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respectively, and thus the wing span (and length) are set
by the aerodynamic efficiency required to compete with
current subsonic transports. This means that as a passenger transport the OFW must be a large aircraft. We consider here the manual optimization of an 800 passenger OFW
of large aspect ratio at the fixed Mach number of √2.

Abstract
We use a manual method and an advanced geometry generator to optimize a large wing flying obliquely at M = √2.
These include the informed, but manual, design of the airfoil sections, the choice of wing planform and airfoil
blending of these sections to create a wing. A manual tailoring of the wing planform and bending are used to provide a nearly elliptic load. The lift coefficient and sweep
are varied sequentially to arrive at an optimum inviscid
design. Considering this wing to be a flat plate, the viscous drag is computed. The altitude at which the wing enters cruise is selected to maximize L/D. This results in an
Oblique Flying Wing with a viscous ML/D of 23.5, which
compares well with the linear theory optimum of 25.2.

2. Supporting theories
Area Rule
The supersonic area rule, as expressed by Lomax [1], [2]
tells us that the wave drag of an aircraft in a steady supersonic flow is identical to the azimuthal average wave drag
of an azimuthal series of equivalent bodies of revolution.
For each azimuthal angle, the cross-sectional area of the
equivalent body of revolution is given by the sum of a volume and a lift contribution.

1. Introduction
Based on linear aerodynamic theory, the OFW warrants
serious study as a large aircraft, both as a subsonic transport and as a supersonic transport. Indeed, because it is efficient at both transonic and supersonic speeds, it can
provide near sonic, or slightly supersonic transport over
land and supersonic transport over water, thereby increasing its productivity.

The volume contribution is that due to a body of revolution whose cross-sectional area equals that of the cross
section of the aircraft cut by the tangent to the fore Mach
cone projected onto the plane perpendicular to the
freestream.
The lift contribution is that due to an area distribution that
equals 2β/q times the component of force on the contour
cut by the fore Mach cone that lies in the azimuthal plane;
this area is then projected onto the plane perpendicular to
the freestream. Here β is the Prandtl factor and q is the dynamic pressure. The equivalent body of revolution due to
lift thus corresponds to a body of revolution that begins at
infinity with a finite "base" area (downstream or upstream). This equivalent body begins where the lift starts
or ends.

The Oblique Flying Wing (OFW), also referred to as the
Oblique All Wing (OAW) to distinguish it from the Oblique Wing Aircraft (OWA), is not just the optimum aerodynamic design, it is also the optimal structural design for
carrying loads, as the loads are distributed over the wing.
If these loads are passengers, as distinct from cargo (or
fuel in a tanker), then the minimum thickness of the wing
is set by the need for aisles for the passengers.
The chord of the wing is then set by the maximum thickness-to-chord ratio achievable with an airfoil design that
results in an efficient wing at the chosen flight Mach number. This is, of course, affected by sweep. Induced and
wave drag are reduced by higher span and longer lengths,

Minimum Drag Bodies
The wave drag for a body of revolution of given volume
and length will be a minimum if its area distribution is
that of Sears [3] and Haack [4] (corrected by Sears). Thus
for minimum wave drag due to volume we need a wing
with a Sears-Haack area distribution, determined as noted
above, for each azimuthal plane. The wave drag for a body
of revolution of given caliber and length will be minimum
if its area distribution is that of a Sears body [3].
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The wave drag of a body of revolution with a given length
and base area will be minimum if the area distribution, determined as noted above, is that given by Karman [5], that
is, a Karman ogive (see [3]). This corresponds to an elliptic lift distribution. Minimum wave drag requires that all
oblique loadings be elliptical. This can be achieved
through wing bending as depicted in Fig. 1.

[10]). As noted earlier, a Sears area distribution minimizes
the wave drag due to caliber. This reduces the wave drag
to 8/9 that of a Sears-Haack with the same caliber. Thus,
for an OFW, a Sears area distribution is more appropriate
than a Sears-Haack area distribution, and modest improvements over those reported here for a Sears-Haack
area distribution should be possible.

An ellipse has the property that all chord distributions are
elliptical. Thus, for each azimuthal plane, an oblique wing
with an elliptical spanwise lift distribution will correspond
to a Karman ogive. A spanwise elliptic load projects to an
elliptic load in the vertical plane and thus also minimizes
the induced drag.

An oblique elliptic wing simultaneously provides large
span and large lifting length. The reduction in the wave
drag of an oblique wing comes from being able to provide
the optimum distribution of lift and volume in all oblique
planes. The aerodynamic advantage of the oblique wing
over the swept wing at supersonic Mach numbers stems
solely from this fact.

area ~ Y3/2(1-Y)3/2

An elliptic wing swept behind the Mach cone will not,
however, provide an elliptic load. The downwash will vary
nearly linearly down the wing and twist, section thickness
variation, or bending must be used on a swept elliptic
planform to achieve an elliptic load distribution. Since the
section areas are fixed in order to minimize the wave drag
due to caliber or volume, twist or bending must be employed. Parabolic bending of the wing provides a linear
twist whose magnitude is proportional to sin(λ), providing
the mechanism to maintain an elliptic load as the wing's
sweep is varied (Fig. 1).

Y = y/span
0.
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How valid is the linear theory for a realistic OFW? For an
oblique elliptic wing with symmetrical cross-sections and
a Sears-Haack area distribution, swept to 60 degrees and
flying at Mach √2, the ratio of the numerical (and nonlinear) to linear theory values for the wave drag due to volume increases rapidly with maximum wing thickness
(Fig. 2). This indicates strong nonlinear effects for practical OFWs. The nonlinear effect would be reduced if the
sweep angle were increased. Regardless, nonlinear design
methods need to be used for the aerodynamic optimization of a realistic OFW.

y
x

λ

M∞
Fig. 1. Oblique flying wing (OFW) in swept high speed
flow, with elliptic planform, parabolic bending and a
Sears-Haack body section area distribution.
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Nearly fifty years ago R. T. Jones [6], [7] noted that an oblique elliptic wing has the minimum inviscid drag due to
lift. As suggested above, this result is more easily derived
using Lomax's interpretation of the area rule given by
Hayes [8] about the same time. A decade later Smith [9]
noted that the Sears-Haack area distribution is the product
of an elliptic and a parabolic distribution. Thus, an elliptic
wing with a parabolic thickness distribution will have the
minimum wave drag due to volume.
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Fig. 2. Ratio of the nonlinear numerical results to linear
theory values for the inviscid drag of an oblique elliptic
wing with symmetrical cross-sections of the SearsHaack distribution versus thickness-to-chord. M∞ = √2,
sweep angle λ = 60o.

We add here for completeness that in a realistic oblique
flying wing there is an excess of volume (Rawdon, et al.,
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fied, and thinner airfoil design. Fig. 3 shows the pressure
contours in the subsonic flow and the characteristics in the
local supersonic region for this new airfoil.

Shock-free airfoils
At cruise conditions, the flow over an OFW is that behind
the nearly conical shock wave emanating from the leading
tip. The wing is swept so that the component of this flow
normal to the wing's leading edge will be sufficiently subsonic that a thick, shock-free airfoil may be found. We
choose a freestream Mach number of √2 for simplicity
and a sweep angle of 60 degrees for convenience. This
gives a normal component Mach number of 0.707, and a
spanwise component Mach number of 1.23.

It is basically curvature modifications on the redesigned
airfoil that support the resulting shock-free transonic flow.
These phenomena and the aerodynamic knowledge base,
including the above mentioned supporting theories, have
guided us to develop geometry tools with refined shape
definition and with options to create parameterized baseline configurations for rapid configuration variations. In
the present study the axial volume distribution and the
baseline shock-free airfoil determine the requirements for
a geometry tool to create suitable input data for design,
numerical analysis and optimization.

While the flow over this swept OFW is supersonic, the
cross-flow plane equations appropriate for an infinite oblique wing (or for a conical flow) are mixed, being hyperbolic outside the bow shock wave and inside the local
supersonic cross-flow region, but elliptic elsewhere. Thus,
the fictitious gas method (Sobieczky, et al. [11]) for the
design of supercritical airfoils was used to design the
OFW's cross sections.

3. Geometry generator
New wing design parameters
Aircraft wings are primarily designed on the basis of a
planform shape and airfoil data as wing sections. Computer programs that define wings by blending given airfoils
for the section distribution along the span have been developed. Mathematical tools are used for surface components of arbitrary aircraft or other aerospace-related
configurations. A recent review of this method and its applications is given by Sobieczky [13].
Here we are interested only in the wing component, with
additional parameters to be introduced for easier shape
control.

x

z

T.E.
Fig. 3. Use of the fictitious gas method for shock-free
supercritical flow design. Inviscid flow result for a 17%
thick airfoil in M∞ = 0.707, cl = 0.6. Pressure isobars in
M < 1 and characteristics in M > 1.
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For choosing the fictitious equations used in the Euler
solver, we prescribe a new energy equation to change the
cross-flow equations inside the local supersonic region so
that they remain elliptic there (Li, et al., [12]). This results
in a shock-free flow with a smooth sonic line, but the
wrong gas law, inside the supersonic region. The correct
mixed type structure of the transonic flow is recovered in
the next step: supersonic flow recalculation by means of
the method of characteristics, using the just calculated
data on the sonic line for the initial values. This recomputation of the flow with the correct equations of state has a
lower density in the supersonic flow and provides a modi-

Z = F(p,X)
Fig. 4. Definition of the wing surface by planform
shape, spanwise airfoil and twist distribution. Airfoil
shape is defined by a parameter vector p.

Fig. 4 illustrates a spanwise element of an arbitrary wing.
The geometrical properties are dominated by the wing
section at a given span location. The software developed
earlier provided a set of support airfoils which were suit-
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ably blended to define wing sections at any span location.
Requirements for an OFW, like control of the spanwise
volume (wing section area) distribution, and certain flow
phenomena observed in earlier numerical modeling (Li, et
al., [14]), suggest the need for special mathematical functions to define airfoil shapes of practical interest. These
shapes should be controlled with a small set of parameters. The choice of these functions, and hence the selection of their parameters, was guided by our knowledge of
high speed flow phenomena, leading then to a minimum
number of needed parameters to efficiently influence flow
structure and hence aerodynamic performance of the resulting airfoils.

trated in the following section. Most parameter variations
are basically linear along the span, some of them are just
kept constant. But some parameters were modeled by
curves. These are further explained here due to their importance for observing constraints prescribed by the previously outlined aerodynamic theories:

1.0
0.9

10•Zup
ZXXlo

fthickness

0.8
0.7
0.6

ZXXup

Z

Zup
rle

αTE
βTE

Xlo
Zlo

Xlo

0.3

X

10-1•βTE

10•rLE

0.2
0.1

X=1

ZXXlo

Xup

0.4

ZTE

Xup

10-1•twist

0.5

∆ZTE

0.0

10•ztwist
∆ZTE

-0.1

Fig. 5. Basic airfoil geometry is defined by 11 parameters: leading edge radius, upper and lower crest location
including curvatures, trailing edge ordinate (at X = 1),
thickness, direction and wedge angle.
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Fig. 5 shows the selected airfoil function with input of 11
basic geometric parameters. These parameters define the
coefficients of polynomials for upper and lower airfoil
contours, as can easily be verified:

∑
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Many known classical as well as more sophisticated airfoils can be duplicated by this function with good accuracy; some additional parameters may be introduced for
refined shapes of the leading and trailing edges, but these
are not used in the present application.
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The next step in refining the geometry generator software
was replacing the airfoil blending technique by the ability
to vary all or a part of the 11 airfoil parameters along span
by the same set of basic functions used to piecewise define
any arbitrarily complex curve in 3D space. In this first approach of trying to adjust parameters manually, only simple variations to the previously designed shock-free airfoil
have been studied. The parameters generated are illustrated in Fig. 6, with data for the generated OFW example to
be analyzed in design and off-design conditions as illus-
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Fig. 6. OFW Wing design parameters and planform as
functions of the spanwise direction.
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Planform and wing twist axis

puter codes for fast predesign studies, we envision
preprocessor codes creating ‘smart’ input data for commercial CAD systems, the latter providing experimental
model data as well as computational structured or unstructured grids for CFD simulation. For topologically simple
configurations like the OFW without propulsion and control surfaces, the geometry tool also provides structured
grids of C-O or O-O topology. Far-field boundaries are
created just like wings and in the case of supersonic flow
located far enough from the wing to embrace the Mach
fore/aft cone and close enough to provide maximum grid
density for a given number of grid points (Fig. 7).

The basic wing shape is chosen to have an elliptic chord
distribution while providing additional sweep back of the
trailing portion of the wing. The twist axis is chosen to be
the classical quarter chord location; its vertical coordinate,
ztwist, defines dihedral or bending of the wing. Ellipses
and parabolas are used here, requiring only a few data as
support input for this software to define function values at
any span station.
Thickness factor
For airfoils generated using the 11 input parameters (Fig.
5), their area follows directly from integrating the polynomials for the upper and lower surfaces. Spanwise distribution of this area needs to be tuned as required by the
applied aerodynamic knowledge base. For the chosen
planform and a constant baseline airfoil its vertical coordinate needs to be multiplied by an elliptic distribution of
the thickness factor to model a Sears-Haack area distribution. The physical thickness is then parabolic.
Twist distribution
A very sensitive tool for the control of spanwise aerodynamic load distribution is local section twist. With parabolic wing bending (ztwist) providing the majority share of
the desired elliptic aerodynamic load, a nonlinear twist
distribution, principally along the trailing portion of the
wing, allows us to fine-tune the distribution.
Curvature parameters
Nose radius, rle, and crest curvatures, Zxx,up, Zxx,lo, have
been found useful for airfoil design since we have systematic design methods for supercritical transonic wings.
With the earlier studies using the single shock-free airfoil
in subsonic flow with the Mach number component normal to the leading edge, and the observation that a single
airfoil is not enough to generate an OFW with a pressure
distribution assumed to be favorable for controlling viscous interaction, variation of the curvature parameters was
provided and some early sensitivity studies were carried
out.

Fig. 7. Computational grid (O-O type), 193 x 41 x 33
grid points: around sections, in spanwise and in spatial
directions, respectively.

With the parameters given as functions of span and the
spanwise wing sections prescribed by a polynomial, any
point of the wing surface can be determined rapidly by
function evaluation without iteration and interpolation,
which accelerates a global optimization procedure considerably.
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Our first results of the manual input variations confirm the
importance of these chosen parameters. The goal is to provide tools and set the stage for an automated numerical
optimization procedure for OFWs and other innovative
configurations which are not just rescaled versions of existing conventional aircraft. In a toolbox of flexible com-
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Fig. 8. Spanwise load distribution at design conditions.
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4. Results

used the shock-free airfoil described above as the center
section, and then blended varying airfoil sections for a
conventional ellipse planform with a 10 to 1 axis ratio.

Design results

In our early studies we used twist to achieve an elliptic
load distribution and we only endeavored to minimize the
drag due to lift, accepting the resulting wave drag due to
volume caused by an elliptic (rather than parabolic) thick-

Our design studies utilize the Euler algorithm of the code
CFL3D developed at NASA Langley [15]. We use the OO grid topology shown in Fig. 7. The geometry generator
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Fig. 9. Pressure distribution in wing plane, 5 grid surfaces
and along corresponding 5 wing sections. Cross-flow
shock formation occurs along upper wing surface toward
trailing tip (sections 4 and 5).
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ness distribution (see Li et al., [16]).This resulted in relatively strong cross-flow shock formation on the wing's
trailing part, and an unsatisfactory lift-to-drag ratio.

22

a

We then used the improved geometry generator to include
parametric variations that provide wing bending and a
Sears-Haack area distribution. As illustrated in Fig. 6, we
prescribe smooth, analytical variations of the set of generating parameters for the mathematical description of wing
section coordinates at each span station.

21
L/D 20
19

The center section thickness is set at 19%. Tuning of the
spanwise airfoil area and thickness factor distribution for
the chosen elliptic chord length distribution results in a
Sears-Haack volume distribution.

M∞ = √2, λ = 60o
18
0.10

A careful, manual selection of the asymmetrical planform,
parabolic bending of the wing and a nonlinear twist distribution are used to achieve a nearly elliptic load distribution, Fig. 8. A straight quarter chord line (twist axis) in the
leading portion of the wing plane is maintained, but an elliptic shape of its trailing part is chosen. This increases the
sweep of the trailing half of the wing (Fig. 6).
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The numerical analysis at design conditions in inviscid
flow is shown in Fig. 9. A supercritical cross-flow pressure distribution is obtained with only moderate cross
flow shocks. In a refined analysis of an OFW flow field by
Sobieczky and Hannemann [17] using graphic visualization of the coalescing characteristics and shock formations, the cross-flow shocks are identified as part of the
tail wave reaching upstream on the wing surface. This indicates that a complete removal of the cross flow shocks
on the surface by optimization seems unlikely and reminds us of past efforts to find shock-free airfoils at too
high transonic Mach numbers with inverse methods: Socalled ‘hanging shocks’ persist in the flow field even when
the flow is shock-free at the airfoil surface. More research
needs to be done to investigate the value of such 2D and
3D ‘shock-free’ flows, regarding their stability and possible advantages for shock-boundary layer interaction. The
wave drag of our OFW is dominated by the more global
influence of volume and load distribution. Controlling
cross-flow shock strength should be useful in preventing
boundary layer separation.
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Fig. 10. Inviscid lift-to-drag ratio as a function of lift coefficient and sweep angle.

The inviscid L/D of this wing at the design condition is
21.3 at a CL of 0.145.
We then examined the effect of CL with fixed sweep on
the inviscid L/D, as shown in Fig. 10a. L/D increases
slightly to 21.6 as CL is decreased to 0.125. We then examined the effects of sweep with CL fixed at 0.135. The
results are shown in Fig. 10b. With the sweep increased to
68 degrees, the inviscid L/D increases to 26.3. Next we
explored the effect of CL with the sweep fixed at 68 degrees (Fig. 10c). Lower CL provided markedly increased
L/D. With CL = 0.0677 we find a maximum inviscid L/D
of 35.0.

The dramatic improvement achieved with increased
sweep should not be surprising. With higher sweep, the
wing is further from transonic cross-flow effects, effectively thinner, and with its CL lower, linear theory is more
applicable. This then corresponds to a manually optimized
nonlinear, but inviscid, design that comes close to providing linear theory results.
Our previous design studies (Li, et al., [14],[16]) suggested an OFW with a 10:1 axis ratio, a 550 foot span, and a
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Linear theory

maximum chord of 55 feet. Other studies were reviewed
by Seebass [18]. This gave a planform area, S, of 23,758
square feet, and with a thickness of 19% gives a volume of
124,140 cubic feet. To accommodate 800 passengers, the
center section thickness was 19% of the chord or 10.5
feet. The studies of Rawdon et al. [10] suggest an estimated takeoff weight of 1.575 million pounds, a weight upon
entering cruise of 1.5 million pounds, and a weight upon
leaving cruise of 0.9 million pounds. The mid-cruise
weight would be 1.2 million pounds.

For these conditions (1.5 million pounds, 41,300 feet, M∞
= √2) linear theory gives a drag due to lift of 35,670
pounds, a drag due to volume of 11,150 pounds, for an inviscid drag of 46,820 pounds and an ideal inviscid L/D of
32.0. The viscous drag is 37,420 pounds and the linear
theory drag plus skin friction drag provide an optimum L/
D of 17.8. Our manually optimized design achieved 16.6.
With a Sears area distribution the drag due to volume is
reduced by 8/9; this improves the linear theory L/D to
18.1 (including viscous drag).

Viscous effects

5.0

Our OFW should fly at the altitude that, considering viscous effects, maximizes L/D. We may improve L/D by increasing CL, and incurring a lower inviscid L/D, thereby
flying higher and reducing skin friction drag. Because viscous drag = 2q•S•CF, where CF is the average skin friction
coefficient, and lift = q•S•CL, we can write for our OFW:

Re•10 -8
4.0
CF

Re

•10 3
3.0
2.0

Drag = Lift{(D/L)inviscid + 2CF/CL},

1.0
30000

where CF is the wing average skin friction coefficient.
Fig. 10c provides L/D as a function of CL at a sweep of 68
degrees. Given CL we can find what altitude gives maximum (viscous) L/D. We must first determine the appropriate Reynolds numbers and develop a table of CF. Here we
follow Peterson [19] in applying the method of Sommer
and Short [20] to determine the skin friction on a flat plate
at supersonic Mach numbers. We assume the wall is adiabatic and use the planform area as the area of the two-sided flat plate for which we compute the viscous drag. The
streamwise chord is the mean chord divided by cos(λ). We
need an appropriate reference temperature, T', for the
boundary layer. Fig. 11 provides CF as a function of altitude, h. Given the CL and the weight upon entering cruise
of 1.5 million pounds, we can then construct Fig. 12.

ReT’
CF,T’
CF
35000

h

40000

45000

M∞ = √2, λ = 68o
Fig. 11. Reynolds number and skin friction coefficient
as a function of flight altitude.
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CF

0.066
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The drag-to-lift ratio is a minimum at CL = 0.122, so we
use our analysis of the flow under these conditions to find

CL

0.064

CL
0.062

0.05
D/L

(L/D)opt = {1/28.423+ 2•0.001523/0.1221}-1 = 16.63,

0.060
35000 h 40000
45000
Fig. 12: Lift coefficient, skin friction coefficient and
drag-to lift ratio, D/L, as a function of flight altitude.
0.00
30000

or 16.6 to the accuracy we can determine it.
Then ML/D = 23.5. Given the flight altitude of 41,300 feet
and CF, the viscous drag is determined to be 37,420
pounds.
We have reduced inviscid L/D from its maximum of 34.96
to 28.42 to increase CL and thereby fly higher. Although
CF increases slightly with altitude, the dynamic pressure
and thereby skin friction drag are reduced significantly,
improving L/D.

During cruise the aircraft climbs to maintain CL as fuel is
burned. For the mid-cruise weight of 1.2 million pounds,
the OFW flies at 46,000 feet. At the end of cruise with a
weight of 0.9 million pounds, the OFW flies at 52,000
feet.
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5. Conclusion

Off-Design Results
If our OFW weighs 1.575 million pounds on takeoff,
achieves M∞ = 0.8 at 1.55 million pounds and M∞ = 1.1 at
1.525 million pounds (based on 5% of fuel to climb to
cruise) it will enter cruise at M∞ = √2 at 1.5 million
pounds.

With linear theory as a guide, a large OFW was manually
optimized to attain an ML/D of 23.5 at the cruise Mach
number of √2 and altitude of 41,300 feet. This compares
well with the linear theory optimum of 25.2. No doubt
formal methods could further improve this result. It seems
unlikely that designs which exceed the linear theory optimum are possible.

As the candidate OFW accelerates to cruise conditions, its
Mach number and altitude are increasing. The wing's
sweep that optimizes inviscid L/D is shown in Figs. 13 for
a single fixed CL.

Cruise Mach number was not considered a variable in this
optimization. Because of good transonic performance this
OFW accelerates through 30,800 feet at M∞ = 0.8, where
its ML/D is 24.9, to M∞ =1.1 where it has an ML/D of
23.7. As it accelerates to M∞ =√2, the ML/D decreases
slightly to 23.5.

At Mach 0.8, with the OFW flying at CL of 0.24, the optimum sweep is 40 degrees and its flight altitude for 1.55
million pounds is 30,800 feet. Under these conditions the
OFW achieves the astounding inviscid L/D of 61.7. The
corresponding viscous L/D is 31.1 and the ML/D is 24.9.
Due to its good transonic performance, the OFW continues to climb to cruise altitude of 41,300 feet while it accelerates to M = 1.1, reducing its CL to 0.205. At Mach
1.1 the optimum sweep is 56 degrees, giving an inviscid
L/D of 35.0 at CL of 0.205. This corresponds to a viscous
L/D of 21.5 and an ML/D of 23.7. It then accelerates in
level flight to its cruise Mach number of √2 where L/D is
16.6 and ML/D is 23.5.

The remarkable Concorde has ML/D of about 15. An optimum oblique flying wing might attain 26. The wing designed here achieves 23.5. Without a tail, and assuming
the engines are embedded in the wing, this OFW does
much better than the Concorde. A very small tail can overcome the small cruise side force, but off-design operations
no doubt size the tail. The OFW also does much better off
design than the Concorde and would fly efficiently overland at M∞ = 1.1. At this speed its sonic boom would be
refracted and not reach the ground.
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