—W-//U-ﬁdS (7.3)
v v

Where the time derivative of the conservative variakgifﬁv’ and of the grid coordinatds are

computed by a finite difference in physical tie The Integral[[U - idSis only evaluated
v
once for every physical time step.
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8 Grid-Adaptation Indicator

8.1 Introduction

Automatic grid adaptation is an essential task for a fullpanatic CFD system. It is composed
of two parts: a strategy how to refine the given grid and theat&tn of the locations and
the strengths of the refinement. One classical approachdiptation indicators is the use
of gradients or undivided differences of any suitable flowialsle. This approach can detect
flow phenomena, when taking for instance the primitive \@es into account (e.g. shocks are
detected because of large gradients) and is followed by rédient-based indicator described
below. Alternatively one can reconstruct the flow valuestengdge midpoints from both sides,
just like it is done within the solver, and then take the d#fece of the two obtained values.
This leads to an indication of the curvature, but it might &l Wwe interpreted as the gradient-
based indicator added to the difference of gradients. Wetgalmethod reconstruction-based.
Another approach is to formulate directly an indication thee local discretization error. This
strategy is followed by the residual-based indicator dbedrbelow.

Each of these indicators can be applied depending on thenptea settings. We decided to
provide each type of indicator, because it is not clear upaw which strategy will be of
advantage in future applications. The fact that the residased indicator can be interpreted
as a real measure for the discretization error seems to l#vahtage on the one hand. On the
other hand it provides no directional information as thedgrat-based and the reconstruction-
based indicator do (which is the gradient in the directioarotdge).

8.1.1 Gradient-Based Indicator

A classical approach for adaptation indicators is the uggadients or differences of any suit-
able flow variable. The approximated gradi€y, of a variableV in discrete form isAV /h,
with AV =V, —V,, i.e. the difference between the point values of the two sgmtand p,
connected by one edge, whéres the length of the edge. We write the gradient-based inolica
as:

| = AVHC (8.1)

A widely used formulation ist = 1, i.e.: G(V)hz. The advantage of scaling the indicator with
a positive value ofx is that the adaptation stops automatically in the corredimgnarea after
several cycles also when discontinuities are present itildlefield. Our three-dimensional
numerical tests have shown that valuesiot 1 may be of advantage in order to strengthen
the grid refinement near surfaces where the cell sizes ai@atlypsome orders less than in the
farfield region. We use = 0.5 as default value. Our choice AY is:

AV = MAX <C¢i$> (8.2)
ref
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with 0 <=1i < N andN being the number of different variables considered. Thesctiimple-
mentation is:

R is the total pressuréd; is the total enthalpylV| is defined as

2 2

2
9 = 3/ (Upy) — U)o (V(pu) — Vi) 2+ (Wipy) — W)
The weight<Cy, are parameters enabling to choose different combinatibiteaingle parts of
the indicator (to be set to zero in order to turn @ff.

The reference valuga\@ ) ¢ are for an equilibrated scaling of each part of the indicuaiin

(A@) et = MAX((A@);), (forall grid points j)

The above described indicator refines the grid in the wholefigd with equal weights. Be-
cause it can be very expensive to refine e.g. the whole shgakrwith the same weight as the
leading edge, we introduced surface weights. They allowremgthen the refinement near the
surface such that e.g the pressure loss around a leadingdedggases without obtaining too
small cells farer away.

The modification reads as:
| = AVHh'(1+Cyw) (8.4)

with w = 0 for all inner edgesw = 1 for edges having one surface point ame- 2 for edges
having two surface points. Good results have been obtaimeshwetting the paramet€y, to
Cw = 1. WithC,, = 0 (default) the surface weights are disabled.

8.1.2 Residual-Based Indicator

Aresidual based indicator developed at the DLR has beemssftdly used for two dimensional
computations. Thus it has been extended to the followingetalimensional formulation. We
write the steady state Euler equations for compressiblesfiowhe form:

_iam fi(luy=0

with u being the vector of the conserved variables. Then we defmees$idual}, by insert-
ing the solution vectouy, which is an approximation of the exact solutioninto the above
equation:

3
= Zaxi fi (Uh)

It can be shown (see [65]) that under smoothness assumplieriscal error on a cel can
be bounded from below and above firy[|_, ). Although, the smoothness assumption is
violated when discontinuities are presefihry||_, o) behaves well, as two-dimensional test
cases have shown. From an engineering point of view it iquseless to know that the error
of the approximative solution will tend to zero if the meshesiends to zero (due to the scaling
with h) because of limited computer resources. Thus, a changeedfddling factoh can be
considered t® and 0< a < 1. In three-dimensional numerical tests it turned out that 0
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is the best choice. The computation of the residual is peréoron the primary grid cells. It
would not make sense to compute it on the auxiliary grid delsause the solver is constructed
to converge the residual on these cells to zero. Linear flas@assumed over the primary cells
Q. Thusry, is constant ovef2 and the residual based indicatds computed as:

Q) = Il

n

= VIl ;(fh)iz

(8.5)

wheren = 5 is the number of equations af@| is the volume ofQ. The values of the flux
functions at the 4 points of a tetrahedra are computed frengivenu;, of the flow variables.
Thus the remaining step for the computationrpis to compute the partial derivatives of the
flux functions resulting in a linear system of equations. thercomputation of the residuals on
prisms the same procedure is used by subdividing first easimpnto three tetrahedra.

The indicator values are related to the volume elementsvallies of elements connected by a
single grid point are averaged and stored as point valuesiimeof the indicator values of two
points connected by an edge builds the indicator edge valee by the edge-based adaptation
algorithm.

8.1.3 Reconstruction-Based Indicator

Since the solver is second order accurate with the aid ofigmég] we want to calculate the
differences of reconstructed values. Therefore we needphgal gradient on each point for
each flow value. For their calculation see below.

Let the@ be the different flow values, then the indicator on the eglgith the pointsps, p2 is
defined as:

(6) = Max (@(x,) + 3% 0rad(®(4p,))) — (@ (Xp) — 3~ Orad(@(x5)] - el

wherexe = Xp2 — Xp1 anda is a userdefined exponent.

8.1.4 Calculation of Gradients on the Primary Grid

The information about the dual cells and their volumes oesais not available within the
adaptation module, therefore we cannot useGheen-Gaus$ormula as in the solver. We use
instead deast-squar@pproach, where we only need distances between neighlpmints. For

a functiong: 0° — O we calculate the gradient at the paigiwith the set of neighboring points

Np
grad(@(x)) = 5 Mg 'wjo(@(x}) — (%)) (X;j —Xo), (8.6)
=1
wherew; g := m and the weighting matrix is defined by

Np
Mo =3 wjo(Xj —X0)" (Xj — o). 8.7)
=1
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8.1.5 Calculation ofy. Values

With the aid of the gradient of the velocity vectwe can calculate the vorticity:

(.O(X) = \/(02V1(X) — 01V2(X))2 + (63V2(X) — 62V3(X))2 + (01V3(X) — 03V1(X))2 (8.8)

Now letxy be a point on a solid wall) the corresponding surface normal afdthe near point
of xw. Theny, is defined by:

N(w — XN)

8.9
m (8.9)

Y 1= /P Ow ) M) W) -

8.1.6 Application of Adaptation Indicators for Local Grid R efinement

Applying the adaptation indicators for local grid refinerhan additional parameter and its
influence has to be discussed. For the local grid refinemdrasitto be decided which edges
have to be bisected. Itis natural to select the edges wijle iadicator values. In order to refine
a certain number of edges a threshold has to be chosen (vghitlthie current implementation
a selection of the percentage of enlarging the grid dimes3idifferent indicators can lead to
the same grid refinement for one threshold and to a diffeedimtament for an other threshold.
This becomes obvious when considering the example thatistrbdtion of two indicators is
very similar except for local maxima occurring on differgrasitions. A high threshold leads
to the selection of some maximum values at different gridtmrs. For a low threshold much
more edges are selected, which may lead to an identical medinie(the limiting case is that
all edges will be bisected). This tendency can be observauoging the above described
indicators. Enlarging a grid in a single adaptation step ofarthan the double size can lead to
similar results. Enlarging a grid over several steps onlyldtg say, 40% per step the different
indicator characteristics become visible. Considerirggdkample of a transonic flow past a
wing the residual-based indicator leads to a strong refinemwiethe leading edge region and
a weak refinement of the shock region. Using the gradient¢¢basdicator a stronger shock
refinement is obtained. The reconstruction-based indicesbmewhere inbetween.



9 Grid-Adaptation Algorithm

9.1 Introduction

The aim of this algorithm is to build, given a mesh and a sofutin it, a new conforming mesh
as a result of certain element refinements and in case of augsmalculation on a hybrid mesh
as a result of redistribution of points on wall normal raypelading on the given solution and
the corresponding refinement-indicator. For the refineréthe different types of elements,
the primary grid is composed of, it is also referred to e.§].[4

The grid refinement is performed by calculating the list cjeslof the mesh and then marking
edges to be bisected depending on the refinement-indideawegy. In the next step by several
loops over the elements additional edges are marked comgjdenly allowable refinement
cases (for details see below) in order to get a conformingmes

Afterwards the point-coordinates and the interpolatedtsmh values on the new points are cal-
culated and the new elements are constructed, therebygtibre 'critical’-refinement cases,
such that in a next adaptation step these ’critical’-elesean be treated separately. These
‘critical’-elements are new elements that come from natr@pic refinement cases. The rea-
son why these elements have to be treated separately isthieatvise there might occur new
elements with very small angles.

On hybrid grids the wall normal pointdistribution can be ©bead, such that a userdefined
value is reached all over the solid wall and the intersectibprismatic and tetrahedral (or
prismatic and hexahedral in quasi two-dimensional gritesnents can be improved in regard
of the corresponding dual grid.

All the used files, apart from the parameter file and the seteetements file are in tiéetCDF
format. Therefore the implementation is influenced by thgabidlities and restrictions of this
library.

9.2 Basic ldeas

The following points are the basic ideas of what is done inttloe. A detailed description of
the different modules is given in the implementation parthi$ description later on.

1. There are some informations about the grid and its edgewee®. First of all this is the
list of edges containing the two point numbers. With this wealement-edge lists of the
elements, containing the edges that form the element.

2. Now we have to judge with a refinement-indicator and aegsatwhich edges are to be
bisected. If the mesh has been adapted before we have taleotts ‘critical’-elements
and treat them by different methods, which means that thereedges which are not
allowed to be bisected.
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3. Several loops over the prismatic elements are made irstiys If a prism has marked
edges mark other edges of the prism such that the corresgprefinement is allowable
and store the number of marked edges in each prism. This toesdone until no further
edges are marked in a whole loop.

4. Step 3. is done with all tetrahedral elements.

5. Since step 4. might have caused new marked edges on thddrgwsiared by tetrahedra
and prisms, steps 3 and 4 have to be repeated until no neviceddiédges are marked.

6. After step 5. the marking of edges is conforming in the sehsat the following cor-
responding construction of the elements leads to a confgymmesh. However, before
we can start this construction, we have to run one loop ov&l@hents, that is prisms,
tetrahedra, triangles and quadrilaterals and count théoeuof new elements in order to
allocate the arrays needed.

7. By a loop over the edges the new point-coordinates anchtkepplated solution values
on the new points are calculated and the new point-numberstared in an edge-flag. If
interpolation of the new surface points or redistributidrpoints in the boundary layer
is required, wall normal rays have to be extracted and thmska#ion is prolongated over
these rays. With the same datastructures the fixing o performed.

8. This is the last step, where the new elements are constraetd stored in arrays. If
‘critical’-refinement cases emerge the involved elemend point-numbers are stored in
the new grid-file.

9.2.1 Allowable Refinement Cases

Since we do not want the adapted mesh to get much worse, awgtodhe quality of elements,
than the initial mesh, we only allow certain refinement caseslements.

We start by describing the refinement-cases on tetrahedca $hese are the only reaD3
elements so far supported. The refinement cases for prisargles, hexahedra and quadrilat-
erals are then just projections of the tetrahedra refineivesgs.

» There are ten different cases of tetrahedra refinement itinlimeshes (that means,
meshes that have not been adapted before and thereformtetehe quality of all the
following resulting meshes).

— critical-refinement

* (1:21)-refinement: One edge of the tetrahedron is marked and theetéd
hedron is split into two new ones.

Lo = [

* (1:3.2)-refinement: Two edges are marked and these edges are aeohigct
one point. The old tetrahedron is split into three new ones.
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*

V

V

77

(1:4.2)-refinement: Two edges are marked and these edges are nectedn
The old tetrahedron is split into four new ones.

(1: 4.3face-refinement: Three edges are marked and these edges buid a tr
angle. The old tetrahedron is split into four new ones.

¥
7

(1:4.3)-refinement: Three edges are marked and these edges aretsahiog
one point. The old tetrahedron is split into four new ones.

¥
&

(1:5.3)-refinement: Three edges are marked and these edges arer weith
nected nor adjacent. The old tetrahedron is split into five oees.

7
7

(1:6.4face-refinement: Four edges are marked and three of these ediges bu
atriangle. The old tetrahedron is split into six new ones.

7
7

(1 : 6.4)-refinement: Four edges are marked and these are pairwissitgp
The old tetrahedron is split into six new ones.
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Lo =
A%%

* (1:7.5)-refinement: Five edges are marked. The old tetrahedroritsrgp
seven new ones.

&

— isotropic-refinement

* (1:8.6)-refinement: All edges (that is six) are marked. The old betdzon is
split into eight new ones.

Since this splitting is not unique, we have to set a rule hoeotustruct the new
tetrahedra. 24 new edges are determined by the midpoirtte @id edges. For
the 25-th edge (that is the inner edge) the choice is free. &veébgst’ new
tetrahedra by choosing the smallest inner diagonal of tHegettahedron and
then constructing the new ones along this line.

» Consequently there are three different cases of triangléwo cases of prism refinement
on initial meshes. (We only describe the refinement on tiemecause refinement on
prisms just means the same procedure done on both triarfgles jerism.)

— critical-refinement

* (1:2)-refinement: One edge is marked and we get two triangles anaf
* (1:3)-refinement: Two edges are marked and we get three triangted one.

— isotropic-refinement

* (1:4)-refinement: All edges (that is three) are marked and we getfiangles
out of one.

» On quadrilaterals the situation is straightforward, heseaeither they are refined or they
are not.

* On hexahedra the situation is the same as on quadrilaterals

On meshes that have been adapted before there is a list oémtieniat are obtained from
‘critical’-refinement cases. These are all critical casastétrahedra(1 : 2) and (1 : 3) for
triangles and1 : 2) for prisms.

If an element is in the list of "critical’-elements and hasrkedd edges, there are the following
steps to refine it. (Note that there are edges which are rawedl to be marked at all.)
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* On all elements:

1. We reconstruct the 'parent’-element with its old edgeretivity (that is the ele-
ment this one comes from).

2. All edges in the 'parent’-element that are needed to coastll current "child’-
elements are marked.

3. Now the edges in all current 'child’-elements that corrte® points in the cor-
responding 'parent’-element are checked for being biseittaall current 'child’-
elements and the same edges are marked in the ’parent’+@lesueh that we get
allowable refinement cases.

4. If other edges are bisected in the 'child’-elements asritesd above, we have to
perform further refinements and we must mark all edges in paeenht’-element
and therefore the corresponding edges in the 'child’-efegme(Note that the only
possible refinement case is an isotropic one for the parent).

5. We construct the new elements depending on the refinerasetaf the 'parent’-
element.
» Further refinement on critical elements:
1. Asubgridis build of the new isotropic refined elementswlie same edge-connectivity
as an initial mesh would have.

2. We search in all old 'child’-elements for bisected edgas store the information in
the subgrid, too (only if the edges are the same !).

3. At last we treat this subgrid as if it was an initial grid ehén we can construct all
possible refinement cases in this further refinement.

9.2.2 The List of 'Critical’ Elements

After constructing a non-isotropic element ('critical’ evetore the following data:

» The refinement case of the element.
» Four (tetrahedron), six (prism) or three (triangle) pewmimbers of the 'parent’-element.

» An offset number, which points to the beginning of the 'dhitlements (e.g. a tetrahe-
dron has been refindd : 3.2) and the new tetrahedra are stored at position 201, 202 and
203, than the offset is set to 201).

Starting an adaptation on an previously adapted mesh, rtfosmation is read and stored in
suitable arrays, as the new refinement depends on this iafaom

9.2.3 Dealing with Semi-Structured Parts

Adaptation on hybrid grids, which are usually used for viscgalculations, does need some
further considerations. Simply bisecting edges in the s&rictured parts (prisms in three-
dimensional grids and hexahedra in two-dimensional gadanot be desirable. If we want to
conserve the element types, which we do in the boundary fayenstance, an edge in wall
normal direction that is bisected would imply a whole newelagf elements. Instead of adding
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points in this direction we move the available points defregmadn they, value of the first field
point and the average length of the surrounding edges oBtgbint. That means we deter-
mine the first and the last point distance on each wall norayaand then redistribute the points
according to the solution of the resulting one-dimensidimaindary value problem. The new
values are then projected to the quadratic spline of thalmlistribution. In order to achieve
a certain smoothness of the grid, the first and last distam@esmoothed by averaging of the
values of the neighbors.

9.3

initial grid adapted grid smoothed adapt. grid

y. ~15 y+ ~0.5 y. ~0.5

no relation last distance last distance
about 50% of average about 50% of average

Implementation

The following steps have to be done. The order corresporttie implementation and is chosen
in order to save memory. Each point is explained in detadwel

read the parameters

read the grid and the point-coordinates

orientate surface normals on surface elements and ctddtlka missing grid information
read the curve information (only on meshes with definedzalements)

read the critical-elements lists (only on adapted meshes)

indicate edges which are not allowed to be bisected (onlgdapted meshes)
calculate the value of the chosen indicator on each edge

mark edges to be bisected depending on the refinementiodistrategy

mark additional edges until the corresponding grid is oaming

count the number of new elements and elements involvedtinattrefinement cases
calculate the new point-coordinates and -numbers

distribute the translation of new surface points alongpitess (on hybrid grids only)
adapt the wall normal point distribution to the wanted eslgon hybrid grids only)

update curves (only on meshes with defined batements)
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interpolate the solution onto the new points and write tbes mestart solution for the
adapted grid

write the new curve information (only on meshes with Baglements)

construct the new tetrahedra thereby writing the tetrednblibckwise; count and write the
critical tetrahedra blockwise

construct the new prisms; count and write the criticalppeslockwise
construct the new hexahedra

construct the new triangles and quadrilaterals; countaitd the critical triangles block-
wise

write the point-coordinates; write all remaining elenmseahd surfmarkers where neces-
sary

9.3.1 Reading the Grid and the Point-Coordinates

The primary grid file is read and the following structure isitou

typedef struct

{ .
Int
int
int
int
int
int
int

ntetra, nprism, nhexa, nstri, nsquad;
(*tetrapnt)[4];

(*prismpnt)[6];

(*hexapnt)[8];

(*stripnt)[3];

(*squadpnt)[4];

*surfmarker;

} VolumeGridConnectivity;

The point-coordinates are stored in:

double *xc[3];

(Note that the casehexa> 0 is currently only supported inl2grids.)

9.3.2 Calculating the Missing Grid Information

The edge based grid is stored in the following structure:

typedef struct

{ .
Int
int
int
int
int

nedges;
**edge_pnt;

**tetra_edge;
**prism_edge;
**hexa_edge;
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int **tri_edge;
int **quad_edge;

int **cri_tetra;
int **cri_prism;
int **cri_tri;

} EdgeBasedGrid;

For the calculation of these arrays the point to element ectivity is needed. Since the num-
bers of elements surrounding a point can differ in an ungsired mesh and we do not want to
waste memory, this information is stored in two one-dimenal arrays. One of them contain-
ing the indexes and the other one containing the actual elemenbers.

Example for the calculation of the point surfaceelemenneativity:

After these connectivity lists are available (the above toase done for volumeelements as
well) we can compute the array £ edge pnt) of all edges of the grid, containing the two point-
numbers and two flagedgepnt/edge|[0] indicates whether the edge has to be bisected or not
(set to 0),edgepntledge[1..2] are the point-numbers aredige pntjedge[3] indicates whether
the edge is allowed to be bisected or not (set to 0).

Then we need the element-edge connectivity, containinguh#ers of the edges of the element
and a flag.

(Note that we do not store all edges of hexahedra, prisms aadridaterals, but only the ones
that form a triangle in a prism or the ones that are not in tlee@iined offset direction in a hex-
ahedra, respectively.) In thesedgeelen[Q] is a symbolic constant that indicates the current
refinement case in dependence to the number of marked edgés (3. And_edgeeleni[1..x]

are the numbers of the edges that form the element (e. g. anéelron has 6 edges and a
triangle 3).

In prisms the edges are ordered. That meprism edggedgé[l] connects point O and 1,

prismedgé2] connects point 1 and Jrism.edgg3] connects point 2 and Qrism.edge4]
connects point 3 and 4 and so on.

In hexahedra we only need four edges and a normal vectoréoieie which square lies in the
plane (Note that refinements on hexahedra are supportedno?iBrmeshes).

9.3.3 Reading the Curve Information

If there is a list of pairs of pointnumbers, which indicatesve edges, in the grid-file, this list
is stored in the following structure:

typedef struct
{
int nbar_2;
int (*barpnt)[2];
int ncurves;
int *curveidx;
} CurveEdge;

ncurvesdefines the number of different surface cun@sveidx stores the start and end index
of each curve (ihcurves> 1).
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9.3.4 Reading the Critical Elements Lists

If the grid has been adapted before and there are elementsigdram critical-refinement
cases, there are the mentioned lists in the grid-file. Inrotdestore these we allocate the
different arrays of pointers, which are in the edge basealstiaicture.

int *cri_tetra[ntetra];
int *cri_prism[nprism;
int *cri_tri[nstri];

Now if an elementis in the list of criticals, the corresporglpointer has to point to an allocated
array such that we can put the needed information in it. Astimeed above the size of these
arrays depends on the element type.

The first entry of these arrays is always the refinement cadbeofparent’- element (e.g.

REF_1.2 for (1: 2.1)-refinement andREF_1_3 for (1 : 3.2)-refinement). The next ones are
the point-numbers of the ’parent’-element and the follggvone is the offset number of the
‘child’-elements (this means that all elements coming framritical refinement are stored in
one block).

« int[5] for triangles
* int[6] for tetrahedra

* int[8] for prisms

9.3.5 Indicating Edges Which are not Allowed to be Bisected

If there are critical elements in the grid certain edges atealtowed to be bisected, because if
one of these elements has to be refined these edges will vanish

In critical triangles and prisms there are one or two suclesdgespectively. In critical tetrahe-
dra there are more than one edge that is not allowed to betbéisand these edges are always
depending on the refinement case of the 'parent’-element.

Here is an example for@ : 4)-refinement on a triangle. The dotted edge is the one thashasi
after the refinement.

—=

Figure 9.1: (2: 4) refinement case

We indicate these edges by settenige pnt[3] to 1.

9.3.6 Calculating the Values of the Chosen Indicator on Eackdge

Since we now have access to the list of edges, we can appindietor function to the two
points of each edge and store the results in an array:
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double edge_ind_vals[nedges];

9.3.7 Marking Edges to be Bisected

If a selected-elements filename is given in the input-fileiclwiis an ASCII-file containing the
number of elements and their element-numbers which have tefmed, the element-numbers
are read and all old edges of the element (that means eddexisizd in the previous grid if
there was one) are marked.

Otherwise, after the calculation of the indicator valuedach edge, the average of the minimum
and the maximum of these values is taken as thresholds ahdcedge with an indicator value
above this average is marked. Afterwards the additionaégdge computed (see below) and
the resulting number of new points is compared to the usediiumber of new points. If it
is to small or high the threshold is decreased or increasgubotively.

9.3.8 Marking Additional Edges

Since after the previous step the bisection of edges wikllgnot lead to a conforming mesh,
we have to bisect additional edges. This has to be done figdt fofr the prisms, afterwards for
the tetrahedra and then be repeated until no additional ®dgleing occurs in a whole loop.

Marking Additional Edges in Prisms

In prisms the marking of additional edges is straightfovais we have sorted the edges in
prisms, we can run over the prisms and mark the edges on tlsib@priangular side of marked

edges in each prism. Only in the case that two edges (in a prigsngle) are marked, we have to
mark the third one (and the opposite one of course). We tloea atsymbolic flag that indicates
the refinement case (thathNdO_REF, REF_1_2 orREF_1_4) of the prism.

If the grid has been adapted before there might be critidahn® and they have to be treated
separately in the following way:

If one or more of the edges of a critical prism is marked we tailtemporary prism and
reconstruct the parents edge connectivity (and so the @iltereent case). Then we mark all
edges which have been in the parent-element and still exisiei 'child’-elements (the points
of the parent element are in the critical-list). Furtherenate have to mark the same edges in
the temporary prism that represents the 'parent’-elemdhtitg current refinement status and
check this prism for an allowable refinement case (Note,pbissible to mark some additional
edges to get an allowable refinement case). If edges are chénké have not been in the
parent element, we have to mark all edges in the temporasynpaind we have to set the flag
to REF_2_4_PLUSIn all ‘child’-elements to indicate that further refinemésnnhecessary on the
elements.

We run loops over the prisms until no prism-flag changes. &there is a finite number of
edges only, this procedure will terminate and moreover d¢iselting prism refinement will be
conforming.

Marking Additional Edges in Tetrahedra

In tetrahedra the same procedure is more sophisticatedubedt means reallBrefinement
and therefore there are more allowable refinement casesuMieaps over all tetrahedra and
check the number of marked edges and whether they are cedrn®ceach other or not.
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» One edge is marked and we havgla 2.1)-refinement so the flag is setREF_1 2.

» Two edges are marked so we have to look whether they are ctath@ : 3.2) or not
(1:4.2) and set the flag tREF_-1_.3 orREF.1.2TWOQ

» Three edges are marked and three different cases are |po3sie edges form a triangle
(1:4.3face or are all connected by one poift : 4.3) or form a chain(1:53). The
flags to be set arBREF_1_4FACE, REF_1.4, REF_1.5.

 Four edges are marked and three of them form a triaiiglé.4face) or their are pairwise
opposite(1: 6.4). Here the flags arREF_1 6FACE or REF_1 6.

* Five edges are marked and we géfla 7.5)-refinement with the flalREF_1_7 to be set.

* All edges are marked and we getl: 8.6)-refinement with the flaiREF_1 8.

With each refinement status we have the number of marked eslydghe number of marked
edges is changed, we must change the flag depending on thefreswnrent case.

If the grid has been adapted before there might be crititetiedra and they have to be treated
separately in the following way:

As described above we reconstruct for each tetrahedromé#rerit’-element with the old edge-
connectivity (this means we store the new points that autated in the adapted mesh before
in the same edges they are coming from) so we can constructitival-elements immediately
(the flag -tetra_edgéelen|0] - is set to the first value in the criticdikt - cri_tetrajelen[0]).
After this we have to check if edges in critical-elementsi{d’-elements) are marked that have
not been in the 'parent’-element. If one of those edges ikethwe have to mark all edges in
the ’parent’-element (and therefore all 'old’ edges in thiéeal-/'child’-elements) and set the
flag toREF_1_8PLU Swhich means that further refinement is necessary on the resnesits.

If only edges are marked that have been in the 'parent’-ai¢mve can easily determine what
refinement case is necessary to get a conforming mesh, byngdhese edges in the 'parent’-
element, too. At last we have to check the current refinematisof the 'parent’-element.

We run loops over the tetrahedra until no tetrahedron-flaapghs. For the same reason as
for the prisms this procedure will terminate and the resgltietrahedra refinement will be
conforming.

Here is an example for three critical-tetrahedra obtained [ : 3.2)-refinement and one ’old’
edge is marked. The 'parent’-element is reconstructed lmm@dge informations are stored in
the 'parent’-element. Then(d : 4.3)-refinement is performed on the 'parent’-element. Thereby
the three dotted edges vanish due to the refinement.

9.3.9 Counting the Number of New Elements

In order to allocate the memory needed and to define the Vesialhthe new grid file we have
to know how many elements of each type will be in the new grick &80 must know how
many ’critical’-elements of each type we will have to write.

In order to get these values we run a loop over each elemeat(gxeept the tetrahedra) and
by looking at the flag we find out how many new elements theréhbel For the surface-
elements (triangles and quadrilaterals) we have to coemtimber of marked edges and store
the refinement case in the flag (which depends on the humbearkeh edges), in order to
calculate the needed values as described above.
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L= [

critical tetrahedrons father thetrahedron
1 edge marked with 2 old marked edges

) S

father thetrahedron 1:4.3 refined tetrahedron
with 3 marked edges

Figure 9.2: (3.2:4.3) refinement case

Note that in the all further-refinement cases for tetrahegeado not know at that time how
many new tetrahedra will be constructed, because this depam along which diagonal we
refine. Therefore we cannot calculate the number of newhtethia elements and criticals (This
is done in the construction routines).

9.3.10 Calculating the New Points

Now we count the number of marked edges and allocate the nydordhe new point-coordinates,
since a marked edge means a new point. So far quasi-quadgitie interpolation of the new
points on surfaces is supported. While calculating the newtgcoordinates we store the new
point-number (always added to the number of old pointgdge pnt[0].

Interpolation of New Points on Surfaces

The interpolation of a new point between two old points isdolen Bézier-spline interpolation
and therefore requires the two old point-coordinates amddnmals on the old points depending
on the surrounding surface-elements.

The surface normal on a poiptis calculated through

1 Ne Og
Np=""N, dq 2. Jag +be| @
Hzizl\aeﬁbei\nan =1 18a 7+ De

whereNp is the number of neighboring surface-elemestsf p, ag is the angle ap of g, ng
is the unit normal o andag, be are the edge-vectors effrom p.

If there is no information about curve edges available, atiiese sums are calculated we look
at the angle between two normals on elements with a commos auid) count how often it is
greater than our maximum-surface-angle. If there is a cedge list, we run a loop over these
curve edges and count how often a point appears. If more tharcurve is defined, we expect
each curve to have unique start- and endpoints. After thaget¢his number to 1 if it was O
and to 3 ifitwas 1.

In both cases we interpret this number as the number of supfaiches at poimt. This means
in particular, if this number differs from 1, we do not haveraque normal on poinp.
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This number is stored for each surface point in the amayo_norms[snpoints] ; where
snpointsdenotes the number of surface points. The normals are amgdstor points with one
unique normal in double *dxc[3] ;

After this we run a loop over all edges thereby looking at the pointspl andp2 of marked
ones. We now interpret the values normgpl] andno_.normgp2] in the following way:

1. no.normsgpl] = no.normgp2] =1:
both points are on the same smooth surface patch

2. (no_normgpl] > 1 andno_normgp2] = 1) or
(no_normgpl] = 1 andno_normgp2] > 1) :

both points are on the same smooth surface patch but oneipaisb a curve point

3. no.normgpl] = no.normgp2| =2 :
both points are on the same smooth curve

4. (no.normgpl] > 2 andno_.normgp2] = 2) or
(no_normgpl] = 2 andno_normgp2] > 2) :

both points are on the same smooth curve but one point is apantof this curve

5. no.normgpl] > 2 andno_normgp2] > 2 :
the edge between these two points builds a whole curve

In all cases apart from 1 we do not have a normal on the invobgeat. The calculation of
course depends on the case.

In case 3 and 4 the two points are interpreted as curve p&@ots order to calculate their nor-
mals, we look at the neighboring points and if there is ongugineighboring point (otherwise
linear interpolation is performed), which is not the othdge point, we are able to calculate a
normal on the point with two neighbor points. In order to dawsorestrict the case to the plane
through these three points and then calculate the normlagingual two-dimensional way.

In case 2 and 4 only one normal is given, so that we have to seppropriate boundary

condition in order to calculate the other one. We chose emmsturvature as the boundary
condition. That is, we reflect the given normal at the plameugh the midpoint of the two

points with the vector from one point to the other as the nérma

In case 5 no normal information is available, so that we perfa linear interpolation in this
case.

Now either we have performed the interpolation (lineargatly, or we do have two normals
for each edge. We now calculate the intersection of the tvangd on these normals fixed
at the corresponding point. If the intersection differsnfra line (which means the normals
were colinear), we perform linear interpolation again. éitise we project the midpoint of

the regarded edge onto the line. We now have three pointsafdr edge. These three points
are now the control points of our Bézier-spline. The newnpa now the intersection of this

function with the plane through the midpoint of the edge \tlith vector from one edge point to
another as normal.

However, the translation of a new linear point on the surfadée splined one can damage the
grid. If we think of stretched tetrahedra or prisms with hagpect ratios, this damage is very
likely. Therefore we check if the translation shifts the naeint outside adjacent elements. In
case these are tetrahedra, we set the point coordinate d#ui inear one. In case of prisms
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we translate all the new points in the corresponding pile @retk the resulting elements. |If
these are damaged, we take the linear point.

There are two values to be set. OndvisaX_ANGLE which is the angle between two normals
from which on linear interpolation is performed. The otheeas EPSwhich should be the
accuracy of the surface points in the given mesh.

9.3.11 Adapting the Wall Normal Pointdistribution

In order to redistribute points along a wall normal ray, wechéhese rays in an ordered sense.
We decided to store these rays edgewise. That means, foredgehlying on a solid wall we
have an ordered list of the corresponding edges in the saynd\a store these like e.g. the
point to element connectivity. So we have an array with tliexes

int layer_listidx[nedges + 1];
and a two-dimensional array with the actual data
int (*layer_list)[3];

where the first entity is the number of the edge and the seawhfbarth are the pointnumbers of
the adjacent points (this holds only for three-dimensignials, where each edge in a prismatic
layer is connected to four prisms and therefore has two enigrighbor points). However,
since we want to extract lines, the edgenumbers are signedosiive number means that
the corresponding points are on the same line as the undgrpoeint and vice versa. The
computation of this information is done by looping over thiesms. First of all we flag all
edges on the wall and then we run loops over the prisms flaggagnflagged edges with the
bottom edgenumber and the actual layer number (wall poante layernumber 0. These loops
are repeated until no edge is flagged. After that the fillintheflayer list is straightforward.

As soon as we have computed these arrays, we have accesh tagadow we can calculate
y+ on the first field point and the desired distance on the lasitpdifter this is done, these
two values for each ray are limited and smoothed. With theltieg values we redistribute the
points and project them onto the curve spline. The same rdathapplied to each solution
variable in order to save computational time for the regtaotess.

9.3.12 Interpolating the Solution

The interpolation of the solution values at the new pointska@as for the point-coordinates.
So far only linear interpolation is supported. All conseheantities given in the file are
interpolated.

9.3.13 Constructing and Writing the Tetrahedra and the Critical Tetra-
hedra

Now we run a loop over each element-type looking at the flagnenetlement-edge array and
construct the resulting elements.

« all elements:
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— flagREF_1_2 (refinetetra_l)

— flagREF_1_3 (refinetetra 2)

— flagREF_1.4TWO(refinetetra4 TWO
— flagREF_1 4FACE (refinetetra4 FACE)
— flagREF_1 4 (refinetetra 4)

— flagREF_1.5 (refinetetra5)

— flagREF_1 6FACE (refinetetra 6_FACE)
— flagREF_1 6 (refinetetra6)

— flagREF_1.7 (refinetetra 7)

— flagREF_1 8 (refinetetra 8)

In this case we have to find the shortest inner diagonal and rigfene along this
line.

» critical elements (reconstruction):

— all flags constructtmptetra)

— flagREF_1 2 (restoreold_1_2 connecj

— flagREF_1_3 (restoreold_1_3 connecj

— flagREF_1 4TWO(restoreold_1 4 TWQ.connecj
— flagREF_1 4FACE (restoreold_1 4 FACE connecj
— flagREF_1 4 (restoreold_1 4 connecj

— flagREF_1.5 (restoreold_1_5_connecj

— flagREF_1_6FACE (restoreold_1_6_FACE_connecj
— flagREF_1_6 (restoreold_1_6_connecj

— flagREF_1_7 (restoreold_1_7_connecj

« further refinements on critical elements:

— flagREF_.1 8 PLUS

In this case we have to perform first an isotropic refinementife.tetra8), then

we construct a temporary grid of new elememisild_suh grid), search all the edges
that were not in the ’parent’-element and copy the infororainto the temporary
grid (searchplus. case$ and at last check and construct all tetrahedra as described
above ¢onstructall _plus.case}.

Since we did not know the number of tetrahedral elementsééf@ir construction, we define
the correspondingetcd fvariable toNC_UNLIMITED and write each tetrahedron after its
construction to a queue (and then blockwise to the grid-file)

For the same reason we cannot determine the exact numbaeticHldetrahedra, so we build a
linear list and store the needed information (case, poimddfset) for each critical-refinement-
case. After the construction of the tetrahedra we countrdital-elements, define the corre-
spondingnetcd fvariable and write the list blockwise to the critical-gfite.
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9.3.14 Constructing and Writing the Remaining New and Critical Ele-
ments

We run a loop over each element-type looking at the flag inldraent-edge array and construct
the resulting elements. If critical cases occur or critiel@ments from a previous adaptation are
not changed the involved critical information has to be t@ntto the grid file. Then these
new elements have to be stored in tr@umeGridConnectivitarray considering the element
numbers.

» The construction routines for prismatic elements:

— non-critical elements:
*» flagREF_1_2 (refine_prism.2)
» flagREF_1_4 (refine_prism4)
— critical elements:
» flagREF_2_4 (refine_prism.2_4)
— further refinements on critical elements:
» flagREF 2.4 PLUS(refine_prism2_p)

» The construction/reconstruction routines for triangel@ments:

— all elements:
» flagREF_1_2 (refinetri_2)
» flagREF_1_3 (refinetri_3)
» flagREF_1.4 (refinetri_4)
— critical elements (reconstruction):
= all flags €onstructtmptri)
» flagREF_1 2 (restoretri_from 1 2)
» flagREF_1_3 (restoretri_from.1_3)
— further refinements on critical elements:

*» flagREF.1.4 PLUS
In this case we construct the elements in the same way asilzkxsén the
tetrahedra sectiond fine.tri _4), (build_suhtri_grid), (searchplus.case$and
(constructplus.cases.

* The construction routines for hexahedral elements:

— There only is one case for these elements, as they eithepléirmt two new ones
or not. Consequently there are no critical cases.

*» flagREF_1_2 (refine.hexal_2)
» The construction routines for quadrilateral elements:

— There only is one case for these elements, as they eitheplérmt two new ones
or they are not. Consequently there are no critical cases.

» flagREF_1_2 (refine.quad)

In any critical case (that means a new one or one that st#t®fiom a previous adaptation)
the involved elements and the parent-element points aredstdockwise and written to the
grid-file.
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9.3.15 Writing the Elements, Curve Edges and Point-Coordiates

Since after the construction of the tetrahedra the pointdinates are not needed anymore we
write them before constructing and writing the remainirgneent-types.

For surface-elements we also have to consider the surfackemthat means the child-elements
have to have the same marker as their parent-element had.



10 Periodic Boundaries and Actuator
Disks in the Primary Grid of TAU

10.1 Introduction

The actuator disk in the TAU-Code represents the classiodkefrof momentum theory of a zero
thickness surface which increases the momentum and thgyeokthe flow. The application
of an external force via a zero thickness surface leads tp gistontinuities in the state of the
flow. The fluxes are conservative through the disk. The digeton should maintain these
properties, a sharp rendering of jump discontinuities aodreservative balancing of fluxes.

10.2 Grid Topology

To render jump discontinuities the grid needs two pointhiatdame geometric position. Be-
cause zero edges between a point and its copy do not exist plogsts define the surface of
an inner periodic boundary with the identity as transfororat Figure 10.2 shows the topol-
ogy of the grid. The points on the periodic and the shadow dr@fgeometrical identical but
topological different. At the boundary of the disk the pdi®mhalves are closed by a fix point
line similar to the rotation axis of a rotary periodic boundaPeriodic pairs of fix point lines
are geometrical and topological identical. Figure 10.4nghthve dual grid cells of a cut section
through the disk. Due to the periodicity two boundary cetisyplete each other to an inner cell
with two points. This enables a conservative balancing ofefiuthrough the disk and a sharp
rendering of jump discontinuities. Actuator disks intetsgy with walls double the points at
the intersection line. Free boundaries are closed by fixtpioies. Figure 10.3 shows the grid
topology of an actuator disk intersecting with a wall and wiiita a free inner boundary as it is
used for helicopter rotors.

10.3 CAD Model

Before the grid generation starts boundary groups have tiefieed for the surface panels of
the CAD model. If an actuator disk would be constructed as @nvght domain the unique
identification of the periodic and the shadow half would netdossible because they are geo-
metrical identical. To get a unique identification the atdudisk has to be constructed as single
panel for which an orientation has to be specified. With th&G#terface of the grid generator
a special actuator group has to be defined which doubles tfecsuwuring the grid generation.
By convention the doubling takes place to the opposite obtlentation. As a preprequisite the
grid generator has to accept a CAD model with a non watertightain. Figure 10.1 shows the
CAD model of an actuator disk with oriented surface.
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10.4 NetCDF Format for Periodic Boundaries

Actuator disks represent a new type of periodic boundari wie identity as transformation.
Information is stored in the same format as for rotatory anstatory periodic boundaries. The
format of periodic information is described at the examgla emall grid partitioned into two
domains with a translatory and rotatory periodic bound&igure 10.7 shows the domains of
the grid. The overlapping zone is one element layer. Thetpaire printed with the local point
number. The global point number of the non partitioned gasd heen printed as subscript. The
points which are not part of the overlapping zone are owntpahthe domain and are marked
red. The points of the overlapping zone are denotiated apaitils and are marked magenta.
For add points there is a distinction if they are connectealntn points by edges or elements.
Add points which are connected by elements and not by edgedeswotiated external points.
But for the periodic format this is not of importance. Theatatumber of points in the grid,
the sum of nown plus nadd points, is denotiated as nall poiMisen periodic boundaries are
partitioned periodic pairs may be subdivided so that a peripoint is part of the domain but its
periodic partner does not belong to the domain. Points wdiielconnected to the domain only
by periodicity and not by overlapping are denotiated as pertp and are marked orange. For
these points there exist parallel extensions similar t@ektensions for points in the overlapping
zone. The NetCDF format of periodic information can stordtiple periodic boundaries of
translatory, rotatory or actuator disk type and has thewahg form:

dimensions:
two;
eight;
no_of perbdryidx;
no_of perbdry ;
no_of perpairidx ;
no_of perpair ;
no_of _perpoints ;

variables:
int perbdryidx(no_of perbdryidx) ;
double perinfo(no_of perbdry, eight) ;
int permarker(no_of _perbdry, two) ;
int perpairidx(no_of_perpairidx) ;
int perpair(no_of_perpair, two) ;
int perpoint_owner(no_of_perpoints);
int perpoint_id(no_of_perpoints);

The lists and the dependencies between the lists are shdigaiia 10.8 and figure 10.9 for both
domains of the grid in in figure 10.7. Periodic boundariesstweed in series ordered according
to their periodic type. The order of periodic types is fixedramslation, rotation and actuator
disk. The index list perbdryidx stores the start index ofgiedodic boundaries of each periodic
type. The dimension of an index list is one more than the nurabstart indices to calculate
the number of elements for each start index by subtractifigib its successor. So the last
entry contains a virtual start index of a not existing follog/periodic type. The list permarker
contains the marker pairs of all periodic boundaries odipexiodic - shadow. The list perinfo
stores geometric information of each periodic boundarypkes of eight doubles. The entries
depend of the periodic type and are shown in figure 10.6. Tatorg periodic boundaries
store the translation vector oriented periodic - shadowatoy periodic boundaries store the
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Figure 10.1: CAD model with single oriented panel.

unit axis of rotation, oriented mathematical positive foe totation periodic - shadow, an axis
point and the number of periodic sections. The number of@eas integral value is preferred
instead of the periodic angle to avoid round off errors. Atbu disks store the unit axis of
rotation by doubling oriented inside to the grid, the cersted the outer and inner radius of
the disk. The index list perpairidx stores the start indethefperiodic pairs for each periodic
boundary. The list perpair stores the points ids of the pripairs ordered periodic - shadow.
Fix points are stored as periodic pair with identical potht i

For partitioned periodic pairs there exist the additiomstks| perpointowner and perpoinid.
These lists refer to points which are connected by peritydimit not by overlapping to points
on the domain. These points get virtual point ids in the lesairs which count up from nall.
The offset in the list perpoinbwner and perpoinid is calculated by subtracting nall from the
point id. The list perpoinbwner stores the owner domain in which the point is own pait a
the list perpointid the local point id in the owner domain. These lists coroegpto the lists
addpointowner and addpoind for points of the overlapping zone. As shown in figure 10.5
actuator disks do not need parallel extensions because getbmetrical identity periodic pairs
can always be shifted to the same domain.

For the TAU-Code the list perpairs includes points of therlapping zone. The lists perbdryidx,
perinfo and permarker are global. They store informatioallperiodic boundaries of the non
partitioned grid. The list perpairidx has the dimension lbpariodic boundaries but refers to
the periodic pairs locally existing on the domain. If a pditcoboundary in the grid does not
exist on the domain the difference of the start index andlitcssssor is zero.
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Periodic

/g’«&?%
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Shadow

Identic Transformation

Figure 10.2: Grid topology of actuator disk periodic boundaries.

Figure 10.3: Actuator disks with inner hole and intersecting with wall
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Figure 10.4: Dualgrid cells of a cut section through the disk.

A A
\_4 \_4 - w

Figure 10.5: Partitioning of actuator disk periodic boundary.
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trans vec unused unit axis | axis point n unit axis center Rr

Figure 10.6: Geometry data of periodic types.




10. Periodic Boundaries and Actuator Disks in the Primary Grid of TAU 177

domain 0 2
nallpoints 26 \é/Y
23,,

Figure 10.7: Partitioned grid with two periodic boundaries.



perbdryidx:

perinfo:

permarker:

perpairidx:

perpair:

perpoint_owner:

perpoint_id:
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parallelization

Figure 10.8: NetCDF format of periodic boundaries of domain 0.
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perbdryidx:

perinfo:

permarker:

perpairidx:

perpair:

perpoint_owner:

perpoint_id:
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|
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1.]0.]o. 1/ 0]0] o]0 0.4
trans vec unused unit axis | axis point | n
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per|shd
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R
parallelization

Figure 10.9: NetCDF format of periodic boundaries of domain 1.
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11 Intermesh

11.1 Preface

This document provides detailed information about the em@ntation of the addon tool inter-
mesh. For general information about features and usageAidiei$er guide should be read.

11.2 Blockwise interpolation of point coordinates

The addon tool intermesh treats each chimera block of thieagriits own to provide the pos-
sibility of independent interpolation settings. Therefdris possible to set up several chimera
blocks for each flap/slat of a wing in the pregenerated gnidkiaterpolate the new grid with
independent settings of the flaps/slats while the main wargains its shape. If more pre-
generated grids are available for interpolation, only thestappropriate grids (i.e. smallest
differences of the motion state parameter) are selectettiéanterpolation process. For differ-
ent settings of the grid blocks the set of most appropriatésgnay be different. Therefore the
set of pregenerated grids is separately chosen for thewitgion process of each block .
However, the first given pregenerated grid is used as a téenpfahe grid data for the pre-
liminary setup of the new grid. To interpolate the points rclates for each chimera block
independently, it is necessary to loop over the blocks oftia:

11.3 Parallelization

General aspects about the parallelization of intermesh In the process of subdividing a grid

into several partitions for a parallel execution of the flawer every partition needs additional

points besides the distributed original grid points. Thasginal points are the so-called own-
points of the domain. The additional consist of the addgiektpoints and parpoints of the
domain and are generally called remotepoints from now oresé&tpoints are also sorted ac-
cording to their membership to the chimera blocks and hawetoonsidered in the process of
generating the new grid, too. Two examples of small partéobgrids and their corresponding
sequence of global ids int the primgrid structure are shawFigure 11.1.

The general sequence of entries in the primgrid agtelyal _id and therefore the sequence of
point coordinates is shown in Figure 11.2.
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11. Intermesh
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Figure 11.2: Sequence of global ids corresponding to block membership
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11.3.1 Similar domain boundaries in all pregenerated grids
Interpolation of ownpoints

In the case of equally subdivided pregenerated grids thedomate interpolation of the own-
points is quite simple. The chimera block limits are giverhmvalues of the arrayockownpointindex
and these limits are valid for all pregenerated grid domagssgned to a process. Therefore the
interpolation process performs an outer loop over the ptdseal blocks and an inner loop
over the local points of the current block. Since there is mmmunication to other domains,
each domain can be processed in parallel.

Interpolation of remotepoints

The interpolation of the remotepoints is almost as simpl#asnterpolation of the ownpoints
for equal domain boundaries. Actually this means that therdinates of the remotepoints
are interpolated twice, since these coordinates havedyife@en interpolated on the processes
where they reside as ownpoints. Therefore it would be amratere to update the coordi-
nates of the remotepoints by communication rather thamgaotating them again. However,
communication is more expensive in terms of wall time, soalhm®unt of communication is
minimized. The only necessary communication left is to debee the block limits within the
groups of remotepoints. This is done by searching the lommstighest value of global ids in
the current block throughout all domains. After this praoed the process of interpolation can
run in parallel without communication as well.

Interpolation of both ownpoints and remotepoints are peréa in the outer loop to avoid
unnecessary reading of grid files.

11.3.2 Different domain boundaries in pregenerated grids
Interpolation of ownpoints

In the case of different domain boundaries throughout tleggmerated grids, the process of
interpolation cannot be accomplished in parallel, becaasesponding grid points may belong
to grid domains that are not assigned to the same procesgefdteit is necessary to loop over
all points of a certain chimera block and gather the cootdmaf the corresponding points from
all pregenerated grids. In this case the grids are dis&ibtd the number of precesses but the
process of interpolation itself is performed sequentially

Update of remotepoints

In this case the amount of communication needed to gathendbessary coordinates for the
interpolation of one pointis even larger than it is to updhtecoordinates from the process that
owns that point. Therefore the coordinates of the remotgpa@ire updated instead of interpo-
lated again.

Since the update process is independent from the pregedagatls and the calculation of the
block-dependent motion state parameter, it is performeat #ie outer loop over the chimera
blocks.



12 Grid Quality Improvement

12.1 SmoothTaugrid

The programsmoothtaugrid is developed to improve the quality of the unstructured paet
hybrid mesh. The main features are

* repairing of negative elements,
* to improve the quality of elements,

* to create anisotropic meshes.

The modifications are always lomathcally and the surfacetsuched (except symmetry planes
which are optionally allowed). The modified elements arems for 2D meshes and tetraeder
and pyramids for 3D meshes.

12.1.1 Quality measures

For optimizing a mesh a quality measure for its elements b&® tdefined. The properties of
the quality function should be that the measure is unity foequilateral element and zero for
a degenerated element. Values between zero and unity feslicalid non equilateral elements.
Higher quality values should indicates a better qualityhef ¢lement. Negative values appears
if the volume (3D) or the surface (2D) of the element is negaith sense of the grid definition.

The used quality measure in the programoothtaugridbased on the so mathcalledan ratio

4\/3. % for 2D (triangles)
2= (12.1)
Y ew? | |
12-sign(Vi) - —g— for 3D (tetrahedron)

Jj=17i]

whereA is the areay; the volume andij the edge lengths of the elemer{see Figure 124).
Basically the measure is a ratio between the volume (3D)ea D) and the edge lengths.

Regarding [17] the mean measure is an effective measure isetiise of grid quality and com-
putational effort. More quality measures can be found irf}.[84 least one should note that the
size of an element is not included in this measure.

The implementation of the mean measure allows also to usatharal anisotropic metrics. This
can be helpful if more information about the flow e.g. a pratiany solution is available. In
this case the orientation of the elements to the lomathoal iacconsidered. Due to this new
metric the edge lengths, area and volume is measured in #oe g the new metriar . The
size functions in the new metric are than given by
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20 = &%) A% %)), (12.2)
AT = \/det(ar)-A, (12.3)

VM = \/det(a)-Vi. (12.4)

A reasonable metric can be extracted of the Hessian of thattoeal Mach number Mgta

0

= 3%0x; Mayocal (12.5)
or the pressure
0
H = : 12.6
axax; (12.6)
A valid metric must be positive definite. Therefore the nemddhcal metric is given by
A1l O O
M =R- 0 |A2] O ‘R (12.7)
0 0 [Ag
with the eigenvalue decomposition
At 0O
#=R-| 0 A2 O | -R. (12.8)
0 0 As

It should be noted that the isotropic and anisotropic qudiifers. The isotropic quality is the

P, P,

Figure 12.1: (a) Nomenclature of variables on a tetrahedral element i. (b) Sketch of the
splitting method for pyramids.

best measure if no information about the flow is given and idls@ mesh should be deformed.
The anisotropic measure is useful if a solution is given.



12. Grid Quality Improvement 186

As a second mesh quality indicator the minimal dihedral @angl

& = mjin(qu,180° —@j) (12.9)

of tetrahedral elements (3D) and triangles (2D) is measureder values are a potential risk
for CFD computations and especially for deformation todlse dihedral angle is always mea-
sured in the physimathcal space.

There exists also a quality measure for pyramids which imopt usable. The quality measure
based of the definition for tetraeders. The pyramid will bé Bpio four tetraeders (Figurel2b}
from which the qualityg; (i € 1,2, 3,4) will be mathcalculated. The quality measure of the pyra-
mid is the defined as

i ig=const: min q; 12.10
i, pyramid j€1727374qj ( )

The inserted midpoint of the base area is mathcalculatedvikgightened method, similar to
the method in the TAU code.

12.1.2 Goal functions
For pointwise optimization due to movement of a node a gaattion has to be defined which

combines the quality of surrounding eleme§t®f a nodeR. In the progransmoothtaugrid
three different goal functions are defined

m$=§4;#

2. inverse least squargoal function

1. least squaragoal function

_ N
9(S) = B
\/ 2iesj
3. minimal qualitygoal function
9(S) = ming;

The first two goal functions are continuously different@abhe third one is only continuous
but not continuously differentiable.

12.2 Methods for grid improvement

To improve the quality of a three-dimensional mesh fouredéht methods are implemented
which are described in the following subsections. For a divoensional grid only edge swap-
ping and the movement of nodes are implemented.

12.2.1 Edge swapping

The edge swapping method changes the topology of the mestodiedeting and inserting
edges see [34, 25, 81, 27, 11, 12, 58]. In two-dimensiondkghe edge swapping is imple-
mented as shown in Figure 12a2. Here the edge between two triangles is deleted and inserted
at the former unconnected points.
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EGTAYE

Figure 12.2: Examples for edge swapping for 2d (a) and 3d (b) meshes.

In three dimensions the algorithm is more complex and theipiisies of reconnecting the
nodes are larger. An example is shown Figure @®).Here the edge in the middle (dotted line
in the left mesh) is deleted and two new edges are insertdte(ines in right mesh). This
example shows that due to this manipulation the number @ tietrons is changing. Although
there exist several possibilities to insert the new edgeeta valid mesh.

The implemented algorithm for three dimensional mesheedas the idea of the so called
equatorial edge swappingOutgoing from an edge surrounded Ny tetrahedrons the edge
swapping algorithm deletes this edge. After deleting thgeednly a hull survives. In this
hull new edges are inserted to make a valid grid of tetralexdvathin the hull. The number
of possible combinations, edges and resulting tetraheddepends on the initial number of
surrounding tetrahedromg.

The general principle is shown in Figure 1B Here an example fax; = 4 is sketched but
the principle holds also fox; > 3. To apply the edge swapping the algorithm needs an edge
which is surrounded only by tetrahedrons. In this case thgadng edge connects the point O
and 1. This edge will be removed in the first step of the alforitin the second step new edges
will be placed on the pseudo equatorial plane, here spamnétklpoints 2-5. The number of
inserted edges is given by — 3.

In a projected view on the pseudo plane spanned by the peibterZe can schematically reduce
the possibilities to the two-dimensional Figure 1B)3 Without swapping (left square) the
polar edge between point 0 and 1 foraminate through the giemjeequatorial plane. All edges
inserted by the swapping process are laying in this planéddimisquares in Figure 128
In this example only one edge has to be inserted as a diagbniaé square. So they are
only two different configurations possible. Both possibbmfigurations are in principle the
same and have the same pattern. They differ formally only titation of the point indices.
For convenience and for a general view this case reduces itwepwhich is a square with
a diagonal (right square in Figure 1B)3 This Figurerepresents then two combinations by
rotation of the indicegC; = 2). Because the number of combinations increases dramsticall
with the number of surroundings; these simplified diagrams are necessary to get a better
overview over all possible configurations for highd¢r The number of combinations is given
by

(2N, — 4)!
(Ne—1)!(Ne —2)!
[58]. The possible combinations of the equatorial swapgre shown in the Chapter 12.3
(Figure 12.7, 12.9) for 3> Ny > 8. The possible variations due to rotation is given by the
variableC; for each pattern. Because of the increasing number of catibims only cases for
N; < 8 are implemented. In the caseNyf= 8 this leads t&;qt5 = 132 combinations.

Ctotal =

(12.11)

12.2.2 Face swapping

The face swapping is the reverse of the edge swappindhfor 3. The method is shown in
Figure 12.4. Here the face between two tetrahedrons isatkdetd three new faces and one new
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Figure 12.3: Principle of equatorial edge swapping for Ny = 4. (a) Three-dimensional view.
(b) View of the projected pseudo plane spanned by the points 2 5.

edge are inserted, respectively. Due to the manipulatiemtimber of tetrahedrons increases
by one. Although the implemented algorithm has the capghih do the face swapping on
elements which are laying on the symmetry plane of a meshfalleeswapping is implemented
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Figure 12.4: Schematic plot of a face swapping step.

Figure 12.5: The edge collapsing degenerates the edge Ej; = PP; and its surrounding
elements.

only for 3D meshes.

12.2.3 Edge collapsing

The edge collapsing [40] changes the topology of a mesh bstidglan edge and a point,
respectively. Figure 12.5 sketches the method. Startorg & point? which is surrounded of
tetrahedrons the algorithm try to degenerate the &gjge P.P; and its surrounding tetrahedrons
and checks if the resulting mesh is improved. Due to this ogthe number of tetrahedrons
decreases. The number of points decreases by one.

Additionally the algorithm is able to make an edge collagsirthe surrounding elements of
pointP are a mixture between tetrahedrons and pyramids. Noteltbaidge collapsing is only
implemented for 3D meshes.
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Figure 12.6: Sketch of the movement of a node in two (a) and three (b) dimensions.

12.2.4 Movement of nodes

The last strategy to improve a mesh is the movement of notiesrdue the strategy of the point-
wise movement of nodes [25, £2]A sketch of the method is shown in Figure 12.6. For finding
the new position of a node a so calledmbined method used [63, 12, 26]. This method
combines the Laplacian smoothing and gradient based @aiion methods. The Laplacian
smoothing sets the new position of the node in the geomeétriean of its surrounding nodes.
If this setting is not valid in the sense of quality improverhan gradient based optimizer tries
to find a new position for the node. The choose of the gradiaséth optimization algorithm
depends on the selected goal function. For a continuoufreintiable goal function a con-
jugate gradient based method from the is used. For goalibingcthat are not continuously
differentiable a so callechaxminoptimizer was used. This algorithm is described in [25, 27]
and [28]. Further information about this optimization aigfam can be found in [29] and [14].

The main reason for this combination is that the Laplacianatining is cheap in the sense
of computational costs but very ineffective in three dimens [25]. The computational cost
of gradient based optimization methods are relatively egpe in comparison to the Lapla-
cian smoothing. So this combination is a compromise betvgperd and improvement of the
quality.

The combined algorithm is implemented for two- and threeatisional grids. For three-
dimensional grids it is also possible to move points on a sgiryrplane and to move points
which are connected to pinnacle of the pyramids.

12.2.5 Decisions for modifications

A modification of the grid is tried if it is geometrically pabte and if the quality at least of one
of the considered triangles (2d)/tetrahedrons and pyra@id) is less than the limit

g < Qiim- (12.12)

Otherwise an optimization of these triangles (2d)/tetdabies and pyramids (3d) is skipped. If
this criterion is fulfilled the modifications will be checkedio check if a change in the grid is
valid several requirements has to be satisfied. The follgwemands has to be always fulfilled
to accept a modification step:

 the minimal quality is larger than zero (to avoid invertéeheents)
 the minimal quality is larger than the global minimal qiali
* the goal function has to be improved (in the case of node mewt)

* number of negative elements has to be decreased

1Another concept is the global optimization strategy whipkimizes all points simultaneously [53, 54].
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Additionally more restrictions can be selected optionalliie additional implemented restric-
tions are

» improve the most worse dihedral angle

& = rqin(min(cg,lBOJ—(g)),

whereg (i = 1,...,4) are the dihedral angles of a tetrahedron

* improve the mean quality (and therefore the global qualitthe mesh)

* the worst dihedral anglé should not be lower than a given lingjm

One should note that more restrictions defines higher desnamdhe quality but also reduces
the possibility to repair worse elements. At least the iet&dn to improve always the dihedral
is not useful for anisotropic grids because here stretcledents are wanted.

12.2.6 General algorithm

The general optimization is done by sequentially applyishgeeswapping, edge collapsing, face
swapping and at least nodal optimization. This sequenceegated several times due to an
outer iteration loop. The main procedure is given by

1.

10.

2
3
4.
5

evaluate the command line

. read the grid

. read the hessian from the solution file (in the case of &g quality measures)

coarse check of the prisms (2d) and tetrahedrons (3ghecasely

. initialisation tasks

(e.g. computing the anisotropic metric and the initial @yamarking of movable points,
additional output etc.)

outer optimization loop
(a) loop of edge swapping
(b) loop of edge collapsing
(c) loop face swapping
(d) loop of movement of nodes

. store the optimized grid

reading the solution (if given)
interpolate the solution on the optimized grid

store the solution for the optimized grid
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If the option--force  is used to enable the repairing of negative elements the iooe is
modified. In this case the first three modifications (edge/&wapping, edge collapsing) are
skipped for the first iteration so that the loops begins with@vement of nodes. This setting
comes from first experiences of repairing meshes with negatements.

Additionally some output of the statistic of the grid can Ineeg optionally.

To improve the performance gfoothtaugrid the program uses intensively lists. These lists
are containing information about edges, faces, surrognelements of a point, changes in the
grid, etc.

12.3 Configurations of equatorial edge swapping

Following pictures shows the possible configuration forriee edges in the equatorial plane.
N; denotes the number of surrounding tetrahedrons of thalieitige. The number of possible
variations of a pattern by rotation is specified by the vde&l.

5 4
@

2 3 2 3 2 3
@N=3 G=1 b)Ne=4 C =2 ©N=5 G =5

Figure 12.7: Equatorial edge swapping for Nc =3, Ny =4 and N, =5.
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Figure 12.8: Equatorial edge swapping for Nc=6 and N, = 7.
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Figure 12.9: Equatorial edge swapping for N; = 8.
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